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Preface 



Partial differential equations are fundamental tools in mathematics, sciences and engi- 
neering. For instance, the electrodynamics is governed by the Maxwell equations, the 
two-dimensional cubic nonlinear Schrodinger equation is used to describe the propagation 
of an intense laser beam through a medium with Kerr nonlinearity and the Navier-Stokes 
equations are the fundamental equations in fluid dynamics. There are three major ways 
of studying partial differential equations. The analytic way is to study the existence and 
uniqueness of certain solutions of partial differential equations and their mathematical 
properties. While the numerical way is to find certain numerical solutions of partial dif- 
ferential equations. In particular, physicists and engineers have developed their own com- 
putational methods of finding physical and practically useful numerical solutions, mostly 
motivated by experiments. The algebraic way is to study symmetries, conservation laws, 
exact solutions and complete integrability of partial differential equations. 

This book belongs to the third category. It is mainly an exposition of the various 
algebraic techniques of solving partial differential equations for exact solutions developed 
by the author in recent years, with emphasis on physical equations such as: the Calogero- 
Sutherland model of quantum many-body system in one-dimension, the Maxwell equa- 
tions, the free Dirac equations, the generalized acoustic system, the Kortweg and de Vries 
(KdV) equation, the Kadomtsev and Petviashvili (KP) equation, the equation of transonic 
gas flows, the short-wave equation, the Khokhlov and Zabolotskaya equation in nonlinear 
acoustics, the equation of geopotential forecast, the nonlinear Schrodinger equation and 
coupled nonlinear Schrodinger equations in optics, the Davey and Stewartson equations 
of three-dimensional packets of surface waves, the equation of the dynamic convection in 
a sea, the Boussinesq equations in geophysics, the incompressible Navier-Stokes equations 
and the classical boundary layer equations. 

It is well known that most partial differential equations from geometry are treated 
as the equations of elliptic type and most partial differential equations from fluid dy- 
namics are treated as the equations of hyperbolic type. Analytically, partial differential 
equations of elliptic type are easier than those of hyperbolic type. Most of the nonlinear 
partial differential equations in this book are from fluid dynamics. Our results show that 
algebraically, partial differential equations of hyperbolic type are easier than those of el- 
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liptic type in terms of exact solutions. Algebraic approach and analytic approach have 
fundamental differences. 

This book was written based on the author's lecture notes on partial differential equa- 
tions taught at the Graduate University of Chinese Academy of Sciences. It turned out 
that the course with the same title as the book was welcome not only by mathematical 
graduate students but also by physical and engineering students. Some engineering fac- 
ulty members had also showed their interests in the course. The book is self-contained 
with the minimal prerequisite of calculus and linear algebra. It progresses according to the 
complexity of equations and sophistication of the techniques involved. Indeed, it includes 
the basic algebraic techniques in ordinary differential equations and a brief introduction 
to special functions as the preparation for the main context. 

In linear partial differential equations, we focus on finding all the polynomial solutions 
and solving the initial-value problems. Intuitive derivations of easily-using symmetry 
transformations of nonlinear partial differential equations are given. These transforma- 
tions generate sophisticated solutions with more parameters from relatively simple ones. 
They are also used to simplify our process of finding exact solutions. We have extensively 
used moving frames, asymmetric conditions, stable ranges of nonlinear terms, special 
functions and linearizations in our approaches to nonlinear partial differential equations. 
The exact solutions we obtained usually contain multiple parameter functions and most 
of them are not of traveling- wave type. 

The book can serve as a research reference book for mathematicians, scientists and 
engineers. It can also be treated as a text book after a proper selection of materials for 
training students' mathematical skills and enriching their knowledge. 



Beijing, P. R. China 
2012 



Xiaoping Xu 



Introduction 



In normal circumstances, the natural world operates according to physical laws. Many 
of these laws were formulated in terms of partial differential equations. For instance, the 
electromagnetic fields in physics are governed by the well-known Maxwell equations 

dt(E) = curl B, dt{B) = -curl E (0.1) 

with 

divE = f{x,y,z), div B ^ g{x,y, z), (0.2) 

where the vector function E stands for the electric field, the vector function B stands for 
the magnetic field, the scalar function / is related to the charge density and the scalar 
function g is related to the magnetic potential. The two-dimensional cubic nonlinear 
Schrddinger equation 

ii/jt + k(^I^xx + ^yy) + ^ (0.3) 

is used to describe the propagation of an intense laser beam through a medium with 
Kerr nonlinearity, where t is the distance in the direction of propagation, x and y are 
the transverse spacial coordinates, ip is a complex valued function in t, x, y standing for 
electric field amplitude, and k, e are nonzero real constants. Moreover, the coupled two- 
dimensional cubic nonlinear Schrddinger equations 

ilpt + Kiii^xx + ^yy) + {^M? + = 0, (0.4) 

iipt + K2{iPxx + Vyy) + {^2\i^? + ^2^?)^ = (0.5) 

are used to describe the interaction of electromagnetic waves with different polarizations 
in nonlinear optics, where Ki, H2, ^i, ^2, and €2 are real constants. 

The most fundamental differential equations in the motion of incompressible viscous 
fluids are the Navier-Stokes equations 

Ut + UU^c + VUy + WUz + -Px = ^{u^x + Uyy + Uzz): (0.6) 
Vt + UVx + VVy + WVz + "^Py = uiVxx + Vyy + Vzz), (0.7) 

vii 
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Wt + UWx + VWy + WWz + -Pz = ^{Wxx + t^TO + Wzz)^ (0.8) 

+ + = 0, (0.9) 

where (-u, f , w) stands for the velocity vector of the fluid, p stands for the pressure of the 
fluid, p is the density constant and v is the coefficient constant of the kinematic viscosity. 

Algebraic study of partial differential equations traces back to Norwegian mathemati- 
cian Sophus Lie [Lie], who invented the powerful tool of continuous groups (known as 
Lie groups) in 1874 in order to study symmetry of differential equations. Lie's idea has 
been carried on mainly by the mathematicians in the former states of Soviet Union, East 
Europe and some mathematicians in North America. Now it has become an important 
mathematical field known as "group analysis of differential equations," whose main objec- 
tive is to find symmetry group of partial differential equations, related conservation laws 
and similarity solutions. The most influential modern books on the subject may be the 
book "Applications of Lie Groups to Differential Equations" by Olver [Op] and the book 
"Lie Group Analysis of Differential Equations" by Ibragimov (cf. [In2, In3]). In [X3], we 
found the complete set of functional generators for the differential invariants of classical 
groups. 

Soliton phenomenon was first observed by J. Scott Russel in 1834 when he was riding 
on horseback beside the narrow Union Canal near Edinburgh, Scotland. The phenomenon 
had been theoretically studied by Russel, Airy (1845), Stokes (1847), Boussincsq (1871, 
1872) and Rayleigh (1876). The problem was finally solved by Kortweg and de Vries 
(1895) in terms of the partial differential equation 

itt Gititj; itj,j,j, = 0, (0.10) 

where u is the surface elevation of the wave above the equilibrium level, x is the distance 
from starting point and t stands for time (later people also realized that the above equation 
and its one-soliton solution appeared in the Boussinesq's long paper [Bj]). However, it 
was not until 1960 that any further application of the equation was discovered. Gardner 
and Morikawa [GM] (1960) rediscovered the KdV equation in the study of collision-free 
hydromagnetic waves. Subsequently, the KdV equation has arisen in a number of other 
physical contexts, such as, stratified internal waves, ion-acoustic waves, plasma physics 
and lattice dynamics etc. Later a group led by Kruskal [GGKMl, GGKM2, KMGZ, 
MGK] invented a special way of solving the KdV equation (known as "inverse scattering 
method") and discovered infinite number of conservation laws of the equation. Their 
works laid down the foundation for the field of integrable systems. We refer to the excellent 
book "Solitons, Nonlinear Evolution Equations and Inverse Scattering" by Ablowitz and 
Clarkson [AC] for the details. Galaktionov and Svirshschevskii [GS] gave an invariant- 
subspace approach to nonlinear partial differential equations. 



INTRODUCTION 



ix 



On the other hand, Gel'fand, Dikii and Dorfam [GDil, GDi2, GDol-GDo3] introduced 
in 1970s a theory of Hamiltonian operators in order to study the integrabihty of nonhnear 
evolution partial differential equations (also cf. [Mf]). Our first experience with partial 
differential equation was in the works [XI, X2, X4-X6] on the structure of Hamiltonian 
operators and their super symmetric generalizations. In particular, we [X5] proved that 
vertex algebras are equivalent to linear Hamiltonian operators as mathematical struc- 
tures. In this book, we are going to solve partial differential equations directly based on 
the algebraic characteristics of individual equations. The tools we have employed are: the 
grading technique from representation theory, the Campbell-Hausdorff-type factorization 
of exponential differential operators, Fourier expansions, matrix differential operators, 
stable-range of nonlinear terms, generalized power series method, moving frames, classi- 
cal special functions in one variable and new multi-variable special functions found by 
us, asymmetric conditions, symmetry transformations and linearization techniques etc. 
The solved partial differential equations are: flag partial differential equations (including 
constant-coefficient linear equations), the Calogero-Sutherland model of quantum many- 
body system in one-dimension, the Maxwell equations, the free Dirac equations, the gen- 
eralized acoustic system, the Kortweg and de Vries (KdV) equation, the Kadomtsev and 
Petviashvili (KP) equation, the equation of transonic gas flows, the short-wave equation, 
the Khokhlov and Zabolotskaya equation in nonlinear acoustics, the equation of geopo- 
tential forecast, the nonlinear Schrodinger equation and coupled nonlinear Schrodinger 
equations in optics, the Davey and Stewartson equations of three-dimensional packets of 
surface waves, the equation of the dynamic convection in a sea, the Boussinesq equations 
in geophysics, the Navier-Stokes equations and the classical boundary layer equations. 

The book consists of two parts. The first part is about basic algebraic techniques 
of solving ordinary differential equations and a brief introduction to special functions, 
most of which are solutions of certain ordinary differential equations. This part serves 
as a preparation for later solving partial differential equations. It also makes the book 
accessible to the larger audience, who may even not know what differential equation is 
about but have the basic knowledge in calculus and linear algebra. The second part is 
our main context, which consists of linear partial differential equations, nonlinear scalar 
partial differential equations and systems of nonlinear partial differential equations. Below 
we give chapter-by- chapter detailed introductions. 

In Chapter 1, we start with first-order linear ordinary differential equations, and then 
turn to first-order separable equations, homogenous equations and exact equations. Next 
we present the methods of solving more special first-order ordinary differential equations 
such as: the Bernoulli equations, the Darboux equations, the Riccati equations, the Abel 
equations and the Clairaut's equations. 

Chapter 2 begins with solving homogeneous linear ordinary differential equations with 
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constant coefficients by characteristic equations. Then we solve the Euler equations and 
exact equations. Moreover, the method of undetermined coefficients for solving nonho- 
mogeneous linear ordinary differential equations is presented. Furthermore, we give the 
method of variation of parameters for solving second-order nonhomogeneous linear ordi- 
nary differential equations. In addition, we introduce the power series method to solve 
variable-coefficient linear ordinary differential equations and study the Bessel equation in 
detail. 

Special functions are important objects both in mathematics and physics. The problem 
of finding a function of continuous variable x that equals n! when x = n is a positive 
integer, was suggested by Bernoulli and Goldbach, and was investigated by Euler in the 
late 1720s. In Chapter 3, we first introduce the gamma function r( continuous 
generalization of n\. Then we prove the following identities: (1) the beta function B{x, y) ~ 
/q t^-i(l - t)y-^d = r{x)r{y)/r{x + y); (2) Euler's reflection formula T{z)r{l - z) ^ 
tt/ sinTr;^; (3) the product formula 

mr (. + i) r ^ ^) . . . r (. + ^ ^^r,„.,. ,o.n, 

In his thesis presented at Gottingen in 1812, Gauss discovered the one- variable function 
2Fi{a, (3;^; z). We introduce it in Chapter 3 as the power series solution of the Gauss 
hypergeometric equation 

z{l - z)y" + [7 - (a + /3 + l)z]y' - af3y = (0.12) 

and prove the Euler's integral representation 

,F,{a, /3; 7; z) = p^^^r^^^, t^'^l ' tf-^-^l - zty^dt. (0.13) 

Moreover, Jacobi polynomials are introduced from the finite-sum cases of the Gauss hy- 
pergeometric function and their orthogonality is proved. Legendre orthogonal polynomials 
are discussed in detail. 

Weierstrass's elliptic function p{z) is a double-periodic function with second-order 
poles, satisfying the nonlinear ordinary differential equation 

p'\z) ^ 4p\z) - g2piz) - gs, (0.14) 

whose consequence 

p"iz) = 6p'{z) - I (0.15) 

will be used later for solving nonlinear partial differential equations. Weierstrass's zeta 
function ({z) is an integral of —p{z), that is, C'(-2) = ~p{z)- Moreover, Weierstrass's 
sigma function a^z) satisfies a'{z)/a{z) = C{z)- We discuss these functions and their 
properties in Chapter 3 to a certain depth. 
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Finally in Chapter 3, wc present Jacobi's elliptic functions sn {z\m), cn {z\m) and 
dn(z|m), and derive the nonlinear ordinary differential equations satisfied by them. These 
functions are also very useful in solving nonlinear partial differential equations. 

Chapter 4 to Chapter 10 are the main contexts of this book. First in Chapter 4. we 
derive the commonly used method of characteristic lines for solving first-order quasilinear 
partial differential equations, including boundary-value problems. Then we talk about 
more sophisticated method of characteristic strip for solving nonlinear first-order of partial 
differential equations. Exact first-order partial differential equations are also handled. 

A partial differential equation of fl,ag type is the linear differential equation of the form: 

(C^l + hd2 + f2d3 + --- + fn-ldn){u) = 0, (0.16) 

where di,d2, ■■■,dn are certain commuting locally nilpotent differential operators on the 
polynomial algebra M.[xi,X2, Xn] and /i, fn-i are polynomials satisfying 

di{fj)^0 iil>j. (0.17) 

Many variable-coefficient (generalized) Laplace equations, wave equations, Klein-Gordon 
equations, Helmholtz equations are equivalent to the equations of this type. A general 
equation of this type can not be solved by separation of variables. Flag partial differential 
equations also naturally appear in the representation theory of Lie algebras, in which 
the complete set of polynomial solutions is crucial in determining the structure of many 
natural representations. We use the grading technique from representation theory to solve 
flag partial differential equations and find the complete set of polynomial solutions. Our 
method also leads us to obtain the solution of initial- value problem of the following type 
of equations: 

m 

(^r, -E^r7.(5..,-,5.J)W =0, (0.18) 

r=l 

where m and n > 1 are positive integers, and 

/,(9,„...,9,Je]R[9,„...,9J. (0.19) 
It turns out that the following family of new special functions 



play the key roles, where ^ is a nonnegative integer. In the case when all = 1, we get 
that the functions 

ipr{x) ^ x'yr{hiX,b2X^,...,bjnX^) with r = 0, 1, m - 1 (0-21) 
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form a fundamental set of solutions for the ordinary differential equation 

yim) _ ^^_^yr _ ft^ ^ Q. (0.22) 

These results are taken from our work [XI 1]. 

Barros-Neto and Gel'fand [BG1,BG2] (1998, 2002) studied solutions of the equation 

Uxx + xuyy = 6{x -Xo,y- Ho) (0.23) 

related to the Tricomi operator d^ + xdy. A natural generalization of the Tricomi operator 

is d^^ + xid^^ H h Xn-id^^. As pointed out in [BGl, BG2], the Tricomi operator is an 

analogue of the Laplace operator. So the equation 

fJ't — fJ'XlXl ~l~ ^lfJ'X2X2 + ■ ■ ■ + ^n—lfJ'XnXn (0.24) 

is a natural analogue of heat conduction equation. In Chapter 4, we use the method 
of characteristic lines to prove a Campbell-Hausdorff-type factorization of exponential 
differential operators and then solve the initial- value problem of the following more general 
evolution equation 

ut = {d^^ + XiS™^ + • • • + Xr,_,dZ-){u) (0.25) 

by Fourier expansions. Indeed we have solved analogous more general equations related 
to tree diagrams. We also use the Campbell-Hausdorff-type factorization to solve the 
initial-value problem of analogous non-evolution flag partial partial differential equations. 
The results are due to our work [X7] . 

The Calogero-Sutherland model is an exactly solvable quantum many-body system in 
one-dimension (cf. [Cf], [Sb]), whose Hamiltonian is given by 

n 

Hcs = J:^1+K Y. _,) ■ (0-26) 

where X is a constant. The model was used to study long-range interactions of n particles. 
Solving the model is equivalent to find eigenfunctions and their corresponding eigenvalues 
of the Hamiltonian Hcs as a differential operator. We prove in Chapter 4 that the function 



^2ll\{x\-\ \-Xn) I 

l<p<(j'<n 



is a solution of the Calogero-Sutherland model for any real numbers /ii and 1x2- If n = 2, 
we find a connection between the Calogero-Sutherland model and the Gauss hypergeo- 
metric function. When n > 2, a new class of multi- variable hypergeometric functions are 
found based on Etingof's work [Ep]. The results are taken from our work [X9]. Finally 
in Chapter 4, we use matrix differential operators and Fourier expansions to solve the 
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Maxwell equations, the free Dirac equations and the generalized acoustic system. The 
results come from our work [XIO]. 

Chapter 5 deals with nonlinear scalar (one dependent variable) partial differential 
equations. First we do symmetry analysis on the KdV equation (O.fO), and obtain the 
Galilean boost Gc{u{t,x)) = u{t,x + ct) — c/6 for c G M. Solving the stationary equation 
6uUx+u^^^ = and using the Galilean boost Gc, we get the traveling-wave solutions of the 
KdV equation in terms of the functions p(z) , tan^ z , coth^ z and cn^(z|m), respectively. 
In particular, the soliton solution is obtained by taking limm-^i of a special case of the 
last solution. Moreover, we derive the Hirota bilinear presentation of the KdV equation 
and use it to find the two-soliton solution. 

The Kadomtsev and Petviashvili (KP) equation 

{ut + Quux + Uxxx)x + 3e%3; = (0.28) 

with e = ±1 is used to describe the evolution of long water waves of small amplitude 
if they are weakly two-dimensional (cf. [KP]). The choice of e depends on the relevant 
magnitude of gravity and surface tension. The equation has also been proposed as a 
model for surface waves and internal waves in straits or channels of varying depth and 
width. The KP equation can be viewed as an extension of the KdV equation (0.10). In 
Chapter 5, we have done the symmetry analysis on the KP equation, and it possesses the 
following important symmetry transformation 

T^,a{u{t, X, y)) = u{t, X - ea'y/&, y + a) + e{2a"y - q;'')/72, (0.29) 

where a is any second-order differentiable equation in t. Any solution of the KdV equation 
is obviously a solution of the KP equation, and the above transformation T3 „ maps such 
a solution independent of y to a more sophisticated solution of the KP equation that 
depends on y. However, not all the interesting solutions of the KP equation are obtained 
in this way. In fact, we solve the KP equation for solutions that are polynomial in and 
obtain many solutions that can not be obtained from the solutions of the KdV equation; 
for instance, we have the solution 

u^-Ux- ea'yl^ + Pfp{y + a) + - ^, (0.30) 

where a and /3 are any functions in t with the above indicated differentiability. Further- 
more, we find the Hirota bilinear presentation of the KP equation and get the following 
lump solution of the KP equation: 

u = 29^ ln((x - + 3e(6 - (?)t + af + h{y + Q>ectf - e/6^), (0.31) 

where a, 6, c e M and 6 7^ 0. The above results in Chapter 5 are well-known (e.g., cf. 
[AC]) and we reformulate them here just for pedagogic purpose. 
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Lin, Reisner and Tsien [LRT] (1948) found the equation 

2utx + UxUxx -Uyy^O (0.32) 

for two-dimensional non-steady motion of a slender body in a compressible fluid, which 
was later called the "equation of transonic gas flows" (cf. [Mel]). We derive in Chapter 
5 the symmetry transformations of the above equation. Using the stable range of the 
nonlinear term u^u^x and generalized power series method, we find a family of singular 
solutions with seven arbitrary parameter functions in t and a family of analytic solutions 
with six arbitrary parameter functions in t. For instance, we have the solution 



= ^^t^yl^y^ + - 2«')^ + 2(/3'/3" - - 2/3"xy - + ^, (0.33) 



which blows up on a moving line y = (3, where a, (3 and fi arc any functions in t with the 
above indicated differentiability. Such a solution may reflect the phenomenon of abrupt 
high-speed wind. The results are due to our work [X8]. 

Khristianovich and Rizhov [KR] (1958) discovered the equations of short waves: 

Uy — 2vt — 2{v — x)Vx — 2kv = 0, Vy + Ux = Q (0.34) 

in connection with the nonlinear reflection of weak shock waves, where A; is a real constant. 
Khokhlov and Zabolotskaya [KZ] (1969) found the equation 

2Utx + {UUx)x - Uyy = 0. (0.35) 

for quasi-plane waves in nonlinear acoustics of bounded bundles. More speciflcally, the 
equation describes the propagation of a diffraction sound beam in a nonlinear medium. 
The solutions of the above equations similar to those of the equation (0.32) are derived 
in Chapter 5 based on our work [X13]. 

In a book on short term weather forecast [Kt], KibeF (1954) used the partial differential 
equation 

{HxX + Hyy)t + Hx{HxX + Hyy)y " H y{H XX + H yy) x = kHx (0.36) 

for geopotential forecast on a middle level in earth sciences, where is a real constant. 
The symmetry transformations and two new families of exact solutions with multiple 
parameter functions of the above equation are derived in Chapter 5. The results are 
newly obtained by us. 

In Chapter 6, we solve the two-dimensional cubic nonlinear Schrodinger equation (0.3) 
and the coupled two-dimensional cubic nonlinear Schrodinger equations (0.4) and (0.5) 
by imposing a quadratic condition on the related argument functions and using their 
symmetry transformations. More complete families of exact solutions of such type are 
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obtained. The soliton solutions are included. Many of them are the periodic, quasi- 
periodic, aperiodic and singular solutions that may have practical significance. This was 
our work [14]. 

Davey and Stewartson [DS] (1974) used the method of multiple scales to derive the 
following system of nonlinear partial differential equations 

2iut + eiUxx + Uyy — 2e2\u\'^u — 2uv — 0, (0.37) 

v..-ei{vyy + 2{\u\''),,)^0 (0.38) 

that describe the long time evolution of three-dimensional packets of surface waves, where 
M is a complex-valued function, w is a real valued function and ei, 62 = ±1. In Chapter 6, 
we also apply the above quadratic-argument approach to the Davey-Stewartson equations 
and obtain four large families of solutions, including the soliton solution. This part is a 
revision of our earlier preprint [XI 8]. 

Both the atmospheric and oceanic flows are influenced by the rotation of the earth. 
In fact, the fast rotation and small aspect ratio are two main characteristics of the large 
scale atmospheric and oceanic flows. The small aspect ratio characteristic leads to the 
primitive equations, and the fast rotation leads to the quasi-geostropic equations. A main 
objective in climate dynamics and in geophysical fluid dynamics is to understand and 
predict the periodic, quasi-periodic, aperiodic, and fully turbulent characteristics of the 
large scale atmospheric and oceanic flows. The general model of atmospheric and oceanic 
flows is very complicated. 

Ovsiannikov (1967) introduced the following equations in geophysics: 

Ux + Vy + Wz = 0, p = (0.39) 

Pt + WPx + VPy + WPz = 0, (0.40) 
Ut + uUx + vUy + wUz + v^-^Px, (0-41) 

Vt + uvx + vvy + wvz-u^ --Py (0.42) 

P 

to describe the dynamic convection in a sea, where u, v and w are components of velocity 
vector of relative motion of fluid in Cartesian coordinates {x, y,z), p = p{x, y, z, t) is the 
density of fluid and p is the pressure (e.g., cf. Page 203 in [In3]). Moreover, he determined 
the Lie point symmetries of the above equations and found two very special solutions. 
In Chapter 7, we give intuitive derivation of the symmetry transformations of the above 
equations and solve them by the moving line, cylindrical product and dimension reduction. 
This chapter is a revision of our earlier preprint [XI 7]. 
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The two-dimensional Boussinesq equations for the incompressible fluid in geophyics 

are 

Ut + uux + vuy — uAu — —px, Vt + uvx + vvy — uH^v — 6 — —py, (0.43) 

Ot + uOx + vOy - kAO = 0, Ux + Vy^ 0, (0.44) 

where {u, v) is the velocity vector field, p is the scalar pressure, 9 is the scalar temperature, 
u > is the viscosity and /t > is the thermal diffusivity. The above system is a simple 
model in atmospheric sciences (e.g., cf. [Ma], [Cd]). By imposing asymmetric conditions 
with respect to the spacial variables x, y and using moving frame, we find four families of 
multi-parameter solutions of the above Boussinesq equations in Chapter 8. 

Another slightly simplified version of the system of primitive equations in geophysics 
is the three-dimensional stratified rotating Boussinesq system (e.g., cf. [LTWl], [LTW2], 
[Ma], [HMW]): 

Ut + uUx + vUy -\- wUz — —V — (t{Au — Px), (0.45) 

Rq 

Vt + uVx + vVy + wVz + —u = a{Av — Py), (0.46) 

Rq 

Wt + uwx + vwy -\- wwz — (tRT — (t{Aw — Pz), (0.47) 

Tt + uTx + vTy + wTz^ AT + w, (0.48) 

Ux + Vy + Wz = 0, (0.49) 

where {u, v, w) is the velocity vector filed, T is the temperature function, p is the pressure 
function, a is the Prandtle number, R is the thermal Raylcigh number and Rq is the 
Rossby number. Moreover, the vector {1/Rq){—v,u,0) represents the Coriolis force and 
the term w in (0.48) is derived using stratification. By the similar method of solving 
the two-dimensional equations, we derive in Chapter 8 five classes of multi-parameter 
solutions of the equations (0.45)- (0.49). The results in Chapter 8 are reformulations of 
those in our work [XI 6]. 

In Chapter 9, wc introduce a method of imposing asymmetric conditions on the velocity 
vector with respect to independent spacial variables and a method of moving frame for 
solving the three dimensional Navier-Stokes equations (0.6)- (0.9). Seven families of non- 
steady rotating asymmetric solutions with various parameters are obtained. In particular, 
one family of solutions blow up on a moving plane, which may be used to study abrupt 
high-speed rotating flows. Using Fourier expansion and two families of our solutions, one 
can obtain discontinuous solutions that may be useful in study of shock waves. Another 
family of solutions are partially cylindrical invariant, containing two parameter functions 
in t, which may be used to describe incompressible fluid in a nozzle. Most of our solutions 
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are globally analytic with respect to spacial variables. The results are due to our work 
[X12]. 

In 1904, Prandtl observed that in the flow of slightly viscous fluid past bodies, the 
frictional effects are conflned to a thin layer of fluid adjacent to the surface of the body. 
Moreover, he showed that the motion of a small amount of fluid in this boundary layer de- 
cides such important matters as the frictional drag, heat transfer, and transfer of momen- 
tum between the body and the fluid. The two-dimensional classical non-steady boundary 
layer equations 

Ut + UUx + VUy + = Uyy, (0.50) 

= 0, Ux+Vy = Q (0.51) 

are used to describe the motion of a flat plate with the incident flow parallel to the plate 
and directed to along the x-axis in the Cartesian coordinates (x, y), where u and v are the 
longitudinal and the transverse components of the velocity, and p is the pressure (e.g., cf. 
[In3]). The three-dimensional classical non-steady boundary layer equations are: 

Ut -\- uUx -\- VUy -\- wUz — — Px + T^Uyy, (0.52) 

Wt -\- uWx + vWy + wWz — — Pz + J^Wyy, (0.53) 

Py = 0, Ux + Vy + Wz^ 0, (0.54) 

where {u, v, w) denotes the velocity vector, p stands for the pressure, p is the density 
constant and z/ is the coefficient constant of the kinematic viscosity (e.g., cf. [In3]). 

In Chapter 10, we introduce various schemes with multiple parameter functions to 
solve these equations and obtain many families of new explicit exact solutions with mul- 
tiple parameter functions. Moreover, symmetry transformations are used to simplify our 
arguments. The technique of moving frame is applied in the three-dimensional case in 
order to capture the rotational properties of the fluid. In particular, we obtain a family of 
solutions singular on any moving surface, which may be used to study abrupt high-speed 
rotating flows. Many other solutions are analytic related to trigonometric and hyperbolic 
functions, which reflect various wave characteristics of the fluid. Our solutions may also 
help engineers to develop more effective algorithms to flnd physical numeric solutions to 
practical models. The results are taken from our work [X15]. Note that most of the 
nonlinear partial differential equations in this book are from fluid dynamics. Our results 
show that algebraically, partial differential equations of hyperbolic type are easier than 
those of elliptic type in terms of exact solutions. The research in this book was partly 
supported by the National Natural Science Foundation of China (Grant No. 11171324). 
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Conventions 

C: the field of complex numbers. 

1,1 + k: {1,1 + l,i — I + 2, I + k}, an index set. 

5ij = 1 if Z = j, and if Z 7^ j. 

Z: the ring of integers. 

N: {0,1,2,3,...}, the set of nonnegative integers 
i — the imaginary number. 

M: the field of real numbers. 

d^: the operator of taking partial derivative with respect to x. 

• We assume that all partial differential derivatives can change orders. 

• We use prime ' to denote the derivative of a one- variable function. 

• When an expression appears, we always assume the conditions that it makes sense; e.g., 
y/a-b =^ a > 6 if a, 6 e R. 





Part I 

Ordinary Differential Equations 
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Chapter 1 



First-Order Ordinary Differential 
Equations 



In this chapter, wc start with first-order hnear ordinary differential equations, and then 
turn to first-order separable equations, homogenous equations and exact equations. Next 
we present the methods of solving more special first-order ordinary differential equations 
such as: the Bernoulli equations, the Darboux equations, the Riccati equations, the Abel 
equations and the Clairaut's equations. 



In this section, we deal with first-order linear ordinary differential equations, separable 
equations, homogenous equations and exact equations. 

Let y be a function of t. We use y' = dy/dt. A first-order linear ordinary differential 
equation is written as 



1.1 Basics 




(1.1.1) 



y 



(1.1.2) 



which can be rewritten as 



(1.1.3) 



Thus 




(1.1.4) 



where c is an arbitrary constant. So we obtain the general solution 




(1.1.5) 
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Example 1.1.1. Solve the following initial- value problem: 

^?/' + 2y = 4^^ ?/(!) = 2 (1.1.6) 
Solution. Rewrite the equation in the standard form: 

y' + ^y = 4t. (1.1.7) 
Then f{t) and g{t) = At. We calculate 

g//(t)rft ^ g/(2A)d« choose ^21n|t| ^ glnt2 ^ ^-^ -^ g-j 

Thus the general solution is: 

f it ■ t^dt + c + c 9 p . 

y = = = + cr^. (1.1.9) 

The initial condition y{l) — 2 implies 

2 = l + c^c=l. (1.1.10) 

The final solution is: 

y^t^ + t-^. □ (1.1.11) 

A first-order separable ordinary differential equation is written as y' = f{t)g{y). The 
general solution is given by 

^ dy= I f{t)dt + c. (1.1.12) 



9iy) 



Example 1.1.2. Solve 



Solution. We rewrite the equation as 

2dy 2tdt 



(1.1.14) 



So 

f 2dy f 2tdt 1 ^ , ^ 1 ..... 

- / ^ = - / , ^ ^ = c - 2Vl+¥ ^ y = ± , , =. 1.1.15 

J J VT+¥ y' ^c-2Vl + r' 

Since y{0) — 1, we choose positive sign and have 
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Thus the final solution is 



y= , , =• ° (1-1-17) 



A first-order homogeneous ordinary differential equation is written as y' — f{y/t). To 
solve it, we change variable u{t) — y{t)/t. Then 

y ^tu^ y' ^u + tu'. (1.1.18) 

Thus the equation y' = f{y/t) can be rewritten as 

u + tu'^ f{u) ^u'^ (1.1.19) 

which is a separable equation. 

Example 1.1.3. Find the general solution of the following homogeneous equation: 

Solution. Rewrite 

By changing variable u{t) = y(t)/t, we get 

u + tu'^ ^tu'^ . (1.1.22) 

u u u 



Thus 

udu dt 

So 



du dt f 2udu f 2dt , , o , 9 . 



u'^ -S^ct'^ ^u'^ ^S + ct"^. (1.1.24) 

Hence 

(ly = S + ct^ ^ ^ St'' + ct\ □ (1.1.25) 
Example 1.1.4. Solve the following equation 

y' - (1-1-26) 

Solution. In order to change the above equation to a homogeneous equation, we change 
variable 
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where k and / are constants to be determined. Since 

t + y - 2 _T + Y - k - I - 2 
t-y + 4: ~ T-Y -k + l + A' 

we let 

k + l + 2 = ( k + l = -2 ( k = 1 

^ -k + l + A = ^ \ k-l - 4 / = -3. 

Hence 

T = t + 1 
Y = y-3. 

The original equation changes to 



dY _T + Y + ^ 



dT T-Y 1 - ^ 



Let 



So 



_Y dY 



Thus 



equivalently, 



garctan u 



,arctan« ^ CsTv^TTx? =^ e^"*^" ^ = CsT^/ 1 + ^ (1.1.37) 



^arctan 



;/-3 



e '+ 



(1.1.28) 



(1.1.29) 



(1.1.30) 



(1.1.31) 



u + u'T. (1.1.32) 



u + lu = u 1 = u— (1.1.33) 

1 — u 1 — u 1 — u 

1 — u , dT [ 1 — u , f dT , „ ,s 

=^ -du = — ^ / -du = / — 1.1.34 

1 + ^2 T J 1 + J T ^ ' 

=^ arctanti - ^ln(l + u^) = In |T| + ci. (1.1.35) 

tan n 

C2T, (1.1.36) 



=^ garctan ^ ^ ±c2-JT'^ + ^2 = cVr2 + F2_ (1.1.38) 

The final solution is 



T = cV(t + l)' + (?/-3)2. □ (1.1.39) 



A first-order exact ordinary differential equation has the form 

j{t, y)dt + g{t, y)dy = 0, where = ^- (1-1-40) 
In this case, the general solution is U {t, y) — c, where [/ is a function determined from 
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Integrating the first equation yields U = J f{t,y)dt + ip{y), where ip{y) is a function to 
be determined. In fact, 

dy dy dy 

Example 1.1.5. Solve the following exact equation: 

{9t^ + y - l)dt - {Ay - t)dy = 0, Z/(l) = 0. (1.1.43) 

Solution. Let 

U{t, y) = j {9t^ + y- l)dt + ^{y) = 3t' + {y - l)t + ^{y). (1.1.44) 
Taking partial derivative of the above equation with respect to 7/, we have 

Uy^t + ^\y)^-{Ay-t). (1.1.45) 

Thus 

^\y) = -Ay. Choose i){y) = -2y^. (1.1.46) 
So U — 3t^ + {y — 1)^ — and the general solution is: 

3f + {y- l)t - 2y^ = c. (1.1.47) 

When y{l) = 0, 

3-l = c^c = 2. (1.1.48) 

The final solution is 

3t^ + {y- l)t - 2y2 = 2. □ (1.1.49) 

An integrating factor for the equation f{t,y)dt + g{t,y)dy = is a function ii{t,y) 
such that 

fi{t, y)f{t, y)dt + /x(i, y)g{t, y)dy = (1.1.50) 

is an exact equation, that is, 

a(/x/) ^ d{ng) dn j^du fdf dg^ 

dy dt 

The condition for /i to be a pure function in t (i.e, dfi/dy = 0) is /xt//x = {fy — gt)/g is a. 
pure function in t. 



Example 1.1.6. Solve the following equation by the method of exact equations and 
integrating factors: 

t{t'^ + y'^ + l)dt + ydy = Q, y(0) = 2. (1.1.52) 
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Solution. Note 

f = t{f + y^ + t), g = y. (1.1.53) 

Moreover, 

fy^2ty, gt^O. (1.1.54) 

Since 

il^L^ = 2t, (1.1.55) 

9 

we look for an integrating factor iJ,{t). In this case, 

fJ'' „, choose +2 , , 

— = 2t =^ 11 = e. (1.1.56) 

A* 

Thus the original equation is equivalent to the following exact equation: 

e*\{t^ + y2 + l)dt + e*'ydy = 0. (1.1.57) 

Let 

U{t, y) = I e'\{e + y^ + l)dt + ^^;{y) = ^J e*' + y' + l)dt' + ^l^{y) 

= '^!M + ^(,). (,,58) 

Then 

Uy{t, y) = e''y + i;'{y) = e''y =^ i^'{y) = ^ 0. (1.1.59) 
Thus the general solution is: 

f!(^^ = c. (1.1.60) 

Since y(0) = 2, we have: 

c=|- = 2. (1.1.61) 

Therefore, the final solution is: 

e'\f + y'') = A. □ (1.1.62) 



If {fy — gt)/ f is a pure function in y, then we have the integrating factor 

^l = J ^-^dy. (1.1.63) 
Let ip{z) be any one- variable function. 

If / = y^ity), g = tif{ty) ^ ii = tt^- (1-1-64) 

y9 
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When ^L^^ipit + y)^ fx^e^'^^'^'^', z^x + y. (1.1.65) 
9- f 

If = ^{ty) ^11^ e^'Pi^)d-^ ^ ^ ty. (1.1.66) 

yg-tf 

When = (^(t//i) ^ = e-^^(^)''^ z^^. (1.1.67) 

tg-yf 



Excises 1.1. 

1. Solve the equation: 

y' + ytant = t. 

2. Find the general solution of the equation: 

3t^(l + e^') 
^ 2y(l + i3) 

3. Solve the following equation 

, t + 2y-l 

y = 



2i + 3y + 2 

4. Find the general solution of the equation: 

^ e2' + 2t|/ + l' 

5. Solve the equation: 

[3f sin ty + y(t^ + 37/ + 1) cos ty]dt + [3 sin ty + t{t^ + 3y + 1) cos ty]dy = 0. 

1.2 Special Equations 

We present in this section the methods of solving the Bernoulli equations, the Darboux 
equations, the Riccati equations, the Abel equations and the Clairaut's equations. 
A Bernoulli equation has the form 

y' + fit)y = git)y'^, a ^0,1. (1.2.1) 

Changing variable u{t) — y^~"', we get 



u' = {l- a)y-'^y' - (1 - a)y' = y^u' 



(1.2.2) 
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and (1.2.1) becomes 

y V + (1 - a)/y"ii = (1 - a)^y" u' + (1 - a)fu = (1 - a)g. (1.2.3) 

Example 1.2.1. Solve the following Bernoulli equation : 

y'-jy = y^smt\ (1.2.4) 

Solution. Note that y = is an obvious solution. 
We assume that y ^ 0. Rewrite the equation as: 



^-^ = smt\ (1.2.5) 

Change variable: 



y. 

Thus the original equation is equivalent to: 



u = ^; u' = -%. (1.2.6) 



= sin^^ (1.2.7) 



equivalently, 



We calculate 



Thus 



Therefore, 



2 t 



2 

u' + -u^ -2smt^. (1.2.8) 
i 

^f^_,t choose ^21n|*|^^ln*^^^2_ (^^.Q) 

[ -2^2 sin t^cit + c | cos + c 2 cos + Ci 

\ + ■ ' ^' □ (1.2.11) 



A Darbonx equation can be represented as 

(/(y/i) + rh{y/t))y' = ^(y/t) + y^-^hiy/t). (1.2.12) 
Using the substitution y(t) = tz{t) and taking 2; to be independent variable, we have 



So (1.2.12) becomes 



dy ,dt dt n o 1Q^ 



{f{z) + t''h{z))y'f^ = {g{z) + zh{zr)f^, (1.2.14) 



1.2. SPECIAL EQUATIONS 



11 



equivalently, 

ifiz) + t^h{z)) (^t + zf^ = {g{z) + zh{z)r)f^. (1.2.15) 

Thus 

{zf{z) - g{z))f^ + f{z)t = (1.2.16) 
which is a BernouUi equation. 

A Riccati equation has the general form 

y' = f2{t)y' + Mt)y + Mt). (1.2.17) 

If /2 = 0, the equation is a hnear equation. When /o = 0, it is a BernouUi equation. 
Changing variable 

f2[t)u{t) 



we have 



and (1.2.17) becomes 

f2u'^ + f2Uu' - f2Uu" U'"^ fiU' „ [ 



+ fo^u"^(^^^+h^u'-fof2U^0, (1.2.20) 



fW f2U 

which is a second-order linear ordinary equation. 

Example 1.2.2. Solve the Riccati equation: 

y' = ey-y + e-*. (1.2.21) 
Solution. Now /2 = e*, fi — —l and /o = e~*. Changing variable 

ym = (1.2.22) 

we get 

u" = -u (1.2.23) 

by (1.2.20). By a later method, the general solution of (1.2.23) is m = Ci sin(t + C2). Thus 
the general solution of (1.2.21) is 

y = -e-*cot(i + C2). □ (1.2.24) 



Suppose that y — (p{t) is a particular solution of (1.2.17). Changing variable y{t) — 
(p{t) + u{t), we reduce (1.2.17) to the BernouUi equation 



u' = f2u^ + ifi + V2^)y. 



(1.2.25) 
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Example 1.2.3. Solve the Riccati equation: 



, 2 . t tan t-\-2 t tan t + 2 



y' = y' + y + — — ■ (1-2.26) 

Solution. Observe that y = — 1/t is a particular solution of (1.2.26). Changing variable 

y{t) = u{t) - 1/t, we get 

u' = u^ + tantM. (1.2.27) 



Set w Then (1.2.27) becomes 

w' — —1 — tant w =^ w 

So 



1 , 1 — sin i 

t; In : h c 

2 l + smi 



cost (1.2.28) 



sec t sec t 1 



u^i ^y=i 1— w ■ ° (1.2.29) 

2 l+smt 2 1+sint 



An Abel equation of the first kind has the general form 

y' = f3it)y' + f2{t)y' + h{t)y + /o(t), Mt) ^ 0. (1.2.30) 

The above equation is not integrable for arbitrary fn{t). We only hst two interesting 
special cases: 

1. The Abel equation is generahzed homogeneous: 

y' = ai^^+^y^ + + C- + dt-''-\ (1.2.31) 



Changing variable y(t) = u{t)/t"'^^, we obtain 



.'- '"'",1::^^" (1.2.32) 



and 

tu' — (n + 1)m , u"^ u 1 ^ , 

-r^ — — ^a—r^ + b—:^ + c—- + d—-, (1.2.33 

equivalently, 

tu' -(n + l)u = aii^ + bu^ + cu + dr^ tu' = aii^ + + (c + n + l)u + d, (1.2.34) 

which is a separable equation. 

2. The Abel equation has the form: 

y' = at'^'-^'y' + bt'^'y^ + ^^^y + rft^™. (1.2.35) 
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Changing variable y{t) = t"^~^''u{t), we obtain 

y' = t'^-^u' + (m - (1.2.36) 

and 

^m-n^> + (m - n)r-"-^M = at^'^u^ + bf'^u^ + (m - n)^-"-^^ + di^"^, (1.2.37) 
equivalently, 

r"*-"'^' = aii=^ + + d, (1.2.38) 

which is a separable equation. 

From the above examples, we can try changing variable y = gi{t)u{t) +go{t) to reduce 
the Abel equation to a separable equation, where go and gi are the functions to be 
determined. 

An Abel equation of the second kind has the general form 

{y + 9{t))y' = f2{t)y^ + h{t)y + /o(i), g{t) ^ 0. (1.2.39) 

Again the above equation is not integrable for arbitrary /„(i). We only list two interesting 
special cases: 

1. The Abel equation of second kind is generalized homogeneous: 

{y + kt'^)y' = + bf'-^y + ci^"-^ (1.2.40) 
Changing variable y{t) — t"'u{t), we obtain 

y' = tV + nr-^M (1.2.41) 

and 

{u + kyif^u' + nr-'ii) = at'''-\'' + bt'''-\ + ci'"-\ (1.2.42) 

equivalently, 

{u + k){tu' + nii) = aw^ + 6u + c ~ ^(1* + k)u' = (a - n)ii^ + (6 - nk)u + c, (1.2.43) 

which is a separable equation. 

2. The Abel equation of second kind has the form: 

{y + 9{t))y' = f2{t)y' + Mt)y + Mt)g{t) - f2{t)g\t). (1.2.44) 
Note that y — —g{t) is a solution. Changing variable y{t) — u{t) — g{t), we obtain 

u{u' - g') = f2{u - gf + f,{u-g) + hg - f2g\ (1.2.45) 
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equivalently, 

uu' = /2^' + (/i + g'- 2gh)u ^ u' ^ f2U + fi + g' - 2gh, (1.2.46) 

which is a first-order hnear equation. 

Prom the above examples, we can again try changing variable y — gi{t)u{t) + gQ{t) to 
reduce the Abel equation of second kind to an integrable equation, where go and gi are 
the functions to be determined. 

A Clairaut 's equation has the general form 

f{ty'-y)^g{y'). (1.2.47) 

Note that the linear function y — at — b ior which f{b) — g{a) is a solution. But the 
equation has more solutions in general. Differentiating (1.2.47), we get 

y'\tf{ty'-y)-g'{y')) = 0. (1.2.48) 

Solving the system 

f(ty' - y) = g(y'), tf{ty' - y) = g'{y') (1.2.49) 

by viewing y and y' as variables, we get a singular solution of y. 

Example 1.2 A. Solve the equation 

(iy'-y)2-/-l = 0. (1.2.50) 

Solution. Rewrite the equation as {ty' — y^ = y'^ + 1. Note f{z) = and g{z) = z"^ + 1. 
Let 



f{b) = g{a) - 6^ = + 1 - 6 = ±^/o? + 1. (1.2.51) 
So we have the solution 

y = at± Va2 + 1. (1.2.52) 

Now the second equation in (1.2.49) becomes 



t{ty'-y)^y'^y' = :^. (1.2.53) 



According to (1.2.50), 



-1 = 0-2/2 + ^2^1. □ (1.2.54) 



(t2 - 1)2 {f - 1)2 

We refer to [PZ] for more exact solutions of ordinary differential equations 
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Exercises 1.2: 

1. Solve the following Bernoulli equation 

y' --y^ 2y^tant'^. 

i/ 

2. Solve the Riccati equation 

, 2 tcott + 2 tcott + 2 

y =y +^^y + ^^- 

3. Solve the Abel equation of the first kind: 

4. Solve the Abel equation of the first kind: 

y'^tV-2tV + y- + f. 

5. Solve the Abel equation of the second kind: 

{y + bt^)y' = 5— + my + t^. 

t 

6. Solve the Abel equation of the second kind: 

{y + e*)y' = -— + 7/sin2i + e*sin2i + 
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Chapter 2 



Higher-Order Ordinary Differential 
Equations 

In this chapter, we begin with solving homogeneous linear ordinary differential equations 
with constant coefficients by characteristic equations. Then we solve the Euler equations 
and exact equations. Moreover, the method of undetermined coefficients for solving non- 
homogeneous linear ordinary differential equations is presented. Furthermore, we give the 
method of variation of parameters for solving second-order nonhomogeneous linear ordi- 
nary differential equations. In addition, we introduce the power series method to solve 
variable-coefficient linear ordinary differential equations and study the Bessel equation in 
detail. 

2.1 Basics 

This section deals with homogeneous linear ordinary differential equation with constant 
coefficients, the Euler equations and exact equations. 

A second-order homogeneous linear ordinary differential equation with constant coef- 
ficients is of the form 

ay" + by' + cy = 0, a,b,ceR. (2.1.1) 

To find the general solution, we assume that y = e^^ is a solution of (2.1.1), where A is a 
constant to be determined. Substituting it into (2.1.1), we get 

aA^e^* + 6Ae^* + ce^* ~ aA^ + 6A + c = 0, (2.1.2) 

which is called the characteristic equation of (2.1.1). If the above equation has two distinct 
real roots Ai and A2, then the general solution of (2.1.1) is 

y = cie^i* + C2e^^*, (2.1.3) 

where Ci and C2 are arbitrary constants. When (2.1.2) has two complex roots ri ± r2i, 
then the real part and imaginary part of e^''^^''^'^* are solutions of (2.1.1). So the general 
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solution of (2.1.1) is 

y = Cie''^*sinr2t + C2e'"^*cosr2t. (2- 1-4) 

In the case that (2.1.2) has repeated root r, the general solution of (2.1.1) is 

2/ = (ci + C2t)e''\ (2.1.5) 

Example 2.1.1. The general solution of the equation 

/-2y'-3y = (2.1.6) 



IS 

„3t I „ -t 



y = cie'* + cse"* (2.1.7) 

because A = 3 and A = — 1 are real roots of the characteristic equation A^ — 2A — 3 = 0. 
Moreover, the general solution of the equation 

/- V + 13y = (2.1.8) 

is 

y = cie^* sin 3i + cae^* cos 3i (2.1.9) 

because A = 2 + 3i and X — 2 — 3i are roots of the characteristic equation A^— 4A + 13 = 0. 
Furthermore, the general solution of the equation 

/ + 6y' + 9y = (2.1.10) 



IS 



y ^ {ci + C2t)e-^\ □ (2.1.11) 



In general, the algebraic equation 

6„A" + 6„_iA"-^ + . . . + 6o = (2.1.12) 

is called the characteristic equation of the differential equation 

+ + • • • + ^0?/ = 0, br^R. (2.1.13) 

If (2.1.12) has a real root r with multiplicity m, then 

(c„_ir-i + • • • + cit + co)e'-* (2.1.14) 

is a solution of (2.1.13) for arbitrary cq, Ci, c^_i G IR. When ri + r2i is a complex root 
of (2.1.12) with multiplicity m, then 

(c^_ir-i + --- + cit + Co)e''' smr2t (2.1.15) 
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and 

(a^_it™-^ + --- + ait + ao)e''i*cosr2i (2.1.16) 
are solutions of (2.1.13) for arbitrary c^, G M. For instance, if 

(A - 1)(A + 2f{X^ - 4A + 13)2 = (2.1.17) 

is the characteristic equation of a differential equation of the form (2.1.13), then the 
general solution of the differential equation is 

y = cie* + (02^2 + C3t + C4)e"2* + (c5t + CQ)e^* sin 3i + {cjt + 03)6^* cos 3i. (2.1.18) 

An Euler ordinary differential equation has the general form 

+ + • • • + hty' + boy = 0, 6, e M. (2.1.19) 
We solve it by changing variable a; = Int. In fact, 

/ Ux // Vxx yx III Vxxx '•^Vxx ~l~ 2^/3; , , 

y = y y = ^5 — ' y = ^5 ■ (2-1-20) 

Example 2.1.2. Solve the equation 

iV-3V + 5y = 0. (2.1.21) 

Solution. Changing variable a; = Int, we get 

Vxx - yx - + 5y = ~ - + 5y = 0, (2.1.22) 

whose characteristic equation is A^ — 4A + 5 = 0. The roots are A = 2 ± i. So the general 
solution is 

y = cie^^ sinx + €26^^ cosa; = ^^(ci sinlnt + C2 coslnt). □ (2.1.23) 

Example 2.1.3. Solve the Euler equation 

tY-ey"-2ty'-Ay^Q. (2.1.24) 
Solution. Changing variable x — hit, we get 

Vxxx - ^Vxx + - iVxx - Vx) - - 4y = ~ y^^^ - Ay^^ + y^ - Ay ^ 0, (2.1.25) 
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whose characteristic equation is 

- 4A^ + A - 4 = (A - 4)(A^ + 1) = 0. (2.1.26) 
Thus the general solution is 

y = Cic"^"^ + C2sina; + Cscosa; = Cit"' + C2sinlnt + cscoslnt. □ (2.1.27) 



An nth-order ordinary differential equation is called an exact equation if the equation 
can be rewritten as 

d$(i,y,y',...,yM) 



dt 

We try to find $ term by term. 



= 0. (2.1.28) 



Example 2.1.4. Solve the equation 

tyy" + ty'^ + yy'^0. (2.1.29) 
Solution. Note that $ = tyy'. Thus (2.1.29) can rewritten as {tyy')' = 0. Thus 

2tyy' = ci - t{yy = c, ^ y^ = Cilnt + Cg. □ (2.1.30) 



Example 2.1.5. Solve the equation 

{l + t + e)y"' + (3 + U)y" + 6y' = U. (2.1.31) 

Solution. We rewrite (2.1.31) as 

(1 + t + t^)y"' + (1 + 2t)y" + (2 + At)y" + 6^ - 6t = (2.1.32) 

=^ [(1 + t + t^)/]' + (2 + At)y" + Ay' + 2y'-6t^0 (2.1.33) 

^[{l + t + t^)y"]' + [(2 + At)y']' + 2y' - Qt = (2.1.34) 

^[{l + t + tVr + [(2 + At)y'r + {2yy - (3^^)' = (2.1.35) 

^ [(1 + i + i^)/ + (2 + At)y' + 2y- 3t=^]' = (2.1.36) 

^ (1 + t + t^)/ + (2 + At)y' + 2y- 3t^ = 2ci (2.1.37) 

^(l + t + e)y" + (1 + 2i)y' + (1 + 2t)y' + 2y- 3t^ = 2ci (2.1.38) 

^ [(1 + t + t2)y' + (1 + 2t)y - t^]' = 2ci (2.1.39) 

^ {l + t + f)y' + (1 + 2t)y -t^ ^ 2c]t + C2 (2.1.40) 



2.2. METHOD OF UNDETERMINED COEFFICIENTS 

^{l + t + f)y -j = cif + C2t + C3. □ 

Exercises 2.1 

1. Find the general solution of the equation 

y" -y' -6y^0. 

2. Find the general solution of the equation 

y" + 6y' + 13y^0. 

3. Find the general solution of the equation 

y(^) + 8y" + 16y = 0. 

4. Solve the Euler equation 

ty' + 3i^y" - 2ty' + 2y = 0. 

5. Solve the equation 

tyy'" + Sty'y" + 2yy" + 2y'^ = 2 cos i - i sin t. 

2.2 Method of Undetermined Coefficients 

In this section, we present the method of undetermined coefficients for solving nonhomo- 
geneous linear ordinary differential equations. 

In order to solve linear nonhomogeneous ordinary differential equation 

/nWz/^"^ + /n-1 Wy^"-'^ + • • • + h{t)y = g{t), (2.2.1) 

we find the general solution (j){t, ci, c„) of the homogeneous equation 

/n(i)2/^"^ + fn-i{t)y^''-'^ + • • • + h{t)y = (2.2.2) 

and a particular solution yo(0 of (2.2.1). Then the general solution of (2.2.1) is y ~ 
4>{t, ci, c„) + yo{t). It is often that yo is obtained by guessing it of certain form with 
undetermined coefficients based on the form of g{t). 

Example 2.2.1. Find the general solution of the equation 

/ -^y = + 3t\ (2.2.3) 
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(2.1.41) 
(2.1.42) 
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Solution. It is easy to see that y = and y = 1/t are solutions of 



/ - = 0- (2-2.4) 



So the general solution of (2.2.4) is 



y = cit' + J. (2.2.5) 



Based on the form of (2.2.3), we guess a particular solution yo{t) — at^ -\-bt^, where a and 
b are the constants to be determined. Note 

y'o = 6af + hht'^ =^ y'^ = 30at^ + 20i^ (2.2.6) 

By (2.2.3), 

30at^ + 20t^ - 2(at^ + ht^) = 7t^ + 3t^ ~ 28a = 7, 186 = 3 =^ a = ^, 6 = ^. (2.2.7) 
Thus yo = + t^/^- The general solution (2.2.3) is 

y = cit^ + I + ^ + ^. □ (2.2.8) 
Example 2.2.2. Solve the equation 

y" + 3y' + 2y^3 sin 2t. (2.2.9) 

Solution. The general solution of y'' + 3y' + 2y — is y — Cie~* + C2e~^*. We guess a 
particular solution of (2.2.9): 

yo = asin2t + 6cos2t. (2.2.10) 

Then 

yo = 2acos2i-26sin2i, t/g' = -4a sin 2i - 4& cos 2i. (2.2.11) 

By (2.2.9), 

-4a sin 2t - 46 cos 2t + 3(2a cos 2t - 2b sin 2*) + 2(a sin 2t + b cos 2t) = 3 sin 2t, (2.2.12) 
equivalently, 

-(2a + 66)sin2i + (6a - 26)cos2i = 3sin2t (2.2.13) 

Hence 

-(2a + 66) = 3, 6a-26 = 0^a = -|^, 6 = -|^. (2.2.14) 

So 

3 9 

yo = sin2t cos2i (2.2.15) 

^ 20 20 ^ ^ 
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and the general solution of (2.2.9) is 

3 9 

y = cie"* + cse"^* sin2t cos2i. □ (2.2.16) 

^ 20 20 ^ ^ 

Example 2.2.3. Find the solution of the following problem: 

y" + y = 2cost, y{0) = 1, Z/'(0) = 3. (2.2.17) 
Solution. The general solution of the corresponding homogeneous equation y" + y = is: 

y = Ci cost + C2 sin (2.2.18) 
Thus we can not guess a particular solution yo = a cos t + 6 sin t. Instead, we guess that 

yo = atcost + btsint (2.2.19) 

is a particular solution. Then 

y'^= (a + ht) cos t + (h- at) sin t, (2.2.20) 

yd' = (26 - at) cos t-{2a + ht) sin t. (2.2.21) 
Substituting them into the equation in (2.2.17), we get 

26cosi-2asini = 2cosi. (2.2.22) 

So 

a = 0,6 = 1; yo^tsvat. (2.2.23) 

Thus the general solution is: 

y = ci cost + (c2 + i) sin (2.2.24) 



Next 



Then 



y' = (c2 + t) cost + (1 - ci) sint. (2.2.25) 

y(0) = 1 ^ ci = 1, (2.2.26) 
y'{0) = 3 ^ C2 = 3. (2.2.27) 



The final solution is: 



y = cos t + (3 + t) sin t. □ (2.2.28) 
Example 2.2.4. Find the solution of the following problem: 

y"-4y' + 4y = 4(^2 + 6^*). (2.2.29) 
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Solution. The corresponding homogeneous equation is 

4y' + 4y = 0, (2.2.30) 

whose characteristic equation is: 

— 4r + 4 = =^ r = 2 is a repeated root. (2.2.31) 
Thus the general solution is 

y = (ci + 02^)6^*. (2.2.32) 
First we want to find a particular solution of the equation: 

y" -Ay' + Ay^At''. (2.2.33) 

Let 

yo ^At'^ + Bt + C (2.2.34) 

be a particular solution. Then 

y'o^2At + B, yo^2A. (2.2.35) 

Substitute them into the equation, 

2A - A{2At + B)+ A{At^ + Bt + C)^ At^ (2.2.36) 

=^ AAf + {AB - SA)t + 2A-AB + AC^ At^. (2.2.37) 
AA^A, 4S - 8^ = 0, 2>1 - 4S + 4C = ^ A = 1, S = 2, C = ^. (2.2.38) 

So 

yo = i' + 2i+^. (2.2.39) 
Next we want to find a particular solution of the equation: 

/ - 4y' + 4y = Ae^\ (2.2.40) 

Let 

yo = At^e^^ (2.2.41) 

be a particular solution. Then 

y'^ = 2A{t + f)e^\ y^ = 2A{1 + At + 2t')e''\ (2.2.42) 
Substitute them into the equation, 

2^(1 + 4t + 2t2)e2* - ^A{t + t^)e^^ + AAt^e'^^ = 46^* ^ 2Ae'^^ = Ae^K (2.2.43) 
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So ^ = 2 and 

The final solution is 

y = {ci + C2t + 2f)e^' + + 2t + ^. □ 

Excises 2.2. 

1. Find the general solution of the following equation: 

y« + y'-2y = 2t. 

2. Solve the following initial value problem: 

y" + 2y' + 5y = Ae-"" cos 2x, y{Q) = 1, y'{0) = 0. 

3. Solve the following initial value problem: 

y" - 2y' - 3y = I ^^"^ ![ ° ^ y(0) = 0, y'{0) = 1. 

2.3 Method of Variation of Parameters 

In this section, we give the method of variation of parameters for solving second-order 
nonhomogeneous linear ordinary differential equations. 

Suppose that we know the fundamental solutions yi{t) and y2{t) of the linear homo- 
geneous equation 

y" + my' + fo{t)y^o, (2.3.1) 

that is, the general solution of (2.3.1) is y = ciyi{t) + C2y2{t)- We want to solve the linear 
nonhomogeneous equation 

y" + fi{t)y' + Mt)y = 9{t). (2.3.2) 

Let y = ui{t)yi + ^2(^)1/2 be a solution of (2.3.2), where ui{t) and U2{t) are functions to 
be determined. Note 

y' = u[yi + u'^y2 + uiy[ + M2?/2- (2.3.3) 
In order to simplify the problem, we impose a condition 

u\yi + = 0. (2.3.4) 

Then 

y' = uiy[ + M2I/2 =^ y" = + ^22/2' + «Wi + «2l/2- (2.3.5) 



(2.2.44) 
(2.2.45) 
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According to (2.3.2), 

uiy'i + U2y2 + u\y[ + ?i2?/2 + hi^iy'i + u^y^) + h{uih + 'U2/2) = g{t) (2.3.6) 

^ ^ii(yi' + hVi + /o2/i) + U2{y2 + /22/1 + /0Z/2) + u[y[ + ^2/2 = 5(^), (2.3.7) 
equivalently, 

^?/i+^i2Z/2 = ^(i) (2-3.8) 

because yi and 1/2 are solutions of (2.3.1). 

The Wronskian of the functions {/ii, /i2, /im} is the determinant 







h2 ■ 






iy(/ll,/l2,...,/im) = 


K 


h'2 ■ 


■ h'^ 


(2.3. 








uim-l) 
• I'm 





Solving the system (2.3.4) and (2.3.8) for u[ and U2 by Crammer's rule, we get 



9{t)y2{t) 



9{t)yi{t) 



Thus 



W{y,,y2y W{y,,y2y 
9it)y2{t) ^ f 9{t)y,{_t)_ 

y2) 



J W{y^,y2r' 



U2 



J Wiyi, 



dt. 



The final solution is 



f 9{t)y2{t) , f 9{t)yi{t) 

The above method is called the method of variation of parameters. 



(2.3.10) 



(2.3.11) 



(2.3.12) 



Example 2.3.1. Find the general solution of the following equation by the method 
of variation of parameters: 

4 „ TT 



y" + 4y 



0<t< 



(2.3.13) 



sin 2t 4 

Solution. The corresponding homogeneous equation is y"-\-Ay — 0, whose fundamental 
solutions are yi — cos 2t and y2 — sin 2t. So 



Thus 



Ui 



W{yi,y2) = 

9{t)y2{t) 



cos 2t sin 2t 
■2sin2i 2cos2i 



2. 



W{yi,y2) 



dt 



2 dt = ci- 2t, 



U2 



9{t)yi{t) 
W{yi,y2) 



dt 



2 cos 2t 
sin 2t 



dt = In sin 2t + C2. 



(2.3.14) 

(2.3.15) 
(2.3.16) 
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The final solution is 

y = (ci-2i)cos2i + (c2 + lnsin2i)sin2i. □ (2.3.17) 



Example 2.3.2. Solve the following initial value problem by the method of variation 
of parameters: 

y"-Ay^git), ?/(0) = 1, ?/'(0) = -1. (2.3.18) 

Solution. First we solve the following initial value problem: 

u"-Au^O, u{0)^l, u'(0)^-l. (2.3.19) 

The general solution of the above equation is: 



So 



ii' = 2(cie2*-C2e-2*). 

u(0) = 1 r ci + C2 = 1 r ci = 1/4 

u'(0) = -1^1 2(ci - C2) = -1 ^ 1 C2 = 3/4 



The solution is: 



4 

Next we want to solve the following problem 



The final solution is: 



If 



then 



(2.3.20) 



l(e2* + 3e-'*). (2.3.21) 



^;" -Av^ g{t), v{0) = 0, v'{0) = 0. (2.3.22) 

W^(e2*,e-2*) = -4. 

f i^^}^ds + e-^' fi^^ds=l f g(s)smh2{t-s)ds. (2.3.23) 
Jo ~4 Jo ~4 2 Jo 



1 1 /"* 

y = + = -(e2* + 3e~2*) + - / c/(s)sinh2(t-s)cis. □ (2.3.24) 
4 2 7o 



u\ u\ /* 9is)y2is) /■* 9is)yi{s) 
vlt) — —yi(t) / -777 r^^as + 7/2(n / 7777 r^"S, (2.3.25) 

W^(?/1,?/2)(S) W^(?/1,?/2)(S) ^ ^ 



W^(l/I,l/2)(S) W^(Z/1,Z/2)(S) ^ ^ 

Thus we always have v{0) — v'{0) — 0. 
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Excises 2.3. 

1. Solve the equation 



cos 3t 6 



2. Solve the equation 

3. Let g{t) be a given function. Find the solution of the following problem 

y" - 3y' -Ay = g{t), y{0) = 1, y'{0) = -1. 

2.4 Series Method and Bessel Functions 

In this section, we use power series to solve certain second-order linear ordinary differential 
equations with variable coefficients: 

y" + my' + Mt)y ^ 0. (2.4.1) 

Suppose that /i and /o are analytic at t — 0. Around t — 0, 

oo oo 

/o = J]aX, /i = J]M", a„,6„eR. (2.4.2) 

n=0 n=0 

We consider the solution of the form 

oo 

y — c„t", where c„ are to be determined. (2.4.3) 

n=0 



oo 



y' = Y,^cX-\ y" = Y.n{n- l)cX~\ (2.4.4) 

n=l n=2 

Now (2.4.1) becomes 

oo oo oo 'OO oo 

5](n+l)(n + 2) 

(5]M")(E(^+l)cn+i^") + (E«"^")(E^"^") =0- (2-4-5) 

n=0 n=0 n=0 n=0 n=0 

n 

(n + l)(n + 2)c„+2 = - ^Yy^^ + l)6n-rCr+i + a„_,.Cr]. (2.4.6) 
Example 2.4.1. Solve the equation y'' — ty' — y — 0. 

Solution. Suppose that y — X^^o^"^" ^ solution. Note = —Sr,o and 6^ = — (^r,i- 
Thus (2.4.6) becomes 

(n + l)(n + 2)cn+2 = {n + l)c, ~ c,+2 = (2.4.7) 
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Hence 

Suppose 

oo oo 

/o = ^ a„r, /i = 5^ ?^nr, a„, 6„ e M. (2.4.9) 

n=— 2 n=— 1 

Assume that y = Yl'^=o '^nt"''^^ is a solution of the equation (2.4.1) with cq ^ 0. Substi- 
tuting it into (2.4.1), we find that the coefficients of t^"'^ give 

H{H - 1) + At6_i + a_2 = ~ + (6_i - l)/x + a_2 = 0, (2.4.10) 

which is called the indicial equation of (2.4.1) with (2.4.9). If (2.4.10) has two distinct 
real roots /ii and 112 such that /xi — /X2 is not an integer, then the equation (2.4.1) has two 
linearly independent solutions of the forms: 

00 00 

2/1 = t''' Yl = Yl (2.4.11) 

n=0 n=0 

When (2.4.10) has a repeated root then the equation (2.4.1) has two hnearly indepen- 
dent solutions of the forms: 

00 00 

n=0 n=Q 

If (2.4.10) has two distinct real roots fii and fi2 such that fi2 — f^i is an integer, then the 
equation (2.4.1) has two linearly independent solutions of the forms: 

00 00 
y, = t^^ ^ cX, 2/2 = %i In t + r^Yl (2.4.13) 

n=0 n=0 

where A; many be zero. 

Example 2.4.2. Solve the following equation by power series: 

t'^y" + Sty' + {1 + t)y = 0, t > 0. (2.4.14) 

Solution. Note that t = is a regular singular point. Let y — X^^o Cnf^^^ be a 
solution with cq 7^ 0. Then 

00 00 
y' = E(^ + /^)cn^"+'^"S / = + i,){n + i,- l)cj-+^-'. (2.4.15) 

n=0 n=0 

Substituting them into the equation, we have: 

00 00 00 

J](n + //)(n + // - l)cX+'' + 3 J](n + /x)c„r+'^ + (1 + t) J] 0^^+^^ = 0, (2.4.16) 

n=0 n=0 n=0 
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equivalently, 

oo oo oo oo 

n=0 n=0 n=0 n=0 

So we have 

oo 

[At(/i-l)co+3Atco+co]i''+ J]((n+At)(n+At-l)c„+3(n+At)c„+c„+c„_i)r+'* = 0. (2.4.18) 

n=l 

Thus — l)co + 3/iCo + Co = and for n > 1, 
{n + iJ,){n + n - l)c„ + 3(n + /x)c„ + c„ + c„_i = =^ + l)^c„ = -Cn-i- (2.4.19) 

Denote 
Set 

oo 

^M^t^il + J^bnn. (2.4.22) 

n=l 

The indicial equation is 

//(// - 1) + 3/i + 1 = ~ (// + 1)^ = ^ // = -1 (2.4.23) 
is a double root. Then 



is a solution of (2.4.14). 
Observe 

tVtt + ^tipt + (1 + t)(^ = t^(/^ + 1)' (2.4.25) 

(cf. the left hand side of (2.4.18) with cq — 1). Taking partial derivative of (2.4.25) with 
respect to /i, we get 

t^iptti^ + 3tipti, + (1 + t)ip^ = {lnt)t''{i^ + 1)' + 2t'^(/x + 1), (2.4.26) 

equivalently, 

tV^« + ^t<pi,t + (1 + t)ip^ = (2 + (/x + 1) \nt)t''{pL + 1). (2.4.27) 
Taking = — 1 in the above equation, we find 

/ ^ \ 2 ^ 

^ V ) + ^^di'^'^^"^' + + ^) = 0- (2-4.28) 
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Thus y2 = (Pfj,{—l,t) is another solution. Note that for n > 1, 



C[6n ^ I (-1) 

d/i 




(2.4.29) 



Thus 



y,{t) = (^,(-1, t)\r=-, = Ini + J] ^— L ^-i. (2.4.30) 

„=i l^-^ \i=i-^/ 

The general solution is: y — ciyi{t) + 02^/2 (^)- D 

The Bessel equation has the form 

/ + rV + (i-^'r> = o, (2.4.31) 

where is a constant called order. The indicial equation is 

- u"^ ^ ^ l_i ^ ±u. (2.4.32) 

We rewrite (2.4.31) as 

t'^y" + ty' + (t^ - v'^)y = 0. (2.4.33) 

Let y — Yl^=o '^nt"~^^ be a solution of (2.4.33) with /i — ±u and Cq 7^ 0. We have 
00 00 
ty' = ^(n + /.)c„r+^ t^/ = ^(n + ;,)(n + - l)cnr+^. (2.4.34) 

n=0 n=0 

Denote by N the set of nonnegative integers. So (2.4.33) is equivalent to 

Ci[(At + l)'-j/2] =0, [(// + n + 2)2-i/2]c„+2 + c„ = 0, n e N. (2.4.35) 

Thus C2r+i = for r e N, and 

^ ^^Jo ^ (-l)"co 

n"=iK - + 2r)^] n!22n n,l,(A. + r) " ^ " ■"'^^ 

The function 

^.w-(0+E;,nS:rT7)(f) 

is called a Bessel function of first kind. If is not an integer, then the general solution of 
(2.4.31) is 

y^cMt) + C2J-,{t). (2.4.38) 
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Note 



fl-l oo 



and 

di 
Thus 



2n+n-l 



fif'J^-i (2.4.39) 



2n+/i-l 



At+ 1 



tdV ^' ^ ^ ' tdV n+1 



By induction, 



and 



m—l 



7 \ m 
/ r=0 



ill ('-"^'' = 



f-H-m J 



On the other hand, (2.4.39) gives 
and (2.4.40) yields 



Thus 



Observe that 



j-n— 1 



(2.4.40) 



(2.4.41) 



(2.4.42) 



(2.4.43) 



(2.4.44) 



(2.4.45) 



(2.4.46) 



(2.4.47) 



dtj n\ {n-l)\ 

for a positive integer n. If we have a continuous analogue of n!, then we can simplify 
(2.4.42) and (2.4.43) by rescaUing J^. Indeed, it is the spacial function r(s). 

When V = n + 1/2 with n e N, the indicial equation has two roots yUi = n + 1/2 and 
(12 = —n — 1/2. Moreover, fii — fi2 = 2n + 1 is an integer. However, both Jn+i/2{t) and 
J_„_i/2(t) are well defined by (2.4.37). They form a set of fundamental solutions of the 
Bessel equation. Suppose that ly = m is a positive integer, the indicial equation has two 
roots = m and /X2 = —'m. The function Jm{t) is still well defined, but J-rn{t) is not 
defined. If // = — m, by the second equation in (2.4.35) with n — 2m — 2, we get 







-m + 2m - 2 + 2)^ - m^]c2m = -C2 



Co 



m-2 



(m!)^ 



Co = 0, 



(2.4.48) 
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which contradicts the assumption Cq 7^ 0. Thus we do not have a solution of the form 
y — Yl'^=o Cn^"~™- We look for another fundamental solution of the form 

00 

y = Jm{t) In t + 5^ cX-"^, (2.4.49) 

n=0 

which is related to Bessel functions of second kind. 
Exercise 2.4 



Solve the following equations by power series 

1. {l-t'^)y" -ty' + 16ty = 0. 

2. tY' + W + {Q-t)y^O, t> 0. 
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Chapter 3 
Special Functions 



Special functions are important objects both in mathematics and physics. This chapter is 
a brief introduction to them. The reader may refer to [AAR] and [WG] for more extensive 
knowledge. First we introduce the gamma function r{z) as a continuous generalization 
of n\ and prove the beta-function identity, the Euler's reflection formula and the product 
formula of the gamma function. Then we introduce Gauss hypergeometric function as 
the power series solution of the Gauss hypergeometric equation and prove the Euler's 
integral representation. Moreover, Jacobi polynomials are introduced from the finite-sum 
cases of the Gauss hypergeometric function and their orthogonality is proved. Legendre 
orthogonal polynomials are discussed in detail. 

Weierstrass's elliptic function p{z) is a double-periodic function with second-order 
poles, which will be used later in solving nonlinear partial differential equations. Weier- 
strass's zeta function ({z) is an integral of —p{z), that is, ('{z) — —p{z). Moreover, 
Weierstrass's sigma function a{z) satisfies a'{z)/a{z) — C,{z). We discuss these functions 
and their properties in this chapter to a certain depth. 

Finally in this chapter, we present Jacobi's elliptic functions sn (2;|m),cn {z\m) and 
dn(2;|m), and derive the nonlinear ordinary differential equations satisfied by them. These 
functions are also very useful in solving nonlinear partial differential equations. 



The problem of finding a function of continuous variable x that equals n\ when x = n 
is a positive integer, was suggested by Bernoulli and Goldbach, and was investigated by 
Euler in the late 1720s. For a e C and n e N -|- 1, we denote 



3.1 Gamma and Beta Functions 





(3.1.1) 



If X and n are positive integers, then 

(x + n)! _ 



n!(n + l)x 
{x + l)n 



n\n' 



(n + 1) 



X 



(3.1.2) 



{x + 1) 



(x + l) 



n 



X 



35 



36 



CHAPTER 3. SPECIAL FUNCTIONS 



Since 

lim ^^^±:^ = 1, (3.1.3) 



we have 



^! = lim (3.1.4) 



Observe that for any 2; G C \ {— N — 1}, 

/ y.= l ^ ' 



n \ -i-r / z + r\ /r + 1 



, z 

n 



^^+^^"V^n+l)-^ /'^; . (3.1.5) 



n + iy V / (-z + l)r 



Moreover, 



z\-^ ( 1 
1+- 1+- 
r / y r 

^ ^ l\\ z z(z-l) ^ 



This shows that 



hm 

n— >oo 



" -1 / 1 \ 

r- — 1 \ ' 



Thus we have a function 

nw=..";'i7^=n(i+;) ■(1+7) ("-8) 



n!n -i-r / z\-^ f 1 



^ + l)n ;LV rJ \ r 



and n(m) = m! for m e N by (3.1.4). For notional convenience, we define the gamma 
function 

77 '77 ^~ 

r{z) = n(z - 1) = hm —— for ^ e C \ {-N - 1}. (3.1.9) 

Then 

77177^ 77177^ 

1 [z + 1) = lim — = z lim — 

n->oo [z + l)n '^^00 (^)n+l 



77 77!77 ''^ \ / ,. nln 

z lim — — = z lim hm — — 

n^oo ^ + 77 (2;)„ \n^oo Z + 71 J \n^oo (^z 

= z hm — ^ = ^r(^). (3.1.10) 
By (3.1.9), r(l) = 1. So r(7n + 1) = 777! for 777 e N. 
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For a;, y e C with Re a; > and Rey > 0, we define the beta function 

B{x,y)= [ f'-^l-ty-^dt. (3.1.11) 
Jo 



Theorem 3.1.1. We have B{x,y) = T {x)T (y) /T {x + y) . 
Proof. Note 

B{x,y + 1)^ I t''-\l-t){l-ty-^dt^B{x,y)-B{x + l,y). (3.1.12) 
On the other hand, integration by parts gives 

B{x,y + 1) = [ f'-^l-tydt 
Jo 

= /■ t%l-ty-^dt = ^B{x + l,y). (3.1.13) 

X X Jq X 

Thanks to the above two expressions, we have 

B{x, y) - ^B{x, y + 1) = B{x, y + 1)^ B{x, y) - ^i?(x, y + 1). (3.1.14) 



By induction 
Rewrite the above equation as 



B(x,y) = ^^^S(x,y + n). (3.1.15) 

{y)n 



B{x, y) = t^-\l - ty+^-^dt 

n\ [y)n Jo 

n\ {y)n Jo \ n) n 

= hm ^f+/V;"r' r s^-' (i - ds 

n->oo n!n^+?' ^ [y)n Jo ^ n/ 



oo 

s^'-^e-'ds. (3.1.16) 



r(2; + y) Jo 
Taking y = 1 in the above equation, we have 

POO 

B{x, l)V{x + 1) = / s^'-^e-'ds. (3.1.17) 
Jo 

Furthermore, (3.1.11) gives 

1 

B{x,l) = / r-^dt = -. (3.1.18) 



X 
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Thus 



Therefore, 



Fix) = £i^±Il = B{x, l)r{x + 1) 



X 



B{x,y) 



r{x + y) 
RecaU the Euler's constant 



poo 

Jo 



r{x + y) 



7 



/ " 1 \ 
hm > In n 



(3.1.19) 



(3.1.20) 



(3.1.21) 



Theorem 3.1.2. The foUowing equation holds: 

1 



r(z) 



-z/n 



n=l 



Proof. Note 



(3.1.22) 



Thus the product in (3.1.22) converges. Moreover, 



r(z) 



hm ]~^'\ — hm 



2;(2; + 1) • • • (;2 + n - 1) 
(n - l)!n^ 



2; hm 

n->oo 



n-1 



-zlnn 



_r=l 

= Z hm e^E"=i l/r-lnn]g-z/n TT A ^ f 

n->oo V r 

r-=] 

00 



n-1 



-z/r 



r=l 



(3.1.24) 



Theorem 3.1.3. Euler's reflection formula: 



r(^)r(i - z) 



TT 



SmTTZ 



Proof. Prom complex analysis. 



00 / 9 
smvr^ -i-r / -2 



TTZ 



n 1 



n=l 



(3.1.25) 



(3.1.26) 
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According to (3.1.22), 



r(^)r(-^) 



ze 



■yz 



-z/n 



-1 r 



n=l 

n=l 

oo / 

n 



-ze 



-72 



00 



^z/n 



n=l 



n=l 



TT 



Z Sm TTZ 



(3.1.27) 



Now (3.1.25) follows from the fact r(l - z) ^ -zr{-z). □ 



Letting z = 1/2 in (3.1.25), we get r(l/2) = ^/7^. Taking the logarithm of (3.1.22), we 
have 



n=l 



-lnr(z)=7^ + ln^ + ;^[ln(l + ^)-^ 

Differentiating (3.1.28), we get 

T'iz) 



r{z) 



-7 



-+E --- 



z \n z + n 

n=l 



In particular. 



00 ^ 



n=0 



where the Riemman zeta function 



00 ^ 

C(s,a) = V-— — , Res>l. 
^-^ in + 



n=0 



(3.1.28) 



(3.1.29) 



(3.1.30) 



(3.1.31) 



Theorem 3.1.3. The following product formula holds: 



(27r)(' 



n-l)/2 



nz-1/2 



-r(n^) 



Proof. Set 



Then (3.1.9) says 



0(^) 



n 



n-l 



nT{nz] 



nr(-D. 

p=0 



lim n"^ 

r— >-oo 



_;^llp=0 



n— 1 



(2+p/n)r 



= lim 

r— >-cxD 



T-rn-i 
11»=0 



{nr)\{nr)'" 
{nz)nr 
1 r-'r(P~")/" 



p =0 {z+p/n)r 
{nr)\i — 1 

(712) Tir 



= lim 

) — ^00 



■^^jl^(n+l)/2 ' 



(3.1.32) 



(3.1.33) 



(3.1.34) 
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Thus is a constant. Hence 

n— 1 / . \ n— 1 



= 0(i/n) = n r (^) = n r (i - ^) ■ (3-1-35) 



So 



n— 1 / ■ \ / ■ \ n—1 



<P'-ll^r-)r(l-'-)=ll—^. (3.1.36) 



Note 



n— 1 „ -, n—1 

— 1 



^ = ^— = ]J{z - e^i^'l^). (3.1.37) 

^ 1 



r-=0 j=l 



Hence 

n—1 n—1 



n—1 n—1 

= e^"-^)'^'/' n(-2« sin jTr/n) = 2"-^e("-^)'^'/'(-i)"-^ sin jTr/n 

n—1 n—1 

= 2"-V"-^)'^'/V("-^)'^^/2]^sinj7r/^ = 2"-^ JJsinjTT/^. (3.1.38) 



By (3.1.36) and (3.1.38), 



,2_(27r)"-i , _ (27r)("-i)/2 



0^ = ^ — ^ ^0=^ — ^— . (3.1.39) 

n 

Then (3.1.32) follows from (3.1.33) and (3.1.39). □ 

3.2 Gauss Hypergeometric Functions 

The term of "hypergeometric" was first used by WaUis in Oxford as early as 1655 in 
his work Arithmetrica Infinitorm when referring to any series which could be regarded 
as a generalization of the ordinary geometric series X^^o-^"- Nowadays a power series 
Yl'^=o CnZ^'^^ is called a hypergeometric function if Cn+i/cn is a rational function of n. In 
this section, we use z to denote independent variable instead of t. The classical hyperge- 
ometric equation is 

z{l - z)y" + [7 - (a + /3 + l)z]y' - a/3y = 0. (3.2.1) 
We look for the solution of the form 



00 



y = J2 cnz""^'^ (3-2.2) 

n=0 
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where c„ and /j, are constants to be determined. We calculate 

oo oo 

y' = + /^)cn^"^''"'' / = + fi){n + fi- l)cnz^^^~\ (3.2.3) 

n=0 n=0 

Substituting (3.2.3) into (3.2.1), we get 

oo 
n=0 

equivalently, 

M//-l + 7) = 0, (3.2.5) 

(n + 1 + /i)(n + /X + 7)cn+i = [(n + /i)(n + /i + a + /3) + q;/9]c„ (3.2.6) 
for n e N. We rewrite (3.2.6) as 

(n + 1 + /i)(n + // + 7)c„+i = (n + // + Q;)(n + // + ^)c„. (3.2.7) 

By induction, we have 

_ (/X + a)n(// + /j)n 
(// + l)„(// + 7)n 

Hence 



Co for n e N + 1. (3.2.^ 



oo 



^ (// + l)n(Ai + 7)n 

According to (3.2.5),// = 0or// = l— 7. Considering // = 0, we denote 

,F,{a, /3; 7; ^) = E (3.2.10) 

which was introduced and studied by Gauss in his thesis presented at Gottingen in 1812. 
We call it classical Gauss hypergeometric function. Since 



lim 

n— >-oo 



(a)„+i(/3)„+i ^ («)„(/?), 



^^.^ (a + n)(/3 + n) ^ 
(n + l)!(7)„+i' n!(7)„ J (n + 1) (7 + n) 

the series in (3.2.10) converges absolutely when l^j < 1. It can be proved that 2-^1(0;, P; 7; z) 
has analytic extension on the whole complex z plane by complex analysis. Note that 
2^1(0; - 7 + 1, ^-7+1; 2 - 7; z)z^-'^ is another solution of (3.2.1) by (3.2.9). 
Observe 

2Fi(a,A7;0) = l. (3.2.12) 

By (3.2.9), 2-Fi(a, /9; 7; 2;) is the unique power series solution of (3.2.1) satisfying (3.2.12). 
It has close relations with elementary functions: 

,F,i-a, -z) = tllt^.n ^ J- ^ {1 + zT, (3.2.13) 
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n\n\ 



,F,(1, 1; 2; = J] ^^I^^^^-^^"" = ^^^^ + (3.2.14) 



n=0 



lim lim 5]^^^^^ = J]lz- = e^ (3.2.15) 



n=0 n=0 



lim ,F,(a,/3;3/2;-.V4a/3). = lim E Ifiroy^ikn (-^)''"'"^' 



oo / xn 



lim 2Fi(a,P;l/2;-zy4aP) = lim V . (-l)V" 

n=0 ^ 



Less obviously, 

2Fi(l/2, 1/2; 3/2; z^)z = arcsinz, 2i^i(l/2, 1; 3/2; -z'^)z = arctan^. (3.2.18) 
In addition, 

d « ^ _ (Q;)n(/3)n _^n-l 



— 2Fi(a,/3;7;^) = Et ^ 



E 

n=0 



(a)n+i(/3) 



a/3y. (a + l)„(/3 + l), ^^ 
7 ^ n!(7 + l)n 



= ^2i^i(a+l,/3 + l;7+l;-2)- (3.2.19) 

7 

Furthermore, we have the following Euler's Integral Representation. 
Theorem 3.2.1. If Re^ > ReP>0, then 

,F,{a. /3; 7; z) = r(^)r(^^_ ^""^(1 - - ^ty-dt (3.2.20) 

m ^/le z plane cut along the real axis from 1 to oo. 
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Proof. First we suppose \z\ < 1. We calculate 



r(7) 


- 








r(/3)r(7 - 




r(7) 




r(^)r(7 - 




r(7) 





n: 

n=0 

^(«)„ r(^ + n)r(7-^) ^^„ 



mni-p)t'o ^' r(7+n) 

^ (a)^r(^ + n)r(7) ^^„ 



ra=0 
oo 



n!r(^)r(7 + n) 



- E%lr'-"=^^i(«'^;7;-) (3.2.21) 

,1=0 

by (3.1.10), (3.1.11) and Theorem 3.1.1. So the theorem holds for \z\ < 1. 

Since the integral in (3.2.20) is analytic in the cut plane, the theorem holds for z in 
this region as well. □ 

Theorem 3.2.2 (Gauss (1812)). If Re{-f -a- l3)>0, then 

Trf^R.^,.-\\ r(7)r(7 - g - /3) foooo\ 
2Fi{a, fi] r, 1) = TTf TT^T (3.2.22) 

r(7 - «)r(7 - /3) 

Proof. By Abel's continuity theorem, (3.2.20) and Theorem 3.1.1, 

.F,(.,/3;7;l) = ^ ^^^^l^^l I' t^-\l - tV-^-\l - zty-dt 

r(7) 

Jo 



r(^)r(7 - ^) J, 



r(/5)r(7-/3) 

r(7)r(7 - a - /3) 



S(/3,7-/3-a) 



(3.2.23) 



r(7 - a)r(7 - 

when Re 7 > Re ^ > and Re(7 — a — ^) > 0. The condition Re 7 > Re ^ > can be 
removed in (3.2.22) by the continuity in ^ and 7. □ 

By (3.1.10), we have: 

Corollary 3.2.3 (Chu-Vandermonde). For n e 

2Fi(-n,^;7;l) = ^^7=^. (3.2.24) 
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3.3 Orthogonal Polynomials 

Let keN, 

^^.(-M;.;.) = i:^." = i:(:)||(-.r (3.3.1) 



is a polynomial. We calculate the generating function 

00 k 



k\ ' ' ' Z-^ Z-^ n\{k — n)\ 

k=0 k=0 n=o ' 



^ ^\ k-n )\n ^ \ rn J \ n 

k=0 n=0 ^ / \ / m,n=0 ^ ^ ^ 

-/3 



n=0 ^ ^ ^ ^ 

= {l-x)^-^'{l + {z-l)x)-^. (3.3.2) 
Set 

7; z) = 2Fi(-A;, 1? + A;; 7; z). (3.3.3) 

According to (3.2.1), 

z{l - z)wk + [7 - (^? + l)z]wk + k{d + k)wk = 0. (3.3.4) 

Thus 

^[z\l - zf-^+^w'k] + k{d + A;)^^-^(l - ^)^-^Wfc = 0. (3.3.5) 
Let m, n e N such that m ^ n. Then 

w^-^[^^(l - ;2)''-^+'<] + n(^? + n)z^-\l - zf-^WmWn = (3.3.6) 
az 

and 

«;„-^[^^(l - zf-'+'w'J + mi-d + m)z'y-\l - zf-^WM = 0. (3.3.7) 
az 

Assume that Re 7 > 0, Re (i? - 7) > -1 and 1? -N - 1. Then 

/ Z'^~'^{1 - zY~^WmWndz 

Jo 

/ [m{'& + rn) — n{'& + n)]z''~^{l — zy~'^WjnWndz 
Jo 

-[f^w^^^[z\l-zY-^^'w'^]dz 



{m — n){m -\- n + '&) 



{m — n){m -\- n -\- •&) 

-J^n-^Jz-^il-zf-^+'w'Jdz 



{m — n){'m + n + -d) 



1 = 0. (3.3.8) 
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Let Cz be a loop around z. According to (3.3.2), 

(7). 



2Fi(-A;,/3;7;z) 

_^ - 

dx 



k\ 

1 [ + 



^ 1 f [z{l-s)/sil-z)r-^z/s)~^ z 



'^T^iJc, [{s- z)/s{l- z)]''+'^ s^{l-z) 

^1-7(1 _;^)7-/3+fc r 57+fc-l(l_5)/3-7 



27ri 






- zy- 




/ d 






\dz 




-/9+A; 


/ 






V dz 



is - zY+^ 



-ds 



s — z 

k 

[^7+fc-l(l_^)/3-7]. (3.3.9) 



Hence 



r, z) = {£) [^^^'"'(1 - ^f''^% (3-3.10) 

By (3.3.1), 

(^)'(»o^(^)'(E(:)^(-^n = ^=^. (3.3.n, 



Thus 



f z^'\l-zf-^wldz 
Jo 



-1)^ /-V 



(7) 

((7).)^ io ^ ^ 

A;!(^ + A;)fcr(7 + A;)r(^ - 7 + A; + 1) 

((7)fe)2r(^ + 2A; + l) 

A;!(^ + fe)fcr(7)r(^-7 + A; + l) 

(7)fer(^ + 2A; + l) 



(3.3.12) 



Therefore {wk{'&,'~f; z) \ k & N} forms a set of orthogonal polynomials with respect to the 
weight z'^^^{l — z)^'"^. The Jacobi polynomials 

Pt^\z) = + [a + /3 + 1, a + 1; ^] . (3.3.13) 
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Indeed {Flf''^\z) \ k G N} forms a complete set of orthogonal functions on [—1, 1] with 
respect to the weight (1 — z)°'{l + z)^. According (3.3.10), 



p^°''3)(^) = -^^(1 - + zyf" (J-^ [(1 - zr^\l + zf+'']. (3.3.14) 



The well known Chebyshev polynomials of first kind 

n(.) = j^fr'''-"'(^) = '-=0^ {i) ' [(1 - ^r-n (3.3.15) 

The well known Chebyshev polynomials of second kind 
Equation 

(1 - z^)y" - 2zy' + v{v + 1)?/ = (3.3.17) 

is called a Legendre equation, where is a constant. Suppose that y — X^^o ^^z^ ^ 
solution of (3.3.17). Then 

oo oo oo 

(1 - z^)(Y^ n(n - l)c„z"-^) - 2 ^ nc^^" + u(u + 1)Y^ Cnz"" = 0, (3.3.18) 

n=2 n=l n=0 

equivalently, 

{n + 2){n + l)cn+2 + + 1) - n{n + l)]c„ = 0. (3.3.19) 

Thus 



By induction, 



'^'^ (2^\ ^^^Hl/Wn °' ^ ' 

_ ^^=o(2^ + l-^)(2^ + 2 + ^) ^ _ ((l-z/)/2)„((2 + ^)/2). ^ 

Thus for generic u, we have the fundamental solutions 

^ ii!(l/2)„ = 'V 2' 2 •2' ; 

and 

((l-i/)/2)„((2 + i/)/2). ^,,^, _^ ^ 1-z/ 2 + z/_3_2 

n=0 
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which are called Legendre functions. When u = 2k is nonnegative even integer, the first 
solution is a polynomial and we denote the Legendre polynomial 

P2k{z) = ^^^^^^^ 2F^ (^-k, l + k;l; . (3.3.25) 

If = 2A; + 1 is an odd integer, the second solution is a polynomial and we denote the 
Legendre polynomial 

P.u^.{z) = ^-^^''^[/'^^^^ [-K \^k-\; (3.3.26) 



Theorem 3.3.1. Forn e 



1 f d 



2"n! \ dz 



(3.3.27) 



Proof. For convenience, we set 



(3.3.28) 



We want to prove 



(1 - z^)i)'^ - 2z^'^ + n(n + 1)^„ = 0, 



(3.3.29) 



which is equivalent to 



[(l-^>;]' + n(n + l)V'n = 0. 



(3.3.30) 



Exphcitly, (3.3.30) is 



n+l 



d 



n-l 



{z' - 1)1 



0, (3.3.31) 



equivalently. 



n-l 



(3.3.32) 
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due to that both terms are equal to zero when z = I. Note 

(7 \ n+1 



s=0 V / p=o r=s+l 

- ^ (. + l)!(n-.)! + 

- ^ .!(n-.-l)! ^'^'^ 



= —n[n 



s\{n — s — 1)\ 
s=0 ^ ^ 

n— 1 / ^ \ s— 1 Ti 

<,— n \ / n=n 0-1-9 



s=0 ^ ^ p=0 r=s+2 

n-1 



-n(n+l)(-) [(;.^-ir], (3.3.33) 



that is (3.3.32) holds. 
On the other hand, 



1 , M\"v^(-ir^'"""' /ooo.x 



2'^n\ \dz J r\(n — r)\2 
Thus for A; e N, 

1 (-l)'^(2fc)! (-l)'=(l/2). 



rV^2fc(^)|z=o- /MA2o2fc " ^ □ (3-3-35) 



22^(2A;)!' (A;!)222fe A;! 

and 

1 -,..,.Mi„„^ <-;':pt:s; ^ (-')^^;y^)>^- . (3.3.36) 



22fc+i(2A; + 1)!^"^"''^'' fc!(A; + l)!22fc+i fc! 

This shows that both '0„(^)/(2'^n!) and Pn(^) are polynomial solutions of the equation 

(1 - z^)y" - 2zy' + n{n + l)y = (3.3.37) 

with the same term of lowest degree. Observe that any power series solution y = X^^g '^rZ^ 
of (3.3.37) must be a linear combination of (3.3.23) and (3.3.24), one of which is not 
polynomial. Thus any two polynomial solutions of (3.3.37) must be proportional. Hence 
Pn{z) = ^n{z)/{2''n\), that is, (3.3.27) holds. □ 
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Let m, n e N such that m ^ n. Then 



[(1 - z^)P'^{z)-\P^{z) + m(m + l)P^{z)Pn{z) = 0, 



(3.3.38) 



P^{z)[{l - z')P'^{z)^ + n(n + l)P^{z)P^{z) = 0. 



(3.3.39) 



Thus 



Pm{z)Pn{z)dz 



(m — n)(m + n + 1) 
_ 1 

(m — n)(m + n + 1) 
_ 1 

(m — n)(m + n + 1) 

According to (3.3.34), 



m(m + 1) - n(n + l)]Pm{z)Pn{z)dz 



P^(^)[(l - z')P'^{z)]'dz - j\l - z')P'^{z)]'Pr,{z)dz 



{p^{z)p'^{z) - p;(^)p„(^))(i - z')\\ = 0. 



(3.3.40) 



(3.3.41) 



Hence 



j\Pn{z))'- 



dz — 



i,£(-i)V-ir(^)"(p»wM. 

^0 



n!2 
1 

n!2 



1 



(2n-l) 



n!2" 
2(2n- 1)!! 



a; 



-^/2(i _ x^dx = 



n!2^^ JO 
(2n- l)!!r(l/2)r(n+l) 







n!2"r(n + 3/2) 



(2n + l)!! 2n+l' 



(3.3.42) 



Legendre polynomials {Pk{z) | /c e N} have been used to solve the quantum two-body 
system. 

Exercise 3.3 

Find the differential equations satisfied by Jacobi polynomials and prove that Cheby- 
shev polynomials of each kind form a set of orthogonal polynomials. 
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3.4 Weierstrass's Elliptic Functions 

For two integers m < n, we denote 

m, n — {m, m + 1, n}, m, m — {m}, n, m — 0. 



(3.4.1) 



Let uji and u}2 be two linearly independent elements in the complex ;2-plane. Denote the 
lattice 

L = {moji + na;2 I m, n e Z}, L' = L\ {0}. (3.4.2) 



Lemma 3.4.1. For any 2 < a e M, the series 

/-^ ,,,a 



(3.4.3) 



converges absolutely. 

Proof. For A; e N + 1, we denote 



Pjfc = {±A;a;i + ru!2, rui ± A;a'2 | r e —A;, A;}, 



(3.4.4) 



the set of the elements in L lying on the parallelogram with vertices {±kuji±k(jj2}- Denote 

5 = min{|a;i|, |a;2|}. (3.4.5) 



Then 

kS < \uj\ for any uj e P^. 
Moreover, the number of elements 



iPfel = Sk. 



Now 



— — = — — < = ss'^ y^ 

Z-^ / ^ / |,/,!|o .Z.-^ (fc5)" t-'I— 1 ' 



where the last series converges by calculus. □ 
The Weierstrass's Elliptic Function 



k=l 



For any z e C\L, 



lim 

|a)|— >-oo 



1 1_ 



zuj(2uj — z) 
hm — ^ n7^ = 2z. 

\ui\^oo [z — uy 



(3.4.6) 
(3.4.7) 
(3.4.8) 



(3.4.9) 



(3.4.10) 
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Since X^^ei' ^ converges absolutely by Lemma 3.4.1, the series in (3.4.9) converges ab- 
solutely. As L' = —L', we have 



1 



1 



-W6-L' 

= i + E 



(— 2; — a;)2 
1 1 



1 



1 



1 " 



(3.4.11) 



that is, p{z) is an even function. 
We calculate 



A^) = -4 - 2 E - -2 E ^ 



{z-uf 



(3.4.12) 



which converges absolutely for any 2; e C \ L. Since L — —L, p'{z) is an odd function by 
the similar argument as (3.4.11). For any a; e L, we have L — ui — L and 

1 . 'sr^ 1 



p\z + u:) = ~2J2 



-2 E 



z + oj-oj')^ ^ (z-(uj'-uj))^ 



^ y — 1.) 



(z-uf 



o\z). 



So the elements of L are periods of p'{z). Thus 

p{z + w) = p{z) + C 
for some constant C. Letting z — —u}/2 in (3.4.14), we have 

p{u/2) = p{-u/2) + C ^ C = 

by (3.4.11). Thus 

p{z -\-u) — p{z) for a; e L, 

that is, p{z) is a doubly periodic function. 
Note that the function 



(3.4.13) 

(3.4.14) 

(3.4.15) 
(3.4.16) 



p^{z) = p{z) - 4 = XI 



(3.4.17) 



is analytic at ^ = 0. Moreover, 



(^)=(-l)>+l)! J] 



',{z-u:) 



n+2 ' 



(3.4.18) 
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In particular, 

prnO) = (n + l)!$:-^. (3.4.19) 



U!' 

LO&L' 



For m e N, 

p(-+^)(0) = (2r. + 2)!j;-^ = -(2m + 2)! rj^s 

= -(2m + 2)!5]^ = -p^+^)(0). (3.4.20) 

Thus p?"'+^^(0) = 0. Thanks to (3.4.17), p*(0) = 0. Hence 

oo 

p*(z) = J]c^+i^2"^ (3.4.21) 



with 



'^'""(°'-(2m + l)i:^ (3.4.22) 



by (3.4.19). 
Now 



(2m)! ' ' ^ 



^ oo „ oo 



P(^) = ^ + E ^-+1^'" =^ ^'(^) = + E 2mc^+i^2m-i_ (3 4 23) 

m=l m=l 

Moreover, 

P%z) = \ + ^ + 3cs + 0{z), (3.4.24) 

= 4 - ^ - + 0(z). (3.4.25) 



Thus 



Hence 



^''(^)) - 4p3(^) = - 28C3 + O(^). (3.4.26) 



^ = p'2(^) - Ap\z) + 20c2p{z) + 28c3 (3.4.27) 

is a function with periods in L and only possible singular points in L. Since -0(0) = 0, we 
have ip{u!) = ip{0) — for any ui & L. Hence is a holomorphic doubly periodic function. 
So '4> is bounded. Thus ip{z) = ip{Q) = 0. This proves: 

Theorem 3.4.2. ForzeC\L, 

p'\z) = 4p\z) - g2p{z) - ^3 (3.4.28) 

with 

= 20c2 = 60 V ^, ^3 = 28c3 = 140 V \. (3.4.29) 
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Differentiating (3.4.28), we get 

2p'{z)p"{z) = 12p\z)p'{z) - g^p'iz). 

Hence 



p"{z) = Qp\z) 



92 

2 ' 



(3.4.30) 
(3.4.31) 



wliicli is very important in solving nonlinear partial differential equation. 



Remcirk 3.4.3. Suppose Reoui ^ and Ima;i ^ 0. Then u]\ and its complex conjugate 
ijjx are linearly independent. So we can take — In this case, L — L. If z e R, then 



ujeL' 



(z-uj) 



{z — (jj)"^ Lip' 



p{z). (3.4.32) 



a;eL'=L' 

So p{z) is a real-valued function on R. Similarly, g2 and g-^ are real constants. Since bj\ 
has two real freedom, g^ and 513 can take any two real numbers such that g\ — 21 g\ ^ 
(the condition comes from ellipticity (cf. [ARR, WG])). 



Observe 



Thus the series 



+ - + ^ = 



1 z -\- UJ 
+ 



Z — Ul U! U!^ Z — U! u'^ Up'iz — Uj) 



E 



Z — LO U 



converges absolutely for any 2; e C \ L. The Weierstrass 's zeta function: 



oeL' 



+ - + — 

z — U UJ 



(3.4.33) 
(3.4.34) 

(3.4.35) 



It is not the Riemann's zeta function! Obviously, 

C'(^) = -P{z). 

As the argument (3.4.11), C,{z) is an odd function. Moreover, 

C,'{z + cj) = —p{z + cj) = —p{z + oj) = C,\uj) for CO E L. 
In particular, this implies that 

C{z + cui) = C{z) + 2r/i, C{z + UJ2) = C{z) + 27J2 
for some constants 771, 772 £ C. Taking z — —uJr/2, we get 

C{uJr/2) = Ci-OOr/2) + 2r)r. 



(3.4.36) 



(3.4.37) 



(3.4.38) 



(3.4.39) 
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Hence 



r/i = CK/2), V2 = CM2). 



Now we assume 



Im ^ > 0. 



(3.4.40) 



(3.4.41) 



Let 



2 2' 2 2' 2 2 2 2 ^ ' 

Denote by XY the oriented segment from X to F on the complex plane. Let C be the 
parallelogram ABCD with counterclockwise orientation. Since ;2 = is the only pole of 
C,{z) enclosed by the parallelogram. We have 



27ri 



C{z)dz 



{C{Z) - az + U2))dz 



DC 



JCB 



Thus 



Vl^2 - r]2ljJl = TTZ. 



Note 



1 e" 2;^ 



Since 



converges absolutely for any given z and C, the product 

JJ^ {1 — ^-^ e^^^ converges absolutely for any 2; e C \ L. 

We define the Weierslrass 's sigma function: 

-w=-n(i-^)- 

Then 



uieL' 



lna(^)=lnz+^ ln(l-^^+^ + ^ 



Thus 



a'(z) 1 



a{z) z 



+ - + — 

^ — a; a; o;^ 



2a;2 



C(^)- 



(3.4.43) 



(3.4.44) 



(3.4.45) 



(3.4.46) 



(3.4.47) 



(3.4.48) 



(3.4.49) 



(3.4.50) 
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By a similar argument as that of (3.4.11), a{z) is an odd function. Moreover, (3.4.37) 
and (3.4.49) yield 

a^z^ _ ^ ^ _ ^ ^ 

a[z + uji) a[z) a[z + uj2) cr[z) 

— In ^ ^ ^ = 2?7^ ^ In ^ , , ^ 2r]rZ + C^. (3.4.52 
a[z) a{z) 



Thus 



So 

ct(2 + ujr) = a(;^)e''''■^+^^ (3.4.53) 
Taking z = —uJr/2 in (3.4.51), we get 

a(uJr/2) = (7(-a;^/2)e-'''-'^'-+^'- ^ e^"- = -e'''■'^^ (3.4.54) 

Therefore, 

a{z + ui) = -a{z)e^^'+'''^''\ a{z + 002) = -a{z)e^^^+''^^'^ . (3.4.55) 



Suppose Re tJi 7^ and Imo;! < 0. Taking 002 = ooi, wc get two real-valued functions 
({z) and a{z) for 2; e M. 

3.5 Jacobian Elliptic Functions 

Let < m < 1 be a real constant. Jacobian elliptic function sn {z\m) is the inverse 
function of the Legendre's elliptic integral of first kind 

z= [ \ (3.5.1) 

Jo V(l-t2)(l-m2t2) 

that is, a; = sn {z\m). The number m is the elliptic modulus of sn {z\m). Moreover, we 
define 

cn {z\m) — \/\ — sn2(^|m), dn [z\m) = \/\ — vp?^v?[z\m). (3.5.2) 

Note 

/■^ (it /""^ dt 

z= hm / — = = / — ~ arcsin x. (3.5.3) 

^^^Jo ^/{l-t''){l-mH^) Jo 



Thus 



hm sn (zjm) = sin 2;, lim cn (2;|m) = cosz, lim dn (2;|m) = 1. (3.5.4) 



On the other hand, 

^^-^^^Jo ,/{l-t^){l-mH^) Jo l-t2"2"^l-x' 



. ^ nn,. / „. ± ... . * 4 in i±£, (3.6.6) 
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equivalently, 

^ = e^- ~ - 1 = e^^ - 1 - X = (3.5.6) 



Hence 



2 e^^ — 1 

X = 1 = —z = = tanh^;. (3.5.7) 



lim sn (2;|m) = tanh^;, lim cn (zjm) = lim dn {z\m) — sech z. (3.5.8) 

m— >-l m— >-l m— >■! 



Taking derivative with respect to z in (3.5.1), we get 

1 



v/(l-x2)(l-m2a;2) dz dz 

So 



V(l-a;2)(l-m%2). (3.5.9) 



— sn {z\m) — -\/(l — sn2(2;|m))(l — m^sn'^{z\m)) — cn (2;|m) dn (z\m). (3.5.10) 
dz 

Moreover, 

— cn (2; m) = — sn (z\m) — — sn (zlm) dn (2; m), (3.5.11) 

(i-z ^ ' ^ yi-sn2(;2|m) c?^ ^ ' ^ V I V V I ^ V V 

0? , , , . m^sn (zlm) (i / 1 \ 2 / 1 \ / 1 \ /o r 

— dn (2; m) = — sn (z\m) = —m sn (z\m) cn m). (3.5.12) 

dz ^ ' ^ yi - mW{z\m) dz ^ ' ^ V I ; I I ; i J 

Rewrite (3.5.2) as 

sn^(2;|m) + cn^(2;|m) = 1, dn^(2;|m) + m^sn^(2;|m) = 1. (3.5.13) 



Now 



d \ ^ /,x ^ d , , . f d 



— sn iz\m) = I — cn (zlm) dn (z\m) + cn (zlm) ( — dn (zlm) 

dz J \dz J \dz 

— — sn (z|m) dn^(z|m) — m^sn (z|m) cn^(z|m) 

= — sn (z|m) (1 — m^sn^(z|m)) — m^sn (z|m) (1 — sn^(z|m)) 

= 2mW(z|m) - (m^ + l)sn (z|to), (3.5.14) 



d \^ .,s f d .,A,.,s , , . f d 



— j cn (z|m) = — sn (z|m)J dn (zlm) — sn (z|m) ^— dn (z|m) 

= — cn (z|m) dn^(z|m) + m^cn (z|m) sn^(z|m) 

= — cn (z|m) (1 — m^ + m^cn^(z|m)) + m^cn (z|m) (1 — cn^(z|m)) 

= — 2m^cn^(z|m) + (2m^ — l)cn (z|m), (3.5.15) 
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— ^ dn {zlm) — —vr? i^-^'m. (z|m)^ cn {z\m) — m^sn {z\m) {^-^qm [z\v(i^ 

— — m^dn (z|m) cn^(^|m) + m^dn (z|m) sn^(^|m) 

= dn (z|m) (1 — vr? — dn^(2;|m)) + dn {z\m) (1 — dn^(;2|m)) 

= -2dn2(^|m) + (2-m^)dn(^|m). (3.5.16) 

The above three equations are very useful in solving nonlinear partial differential equations 
such as nonlinear Schrodinger equations. 

It is quite often to use (3.5.14)-(3.5.16) with similar equations for trigonometric func- 
tions as follows: 

tan' z = tan^ z + 1, tan'^z = 2 tan^ z + 2 tan (3.5.17) 

sec' z = sec z tan z^ sec''^ — 2 sec^ z — sec 2;, (3.5.18) 

coth' z = 1 - coth^ z, coth"^ = 2 coth^ z-1 coth z, (3.5.19) 

csch ' z = — csch z coth z, csch ''(z) = 2csch ^z + csch z. (3.5.20) 
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Part II 

Partial Differential Equations 
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Chapter 4 

First-Order or Linear Equations 



First in this chapter, we derive the commonly used method of characteristic hnes for solv- 
ing first-order quasilinear partial differential equations, including boundary-value prob- 
lems. Then we talk about more sophisticated method of characteristic strip for solving 
nonlinear first-order of partial differential equations. Exact first-order partial differential 
equations are also handled. 

Linear partial differential equations of flag type, including linear equations with con- 
stant coefficients, appear in many areas of mathematics and physics. A general equation 
of this type can not be solved by separation of variables. We use the grading technique 
from representation theory to solve flag partial differential equations and flnd the com- 
plete set of polynomial solutions. Our method also leads us to find a family of new special 
functions by which we are able to solve the initial- value problem of a large class of linear 
equations with constant coefficients. 

We use the method of characteristic lines to prove a Campbell-Hausdorff-type fac- 
torization of exponential differential operators and then solve the initial-value problem 
of flag evolution partial differential equations. We also use the Campbell-Hausdorff-type 
factorization to solve the initial- value problem of generalized wave equations of flag type. 

The Calogero-Sutherland model is an exactly solvable quantum many-body system in 
one-dimension (cf. [Cf], [Sb]). The model was used to study long-range interactions of 
n particles. We prove that a two-parameter generalization of the Weyl function of type 
A in representation theory is a solution of the Calogero-Sutherland model. If n = 2, we 
find a connection between the Calogero-Sutherland model and the Gauss hypergeometric 
function. When n > 2, a new class of multi-variable hypergeometric functions are found 
based on Etingof's work [Ep]. Finally in Chapter 4, we use matrix differential operators 
and Fourier expansions to solve the Maxwell equations, the free Dirac equations and the 
generalized acoustic system. 



61 



62 CHAPTER 4. FIRST-ORDER OR LINEAR EQUATIONS 

4.1 Method of Characteristics 



Let n be a positive integer and let Xi, X2, x„ be n independent variables. Denote 

X ^ {xi,X2, ...,Xn). 

Suppose that u{x) = u{xi,X2, ....Xn) is a function in xi,X2, ■■■,Xn determined by the 
quasilinear partial differential equation 

, u)u^^ + f2{x, u)u:c2 H \- fn{x, u)u,;„ = g{x, u) (4.1.2) 

subject to the condition 

'i/j{x,u) — on the surface h{x) — 0. (4.1.3) 

Geometrically, the above problem is equivalent to find a hypersuface u = u{xi, X2, ■■■,Xn) 
in the (n + l)-dimensional space of {xi, ...,Xn,u} passing through the codimension-2 
boundary (4.1.3) satisfying the equation (4.1.2). The idea of the method of characteristics 
is to find all the lines on the hypersurface passing through any point on the boundary 
(called characteristic lines). Suppose that we have a line 

Xi=Xi{s), X2=X2{s), Xn = Xn{s), U = u{s) (4-1.4) 

passing through a point {xi, ...,Xn,u) — {ti, ...,tn,tn+i) on the boundary (4.1.3). Since u 
is a function oi xi, ...,Xn determining the hypersurface, we have 

du dxi dx2 dxn -, r\ 

-^u^— + u^— + ... + u^—, (4.1.5) 

equivalently, 

(dxi dxn du\ 

(^..„...,«.„,-l).^— -J =0. (4.1.6) 

On the other hand, (4.1.2) can be rewritten as 

{uxi, ■■■,Ux„, -1) • (/i, •-, fn, g) = 0. (4.1.7) 

Comparing the above two equation, we find that original problem is equivalent to solve 
the system of ordinary differential equations: 

— ^g{x,u), —^f^{x,u), rel,n, (4.1.8) 
subject to the initial conditions: 



u\s=o^tn+i, Xr\s=o^tr, rel,n, (4.1.9) 
) = 0, M^i,-,U = 0. (4.1.10) 
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Solving (4.1.8) and (4.1.9), we find 



1* = 0„+l(s,tl, ...,in+l), Xr ^ (l)r{s,ti,...,tn+l), r G 1, n. (4.1.11) 

Eliminating possible variables in {s,ti, ...,tn+i} by (4.1.10) and (4.1.11), we obtain the 
solution of the original problem. 

Example 4.1.1. Solve the equation — cux^ — subject to u\x-^=o = /(a^2), where 
c is a constant and / is a given function. 

Solution. The system of characteristic lines is: 

^ = 0, ^ = 1, ^ = -c. (4.1.12) 
as as as 

Initial conditions are: 

Xl\s=0 = ti, X2\s=0 = t2, U\s=0 = t3, (4.1.13) 

^3^/(^2), ti^O. (4.1.14) 
The solution of (4.1.12) and (4.1.13) is 

Xi = S, X2 = —CS + t2, U = ts. (4.1.15) 

Thus t2 — cxi + X2 and the final solution is 

u = f{cxi + X2). □ (4.1.16) 



Example 4.1.2. Solve the equation 

Ux + x'^Uy — —yu subject to u — f{y) on x — 0. (4.1.17) 

Solution. The system of characteristic lines is: 

dx du r, du / , V 

— = 1, -j-^x^ -i-^-yu. 4.1.18 
ds ds ds 

Initial conditions are: 

x\s=o^ti, y\s=o^t2, u\s=o^ts, (4.1.19) 

t3^fit2), ti^O. (4.1.20) 
The first equation in (4.1.18) gives x — s. Then the second equation becomes 

Now the third equation in (4.1.18) becomes 

du f s^ \ du ( 



_ = _ _ + i,U~- = -|^ + fc|*. (4.1.22) 
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Thus 

u = tse-''/^^-'^' = f{t2)e-''/^^-''\ (4.1.23) 
Note s — X. So t2 — y — Thus the final solution is 

u^fiy- xV3)e^'/^-^^ □ (4.1.24) 

Example 4.1.3. Solve the the equation 

Ux + Uy + xyuz = subject to u — x"^ on y — z. (4.1.25) 

Solutions. The system of characteristic lines is: 

dx dy dz du ^ / , „ v 

— = 1, -f = 1, -r = xy, -r^u^- 4.1.26 
ds ds ds ds 

Initial conditions are: 

X\s=0^ti, y\s=0^t2, ^|s=0 = ^3, U\s=0^tj, ^2 = ^3- (4.1.27) 

The first two equations in (4.1.26) gives x — s -\-ti and y — s + 12- The third equation 
becomes 

dz 

— = (s + ti){s + ta) = + (^1 + ^2)5 + tit2. (4.1.28) 
ds 

z = — + ^—^s^ + ht2S + t2. (4.1.29) 



Thus 



3 2 

The last equation in (4.1.26) yields 

1 __ ^ tl 

u~ ti^""' i-si:i 

Note ti = X — s and t2 — y — s. Thus we obtained the parametric solution 



Exercise 4.1 

1. Solve the following problem 

x^Ux + ^.yuy + Az^Uz — subject io u — f{y, z) on the plane x — 1. 

2. Find the solution of the problem 

Ux + 2xUy + SyUz — Azu^ 

subject to 

V? = x^ -\- y -\- ^sin z on the surface x = y'^ -\- z^ . 
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4.2 Characteristic Strip and Exact Equations 



Consider the partial differential equation 

F(x,y,u,p,q) ^0, p ^ u^, q ^ Uy. (4-2.1) 
We search for solution by solving the following system of strip equations: 

^ = --Fx - pj;, |j = -F, - qF„ (4.2.3) 

where we view {x,y,u,p,q} as functions of the two variables {s,t}, and t is responsible 
for the initial condition. The third equation in (4.2.2) is derived from the first two via 

dxi Ox dv 

Note = qx. Taking partial derivative of the first equation in (4.2.1) with 

respect to we have 

+ pFu + PxFp + q^Fg = - + pF„ + p^Fp + PyFg = 0. (4.2.5) 

Under the assumption the first two equations in (4.2.2), 
dp dx dy 

0^ = Px-g^ + Py-g^ ^ PxFp + qxFg = -Fx - pFu, (4.2.6) 

that is, the first equation in (4.2.3) holds. We can similarly derive the second equation in 
(4.2.3). A solution of the system (4.2.2) and (4.2.3) does give a characteristic hne because 

{ux, uy, -1) • (g, ^) = pFp + qF, - {pFp + qF,) = 0. (4.2.7) 

Example 4.2.1. Solving the problem 

UxUy -2u-x + 2y = (4.2.8) 

subject to u — y^ on the line x — 0. 

Solution. Now F — pq — 2u — x + 2y. The strip equations are: 

= ^=p, |i = 2p,, (4.2.9) 

OS OS OS 

^ = l + 2p |^ = -2 + 2g. (4.2.10) 
The initial conditions are given: when s — 0, 

x^O, y^t, u^f. (4.2.11) 
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To find the condition for p and q wlien s = 0, we calculate 

On the other hand, when s = 0, (4.2.8) becomes 

pq - 2t^ + 2t = ^ p = t - 1. (4.2.13) 
According to (4.2.10), (4.2.12) and (4.2.13), we have 

q^l + {2t-l)e'^. (4.2.14) 

Next (4.2.9) becomes 

^ = (2t- 1)^6^^ - 1. (4.2.16) 
as 



Thus 



(2i - l)(e2^ - 1) s (2t - l)(e^' - 1) 
a; = s + ^ ^ ^, y = -2+^+^ -\ (4-2.17) 

□ (4.2.18) 



The equation 

f{x, y, u)u^ = g{x, y, u)Uy (4.2.19) 

is called exact if fx = Qy For an exact equation, we look for a function ^(x, y,-u) such 

that = f and = 9- Then ^'(a;, 7/,ti) = is a solution of (4.2.19). In fact, the 
equation ^(x, y,u) = gives 

*x + "^uUco = 0, + = 0. (4.2.20) 

Thus 

u,^-^^-^, uy^-^^-^, (4.2.21) 

which implies 

fu. = -f^ = -9^- = 9Uy. (4.2.22) 

Example 4.2.2. Solve the equation 

{x + cosy + u)ux = (y + e"" + v?)uy. (4.2.23) 
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Solution. Now f = x + cosy + u and g = y + + u^. Moreover, /i = 1 = Qy. The 
equation is exact. Let 

^ — J f{x,y,u)dy — J {x + cosy + u)dy — {x + u)y + sin y + (l){x,u). (4.2.24) 

Taking partial derivative of (4.2.24) with respect to x, we get 

y + (f)^ = xlf^ = g = y + e"" + ^ (1)^ = e"" + u^. (4.2.25) 

Hence 

= j {e" + u^)dx^e' + xu^ + h{u), (4.2.26) 
where h{u) is any differentiable function. The final answer is 

{x + u)y + sin y + e"^ + xu^ + h{u) =0. □ (4.2.27) 
We refer to [Z] for more exact methods of solving differential equations. 
Exercise 4.2 

1. Find the solution of the following problem UxUy — 2u + 2x = Q subject io u = x'^y 
on the line x = y. 

2. Solve the equation {2xy + ey)ux — {y"^ -\- x -\- sm.u)uy. 

4.3 Polynomial Solutions of Flag Equations 

A linear transformation T on an infinite-dimensional vector space U is called locally nilpo- 
tent if for any u & U, there exists a positive integer m (usually depends on u) such that 
T'^iu) = 0. 

A partial differential equation of flag type is the linear differential equation of the form: 

(C^l + fld2 + /2C^3 + • • • + fn-ldn){u) = 0, (4.3.1) 

where di,d2, ...jdn are certain commuting locally nilpotent differential operators on the 
polynomial algebra M.[xi, X2, x„] and /i, fn-i are polynomials satisfying 

di{fj) = if/>j. (4.3.2) 
Examples of such equations are: (1) Laplace equation 

"^xixi ~l~ '^X2X2 + ■ ■ ■ + '^x„x„ — 0; (4.3.3) 
(2) heat conduction equation 

"^XlXl '^X2X2 ' ' ' '^XnXn — ^1 (4.3.4) 
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(3) generalized Laplace equation 

u^^ + xuyy + yuzz = 0. (4.3.5) 

The aim of this section is to find all the polynomial solutions of the equation (4.3.1). The 
contents arc taken from the author's work [Xll]. 

Let U he a. vector space over M and let t/i be a subspace of U . The quotient space 

C//C/i ^ {u + U^\ueU} (4.3.6) 

with linear operation 

a{ui + Ui) + h{u2 + C/i) = {aui + hui) + Ui for ui,U2eU, a,b E M, (4.3.7) 

where the zero vector in U/Ui is Ui and 

u + v + Ui^u + Ui for u e U, V e Ui. (4.3.8) 

For instance, C/ = + % + and Ui = Rx. Then U/Ui = {by + cz + Ui} ^Ry + Rz 
and {y + Ui, z + Ui} forms a basis of U/Ui. Second example is U — R + Rx + Rx"^ and 
Ui = R{l+x+x^). In this case, {l + Ui) + {x + Ui) + {x^ + Ui) = {l+x+x^) + Ui = Ui, the 
zero vector in U/Ui. Thus U/Ui ^ {a + bx + Ui \ a,b E R} = {ax + bx'^ + Ui\ a,b eR}. 
Both {1 + Ui,x + Ui} and {x + C/i, x'^ + Ui} are bases of U/Ui. But we know U/Ui = R^. 
Recall that N denotes the set of nonnegative integers. Let 1 < k < n. Denote 

A^R[xi,X2,...,Xn], B ^R[xi,X2, ...,Xk], V ^R[Xk+l,Xk+2, ■■■,Xn]- (4.3.9) 

Let {Vm I m e N} be a set of subspaces of V such that 

oo 

Vr C Vr+i for r e N and y = y K- (4.3.10) 

r=0 

For instance, we take Vr — {g & V \ deg g <r} in some special cases. 

Lemma 4.3.1. Let Ti be a differential operator on A with a right inverse T{ such 
that 

T,{B), T,-{B) C B, T,{ri,ri2) = ^1(771)^2, (771772) = (771)772 (4.3.11) 

for rji E B, ri2 E V, and let T2 be a differential operator on A such that 

T2{Vo) = {0}, T2{Vr+i) C BVr, T2U = fT2{0 M r G N, / e -B, C e A (4.3.12) 
Then we have 

{/e^l (ri + r2)(/) = o} 

oo 

= Span{Y^{-T^T2y{hg) \geV,heB; T,(h) = 0}, (4.3.13) 

t=0 
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where the summation is finite. Moreover, the operator Y^^q{—T{T2)''T^ is a right inverse 
ofT, + T2. 

Proof. For h E B such that Ti{h) = and g E V, we have 

oo 

{Ti + n){J2i-TiT2nhg)) 

1=0 

oo oo 

= T^ihg) -J2T,[TrT,{-T,-T,y-\hg)] + J] ^^[(-rD^l/i^)] 

t=l t=0 

oo oo 

= T^{h)g - J2iTiTnT2{-T,-T2y-\hg) + ^ r^l-TfT^j^M 

(,=1 t=0 

oo oo 

= -^r2(-Trr2)^-'(M + E^2(-Trr2)^(%) = o (4.3.14) 

t=l t=0 

by (4.3.11). Set V^i = {0}. For j e N, we take I e -^j} C such that 

{ipj,r + ^-1 I ^ £ -(j} forms a basis of \^/Vj_i, (4.3.15) 
where Ij is an index set. Let 

m 

Obviously, 

TiiA^"^^), T^iA^""^), T2{A^"'+''^) C A^"''^ for m e N (4.3.17) 
by (4.3.11) and (4.3.12), and 

oo 

^= IJ ^M. (4.3.18) 

m=0 

Suppose (j) G such that (Ti + T2)(0) =0. If m = 0, then 

= ^ /lr-'0O,r-, /ir £ (4.3.19) 

relo 

Now 

= (Ti +r2)(0) = ^Ti(/l,)V'0,r + ^/i.r2(V'0,.) = ^ri(/l,)V'0,r, (4.3.20) 
relo relo relo 

Since Ti{hr) e B hy (4.3.11), (4.3.20) gives Ti{hr) = for r e /q- Denote by S the right 
hand side of the equation (4.3.13). Then 

oo 

(f)^J2 Y.^-T{T2rMo,r) e S. (4.3.21) 

relo Tn=Q 



70 



CHAPTER 4. FIRST-ORDER OR LINEAR EQUATIONS 



Suppose m > 0. We write 

= ^ hr1pm,r + 0', K E B, (f)' E A^'^-''\ (4.3.22) 
relm 

Then 

= (Ti + T2)(0) = J2 Ti{hr)i^m,r + + T2(0). (4.3.23) 
Since ri(0') + T2{(t)) G we have Ti{hr) = for r e 7^. Now 

oo oo 

- E J](-rrr2)^(^^^,,) = </>'- 5^ 5^(-TrT2)^(M^,,) e ^("^-^) (4.3.24) 

and (4.3.14) imphes 

oo 

(Ti + T2)((?> - Y.^-T{T2y{hri>m,r)) = 0. (4.3.25) 



By induction on m, 



- J] J](-Trr2)^(/i,Vm,.) e 5. (4.3.26) 



Therefore, (j) E S. 

For any / G we have: 



{Ti + T2){J2i-T,-T2yT,-){f) 

1=0 

oo oo 

= / - ^r2(-rrr2)-^rr(/) + 5^r2(-rf r2)%-(/) = /. (4.3.27) 

t=l t=0 

Thus the operator E^o(-^i~^2)'7r is a right inverse of Ti + r2. □ 

We remark that the above operators Ti and T2 may not commute. The assumption 
T2(K-+i) C instead of T2(K+i) C \4 because we want our lemma working for a special 
case like Ti = d^^, T2 = xid^^, B = R[xi] and V = R[x2]. 

Define 

=<^a;^2---<" for a = (ai, a„) e N". (4.3.28) 

Moreover, we denote 

e, = (0,...,0,^,0,...,0)eN^ (4.3.29) 
For each i e 1, n, we define the linear operator J^^ ^ on A by: 

(x") = for q; e N". (4.3.30) 
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Furthermore, we let 



/ =1, / =/ ■■■/ forO<meZ (4.3.31) 



"(0) r{m) ^ 

= 1, / = 

'{x,) J{x,) J{x,) J{x,) 

and denote 

/{a) p{ai) p{a2) /-(an) 

= / ■■■ / for aeN^ (4.3.32) 

Obviously, J^°^ is a right inverse of for q; e N'*. We remark that f"^ 9" 1 if a 
due to d^{l) = 0. 

Example 4.3.1. Find polynomial solutions of the heat conduction equation ut = Uxx- 
Solution. In this case, 

A = B = V = R[x], Vr ^ {g eV \ degg < r}. (4.3.33) 

The equation can be written as {dt — d1){u) — 0. So we take 

Ti = Tf = / , r2 = -dl (4.3.34) 

It can be verified that the conditions in Lemma 4.3.1 are satisfied. Note that 

{/ e B I Ti(/) = 0} = {/ e m I dtU) = 0} = R. (4.3.35) 

We calculate 

{-T,T,y{x') = ( / dlUx') = r {l)dl\x') = [ntV(fe - ^)]^^^^-^\ (4_3_36) 



Thus the space of the polynomial solutions is 



Span I [n;LV(fe ^sWx^-^^ \ken\. □ (4.3.37) 



Example 4.3.2. Find polynomial solutions of the Laplace equation Uxx + Uyy — 0. 
Solution. In this case, 

A = M\x,y\, B = m[x\, 1/ = M[y], Vr = {g eV \ degg < r}. (4.3.38) 

Moreover, we take 

Ti = 5^, = / , = a^. (4.3.39) 



72 CHAPTER 4. FIRST-ORDER OR LINEAR EQUATIONS 

It can be verified that the conditions in Lemma 4.3.1 are satisfied. Note that 

{/ e ^ I ri(/) = 0} = {/ e R[x] \ d^f) =0}^R + Rx. (4.3.40) 

We calculate 



-TiT^Yiy') = {- [ dlYiy') = {-ly [ \l)d';{y 

J{x) J{x) 



(20! 



(4.3.41) 



{-T,T,y{xy') = (- dlYixy") = (-1)^ f\x)dl\y') 

J{x) J{x) 

(2t + l)! 

Thus the space of the polynomial solutions is 



(4.3.42) 



(.=0 



Consider the wave equation in Riemannian space with a nontrivial conformal group: 

n 

utt - Uxixi - 5^ 9i,j{xi - t)ua:,xj = 0, (4.3.44) 

where we assume that gt,j{z) are one-variable polynomials. Change variables: 

Zq — Xi-\- 1, Zi — Xi — t. (4.3.45) 

Then 

= {d,, - 5,J^ dl = {d,, + (4.3.46) 
So the equation (4.3.44) changes to: 

n 

g,j{zi)ux^xj = 0. (4.3.47) 

Denote 

n 

Ti = 2d,,d,„ T2^Y1 9.,M)9xAr (4.3.48) 
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Take Tf = i T , f, „ and 

J- 2 J(zoj J(zi)' 

B = R[zo, z,], R[x2, xn], Vr^{feV\ deg / < r}. (4.3.49) 

Then the conditions in Lemma 4.3.1 hold. Thus we have: 

Theorem 4.3.2. The space of all polynomial solutions for the equation (4-3.44) is: 

CO n « « 

Span{J2{-^r"\Yl / / 9^A^^)d.A,rifo9o + fi9i) 
I /o e Hzo], fi e R[zi], go, gi e R[x2, (4.3.50) 
with zo,zi defined in (4-3.45). 

Let mi,m2, ---,mn be positive integers. According to Lemma 4.3.1, the set 

{ E (-i)^--^»r+ / (x^) 

xd'T'iA') ■ • -^.T-^") I h e 0,mi-l, £2, ...,4 e N} (4.3.51) 
forms a basis of the space of polynomial solutions for the equation 

(9- + a- + . . • + d^:){u) = (4.3.52) 

in A. 

The above results can theoretically generalized as follows. Let 



/, e M[a;i,...,a;,] fortel,n-l. (4.3.53) 

Consider the equation: 

(C^ + hdZ + ■■■ + fn-idZ){u) = (4.3.54) 

Denote 

= , dr - a-^ + /ia,7 + • • • + for r e 2^. (4.3.55) 



We will apply Lemma 4.3.1 with Ti = dr, T2 = YJl=r f^K'+i ^ = ^t^i' -•' ^'■]' ^ = 



Vk = Span ■ • • I 4 e M, 4+i + J] £,(dcg + 1) • • • (deg + 1) < A;}. 

t=r+2 

(4.3.56) 

The motivation of the above definition can be shown by the spacial example T2 = Xidx2 + 
x\dx^ and V — M.[x2,x^. In this example, T2 does not reduce the usual degree of the 
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polynomials in V. If wc define new degree by deg = m and deg = 4m, then T2 does 
reduce the new degree of the polynomials in V. Since T2(Vo) = {0} and T2(V^_|_i) C BVr 
for r G N, this gives a proof that T2 is locally nilpotent. 

Take a right inverse = J(^^^^ ■ Suppose that we have found a right inverse d~ of dg 
for some s G 1, n — 1 such that 

x^dj — djx^, dx^d~ — d~dx^ for i e s + (4.3.57) 

Lemma 4.3.1 enable us to take 

00 

C+i = Y.^-d-fsrd-dZXt' (4.3.58) 

t=0 

as a right inverse of ds+\. Obviously, 

x.dj+i = C+iXi, = C+i^o;, for t e s + 2, n (4.3.59) 

according to (4.3.55). By induction, we have found a right inverse d~ of ds such that 
(4.3.57) holds for each s e 
We set 

Sr^{ge R[xi, ...,Xr] I d^(t/) = 0} for r e T/k. (4.3.60) 

By (4.3.55), 

mj — 1 

«Si = ^ Rx\. (4.3.61) 

i=0 

Suppose that we have found Sr for some r G l,n — 1. Given h E Sr and £ G N, we define 

00 

= E(-^'^/^)^'(^)^r+7H^f+i), (4.3.62) 

which is actually a finite summation. Lemma 4.3.1 says 

00 

Sr+l^^(Tr+l,i{Sr). (4.3.63) 

By induction, we obtain: 
Theorem 4.3.3. The set 

{(JnA^n-iA-i • • • <^2,i,{x[') I ^1 G 0,mi-l, 4, 4 e N} (4.3.64) 

forms a basis of the polynomial solution space 5„ of the partial differential equation 
(4.3.54)- 

Example 4.3.3. Let m-i,m2,n be positive integers. Consider the following equations 

{u) + x'^ar*^ {u) = (4.3.65) 
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Now 

/•(mi) 

di = = . (4.3.66) 

J{x) 

Then 



°° /•{mi) 
r=0 "'(^) 



(^) 



^ n.=inj=iu^+u-i)^i+''+^i) 



The polynomial solution space of (4.3.65) has a basis {(J2,e2{^ ) | G 0,mi — 1, £2 G N}. 



In some practical problem, people found the linear wave equation with dissipation: 

Utt + Ut- Ma;ia;i " ^0:2x2 U^nX„ = 0. (4.3.68) 

In order to find the polynomial solutions for the equations of the above type pivoting at 
the variable t, we need the following lemma. 

Lemma 4.3.4. Let d — adt + with 7^ a e R. Take a right inverse 

d- ^ I y^a-'-^-dtY (4.3.69) 

-J it) r=0 

of d. Then 



Proof. For 

m 

fit)^J2^Xem]t, (4.3.71) 
t=l 

we have 

m— 1 

d{f{t)) = amhrrf^-^ + E ''(«^' + + (4.3.72) 

i=i 

Thus d{f(t)) = if and only if f{t) = 0. So for any given g{t) G M[t], there exists a 
unique /(t) G M[t]t such that d{f{t)) = g{t). 
Set 

where we treat 



ea,0(t) = l, ea,l(t) = ^, ea,2(t) = ^-^. (4.3.74) 
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Easily verify ci(Ca,t(t)) = ^a,i-i{t) for 6 = 1,2. 
Assume l > 2. We have 



{adt + 



t 



■t-i 



ila'- (i-2)!a^+i 



t-i 



(-irn::;(^+^)..- 



U-r- l)!r!a''+^ 

r=2 ^ ^ 



-l)!a^-i {i-2)\a' (t - r - l)!r!a^+^-i 



r=2 

ft-3 '■-1 

+E 

r=2 



(t-2)!a^ (t-3)!a^+i ' " ' 



(t - r - 2)!r!a''+' 



.t-r-2 



+1-1 



+t-2 



^ (6-2)(.+ l) ^,_3 



t-3 



(t-l)!a^-i (6-3)!a^ (t-3)!2!a'+i 



+E(-i)' 

r=3 



(i-3)!a'+i 



r! 



+t-2 



(r- 1)! 

^ (,-2)(.+ l)-2(.-l) ^,_3 



At— r— 1 



(t - r - l)!a^+^-i 



(t-l)!a^-i (i-3)!a^ ' (t-3)!2!a'+i 
+ g( + ^ - 1) - r(. - r + 1)] YlZli^ + 



r+t-l 



r=3 



+t-2 



(i — r — l)!r!a 



t(t — 3) , o 



(i-l)!a^-i (i-3)!a^ (i-3)!2!a^+i 

, .,. ^(^ - 1 -r) ni=i(^ + g) .^-r-i 

^ (i-r-l)!r!a'-+^-i 

^t-2 



r=3 



(t-l)!a^-i (i-3)!a^ ^ (i-4)!2! 



t-2 TT''-2/ , \ 



ft-2 



t-2 



(i-l)!a^-i (i-3)!a' 



r=2 



(t-r-2)!r!a'^+^-i 



(4.3.75) 

Since = 1, (rf-)'(l) G M[t]t by (4.3.69) and d[{d-y{l)] = {d-y~\l) for i G N + 1, 

we have {d~Y{l) = Ca,r{'t) for r e N by the uniqueness, that is, (4.3.70) holds. □ 

By Lemma 4.3.1 and the above lemma, we obtain: 



Theorem 4.3.5. The set 



r fri-\ h r„ 

X^l,ri+---+r„(^)a^l^ ^''1 . . . 



X. 



i,...,4eN} 



(4.3.76) 



forms a basis of the polynomial solution space of the equation (4-3.68). 
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Consider the Klein-Gordan equation: 

Utt - Uxx - Uyy " Uzz + = 0, 

where a is a nonzero real number. Changing variable u — e"'*v, we get 

Vu + 'iaivt - v^^ - Vyy - = 0. 

We write 

where C,o(^) and C,i(^) are real functions. According to (4.3.73), 

^ (-irn;r/(2^+^) 



C2.0(i) = (-1)^ 



(20! (2a; 



2t 



C2,l{t) = (-1)1 



^ (2r)!(2(i-r) - l)!(2a)2('+'-) 

^2.-1 



2(t-r) 



(4.5.77) 

(4.3.78) 
(4.3.79) 

(4.3.80) 



(2t-2)!(2a) 



2i+l 



i)'n'Li(2i+s) 



^ (2r+l)![2(t-r-l)]!(2a)2^ 

^2^ 



+2r+l 



2(,-2r-ll 



(4.3.81) 



C2.+l,0(t) = (-1)1 



(.-1 



(2i-l)!(2a)2(^+i) 

(-!)'• n;:i(2/ + .s + i) 

^ (2r + l)!(2i - 2r - l)!(2a)2('+'^+i) 



2(.-r)l 



(4.3.82) 



C2.+i,iW = (-1) 



^2.+l 



-in£i(2i±i+i).2.-2.+i 



(2t+l)!(2a)2'+i ^ (2r)!(2t-2r)!(2a)2'+2'-+i 

(4.3.83) 

Recall the three-dimensional Laplace operator A — + dy + d^. By Lemma 4.3.1 and 
Lemma 4.3.4, 

oo 

{e"^*^ WWA''(a:l/^^'^) I li,£2,i3 e N} (4.3.84) 

r=0 

are complex solutions of the Klein-Gordan equation (4.3.77). Taking real parts of (4.3.84), 
we get 

Theorem 4.3.6. The Klein-Gordan equation (4-3.77) has the following set of linearly 
independent trigonometric-polynomial solution: 

' 3 

n(2''-)!' 



r'i,r2,r3=0 



ri + r2 + rs 
ri,r2,r3 



s=l 
oo 



2r. 



(Cri+r-2+r-3,o(^) COS — (^ri+r2+r3,l{t) 



ri,r2,r3=0 



ri + r2 + Ts 
ri,r2,r3 



s=l 



2r. 



+Cr,+r,+rs,i{t)cosat)x''-^''y''-'''/'-^'\ \ £i,£2,4 e N} 



iCn+r^+raA't) sin at 
(4.3.85) 
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The following lemmas will be used to handle some special cases when the operator Ti 
in Lemma 4.3.1 does not have a right inverse. We again use the settings in (4.3.9) and 
(4.3.10). 

Lemma 4.3.7. Let Tq be a differential operator on A with right inverse Tq such that 
To{B),T^{B) C B, To{r)ir)2) = ^0(7^1)772 for 771 G B, 772 G V, (4.3.86) 
and let Ti, ...jT^ be commuting differential operators on A such that T^iV) C V , 

ToZ = ZTo, T,(/C) = fZiO for cel-f^, f eB, CeA. (4.3.87) 
IfT^{h) = with heB andg eV, then 



00 m 00 , 

(,=0 S=l (.l,...,(.m,=0 ^ 

m 

x(To-)S--(/.)(nT-)(^) 

r=\ 

is a solution of the equation: 



tl + ■ ■ ■ + im 
^Ij ■■■J 



{T^-J2Tr'T,){u)^0. 



r=l 



Suppose 



(4.3.88) 

(4.3.89) 
(4.3.90) 



T,(K)cV;,-i for Lel,m, r eN, 

where V^i = {0}. Then any polynomial solution of (4-3.89) is a linear combinations of 
the solutions of the form (4-3.88). 
Proof. Note that 



-rm—L rpm 



T^{T^y for i e 1,771 



(4.3.91) 



and 



E 

■■+lm 

= E E 



tlH \-l,m=l-+l 

m 



r=l tiH |-tm=t 



t+l 



(4.3.92) 



Thus 



E 

tiv/meN; tiH |-tm>0 



E 

'-Ivi'm — 

61 H hi, 

^l) 



L-l + ■ • ■ + im 
^Ij 



00 m 



- E E 



\- i„ 

''I) 



(ro-)^r.i-(/,)(jjx-)(^?) 

r=l 

m 

To-(ro-)&-(/i)(nr;'-)(^) 

r=l 
m 

T^(Toy''^^^=^'''(h){TpY[T;:^)(g) = 0. (4.3.93) 



r=l 
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Suppose that (4.3.90) holds. Let u G BVk \ BVk-i be a solution of (4.3.89). Take a 
basis {(j), + Vk-i I t e /} of Vk/Vk-i. Write 



J2 + u', h,eB,u'e BVk-i. (4.3.94) 

Since 



u 



Tr{(t),) e Vk-i for t e 7, r e l,m (4.3.95) 

by (4.3.90), we have 

m 

(TT - Tr'T:){u) = J2 T^M. = O (mod BT4_i). (4.3.96) 

r=l iEl 

Hence 

T^(K) = for i e 7. (4.3.97) 

Now 

is a solution of (4.3.89). By induction on A;, u is a linear combinations of the solutions of 
the form (4.3.88). □ 

We remark that the above lemma does not imply Lemma 4.3.1 because Ti and T2 in 
Lemma 4.3.1 may not commute. 

Let di be a differential operator on M.[xi,X2, ...,Xr] and let d2 be a locally nilpotent 
differential operator on = M[xr+i, Xn]- Set 

Vm = {f eV\ d^^\f) = 0} for meN. (4.3.99) 

Then V — Um=o^"^ because ^2 is locally nilpotent. We treat V-i — {0}. Take a subset 
{V'mj I m e N, j e Im} of V such that {ipmj + Vm-i I J e 7^} forms a basis of Vm/Vm-i 
for m e N. In particular, {V'mj | m e N, j e 7^} forms a basis of V. Fix /i e x^]. 

Lemma 4.3.8. Let m be a positive integer. Suppose that 

U^Yl f^'^'^'i + ^ X2, Xn] (4.3.100) 

with fj e R[xi, and d^{u') — Q is a solution of the equation: 

{di - hd2){u) ^ 0. (4.3.101) 
Then di{fj) — for j e 7^ and the system 



Co = fj: d,{Ui) = Hs for seO,m-l (4.3.102) 
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has a solution ^i, ■■■,^m £ ^[xi, Xr] for each j G Im- 

Proof. Observe that if {gj + | j G J} is a linearly independent subset of V^+i/l^, 
then {(^2(5'^) + 1^-5 I J € J} is a linearly independent subset of for s G 

by (4.3.99). By induction, we take a subset{0m_5j | j G Jm-s} of Vms for each s G l,m 
such that 

{diii^mji) + Vm-s-l: <f^^ {(t)m-p,j^) + | P & M, jl ^ Im, 32 & Jm-p} (4.3.103) 



forms a basis of Vm-s/ym-s-i for s G l,m. Denote 



m rn—s 



Yl nxi,-,xrmm-sj). (4.3.104) 

S=l p=0 jeJm-s 



Now we write 



'^^Yl yi'^rn,j + XI /^J^2(V'mj)] + V^U, fs,j G ]R[xi, Xr]. (4.3.105) 

Then (4.3.101) becomes 

m 

[dl{fj)lpm,j + {dl{fl,j) - hfj)d2ilpm,j) + ~ hfs-l,j)d'{lprn,j)] 

+ {di- hd2){v) = 0. (4.3.106) 
Since {di — hd2){v) G W, we have: 

di(/,) = 0, d,{f,,j)^hfj, d^{fs,j) ^ hfs-i,j (4.3.107) 



for j G Im and s G 2,m. So (4.3.102) has a solution G ]R[xi, x^] for each 

We remark that our above lemma implies that if (4.3.102) does not have a solution for 
some j, then the equation (4.3.101) does not have a solution of the form (4.3.100). Set 

So^ife R[xi, Xr] I diif) = 0} (4.3.108) 

and 

Sm = {/o e So I di{fs) = hfs-1 for some /i, ...,/^ G R[xi, ...,Xr]} (4.3.109) 

for m G N + 1. For each m G N + 1 and / G Sm, we fix {(7i(/), (Jm{f)} C R[xi, Xr] 
such that 



di{ai{f)) = hf, di{as{f)) ^ has-i{f) forsG2,m. 



(4.3.110) 
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Denote cro(/) = /. 

Lemma 4.3.9. The set 

oo m 

^5 = E E E nJ2^s{m{i^mj)) (4.3.111) 

is the solution space of the equation (4-3.101) in ]R[xi,X2, ...,2^71]- 
Proof. For f e Sm, 

m 

{di - hd2)(^as{f)d'^{tpm,j)) 

s=0 

m m— 1 

= J2 has-i{f)d'2{i^m,j) - E has{f)d'+\i^m,j) = 0. (4.3.112) 



s=l s=0 



Thus E^o^*(/)4(^™,i) is a solution of (4.3.101). 

Suppose that -u is a solution (4.3.101). Then u can be written as (4.3.100) such that 
fj 7^ for some j G Im due to V = IJm=o If = 0, then u E S naturally. Assume 
that u E S if m < i. Consider m = i. According to Lemma 4.3.8, /-,• G Sm for any j G Im 
(cf. (4.3.109)). Thus J2jeiru^T=o'^sifj)^2i.'^rn,j) is a solution of the equation (4.3.101). 
Hence u — X^^g/^ YlT=o'^s{fj)d2{'4^m,j) is a solution of (4.3.101) and 



So 



By assumption, 



d^i^ - E E^^(/^)'^2(V'mj)) = 0. (4.3.113) 



E'^^(-^j)^2(V'mj) e ...,Xr]Vm-l. (4.3.114) 



- E E '^s{fj)d'2{^mj) e 5. (4.3.115) 

Since Xlje/^ Xirio ^«(/?)^2(^mj) G «5, we have u & S. By induction, m G 5 for any 
solution of (4.3.101). □ 

Let e G {1,-1} and let A be a nonzero real number. Next we want to find all the 
polynomial solutions of the equation: 

utt + ^ut - €{u^^^^ + 1*0:2x2 H \- Uxnxr.) = 0, (4.3.116) 

which is the generalized anisymmetrical Laplace equation if e = —1. Rewrite the above 
equation as: 

tUtt + XUt - et{Ux^x^ + 1*^2X2 H \- UxnXn) = 0. (4.3.117) 
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Set 



Denote 



Note that 



So 



di = td"^ + Xdt, An = J2^xr^ ^ = (4.3.118) 

r=l 

S^{f em\di{f) = 0}. (4.3.119) 

(ii(r) = m(A + m - 1)^"^ for m e N. (4.3.120) 



if A^-(N+1), 
ifAG-(N+l). 



(4.3.121) 



In particular, t ^ ^ di(R[t]) and so di does not have a right inverse when A is a negative 
integer. Otherwise t'^ = di{d];{t-^)) e (ii(E[t]). 
Set 



m!2-nS?(A + 2r + l) 



Mt) = h 4>m{t)= . . . (4.3.122) 



form e N+1 and A 7^ -1,-3,..., -(2m- 1). Then d{(pr+i{t)) = et(pr{t) for r e 0,m- 1. 

If A = —2k — 1, there does not exist a function (f){t) e M[t\ such that (ii(0(t)) = et(pk{t) 
because di{t^^+^) = {2k + 2){2k + l + X)t^''+'^ = 0. When A e -(N + 1), we set 

V'o = V'm = irr'" ^1 n for m e N + 1. (4.3.123) 

2™m! ||^^-^(2r + 1 - A) 

It can be verified that o?i('0r+i(^)) = et'4>r{t) for r e N. Define 

n 

l^ = M[a;i,X2,...,x„], A2,„ = J]a2^ (4.3.124) 

and 

y„ = {/el^| A;^+^(/) = 0} formeN. (4.3.125) 

Observe 



Ji,-Jf=0 ^ ' r=l 



p=0 \ s=l 

+ r - r 



s , 



' r=0 ^ 



ir (4.3.126) 

for |t| < 1. Applying Lemma 4.3.7 to A-+i = Er=V A^^.n, = and 

T; = -('"+i)A^^ for r e l,m + 1, we get a basis 



E(-ir( 



(£i + 2r)! ^'2'"^'^^' ■ ■ ■ x:r) Ki e 0, 2m + 1, 4, 4 G N 

(4.3.127) 
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of Vm. Hence we obtain: 



Theorem 4.3.10. If X ^ -(N + 1), then the set 

oo 



(4.3.128) 



r=0 



forms a basis of the space of the polynomial solutions for the equation (4-3.117). When A 
is a negative even integer, the set 

oo oo 

{J2<Prmni4' ■ ■■xt),Y,Mt)Ki4' ■ I ^1, -,4 e N} (4.3.129) 

forms a basis of the space of the polynomial solutions for the equation (4-3.117). Assume 
that X — —2k — 1 is a negative odd integer. The set 



s=0 r=0 ^ 



X 



1 



(4 + 2r)!'^^'"^^''''"^^"^. 



f^Amni44' ■ • I ^1 e 0,2A; + 1, e[,i2, -,en e N} 



(4.3.130) 



r=0 



is a basis of the space of the polynomial solutions for the equation (4-3-117)- 

Finally, we consider the special Euler-Poisson-Darboux equation: 

m{m + 1) 



u 



with m 7^ —1,0. Change the equations to: 

t'^Utt - t^{Ux^xi + U:c2X2 H \- UxnXn) " "^("^ + = 0- 

Letting u — t'^'^^v, we have: 

t^tt = m{m + l)t"'+'v + 2(m + l)t"'+\ + f^+^tt- 
Substituting (4.3.133) into (4.2.132), we get 

tvtt + 2(m + l)vt - t{v^^^^ + v^^^^ H h v^„x„) = 0. 

If we change variable u — t~"^v, then the equation (4.3.132) becomes 

tVtt - 2mVt - t{v^^^^ + V^^^^ H hxr^Xn) = 0- 



(4.3.131) 



(4.3.132) 



(4.3.133) 



(4.3.134) 



(4.3.135) 



Equations (4.3.134) and (4.3.135) are special cases of the equation (4.3.117) with e — 1, 
and A = 2(m + 1) and A = —2m, respectively. 

Exercise 4.3 

Find a basis of the polynomial solution space of the generalized Laplace equation 



^xx ~l~ •^^yy ~^ y^zz 0- 
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Use of Fourier Expansion I 



In this section, we mainly use Fourier expansion to solve constant-coefficient linear partial 
differential equations. Let us first look at three simple examples which are commonly used 
in engineering mathematics. Kovalevskaya Theorem says that their solutions are unique. 

Example 4.4.1. Solve the following heat conduction equation 

Ut — subject to u{t, — tt) = ^(i, tt) and u{0,x) — g{x) for x e [— 7r,7r], (4.4.1) 

where g{x) is a given continuous function. 

Solution. We assume the separation of variables u = r){t)^{x). Then the equation 
becomes 

is a constant. Solving the problem 

r = Ae, e(-7r)=eW = 0, (4.4.3) 

we take A = — for some n E N and ^ = Cicosnx + C2smnx. Moreover, rj'{t) — 
-■n?r}{t) ^ 77 = Cae""'*. Thus 

u = e~"'^*(a cos nx -\-h sin nx) (4.4.4) 

is a solution of the problem: 

ut = Uxx, u{t, -tt) = u{t, tt). (4.4.5) 

By superposition principle (additivity of solutions for homogeneous linear equations), we 
have more general solutions of (4.4.5): 



oo 

u{t, x) — e"" *(a„ cos nx + bn sin nx) , (4.4.6) 



n=0 



where a„ and 6„ are constants to be determined. To satisfy the last condition in (4.4.1), 
we require 

oo 

'^^{ttn COS nx + bn sin nx) = u{0,x) = g{x). (4.4.7) 

n=0 

According to the theory of Fourier expansion, 

1 r 



g{s)ds, ttn = — g{s)cosnsds, bn = — g{s)smnsds (4.4.8) 
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for n > 1. So the final solution of (4.1) is 

1 r 

u{t,x) = ^ J 9{s)ds 



sin ns ds 



H — e~" * cos nx / g{s) cos ns + sin nx / g'(s) si 

1 /"^ 2 ^ PTT 

— / 9{^)ds H — > e~^^ ^ / g{s){cosnx cos + sinnx sinns) 



is) cosnix — s) ds. □ 



Example 4.4.2. Solve the following wave equation 

Uft — subject to u{t, — tt) = u{t, tt) 



(4.4.9) 



and 



(4.4.10) 
(4.4.11) 



u{0,x) ^gi{x), ut{0,x) ^ g2{x) for x e [-7r,n], 

where gi{x) and g2{x) are given continuous functions. 

Solution. We assume the separation of variables u — r){t)^{x). Then the equation 
becomes 



r,"mx) = vm'ix) 



A 



is a constant. As the above example, we find the general solution of (4.4.10) is 



(4.4.12) 



u 



{t,x) = ^^cosnt {un cos nx+bn sin nx) + ^^ sin nt {un cos nx+bn sin nx)+aot, (4.4.13) 

n=0 n=l 

where an,bn,dn,bn G R. Note 

oo 

u{0,x) = ^^(a^cosnx + 6„sinna;) = gi{x). (4.4.14) 

n=0 

Since 

oo 

Ut{t,x) — ^^n[sinnt {un cos nx + bn sin nx)+ cos nt (a„cosnx + 6„sinnx)] + ao, (4.4.15) 



n=l 



we have 



Ut{0,x) = ^^n{dnCOsnx + bnsinnx) + do — g2{x). (4.4.16) 

n=l 

As (4.4.6)-(4.4.9), the final solution is 

u{t,x) — (giis) + tg2{s))ds -\ — ^^cos nt / gii(s) cosn(x — s) ds 

1 sill Tit 

H — ^^^^ / 5^2(5) cosn(x - s) ds. □ (4.4.17) 
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Example 4.4.3. Solve the following Laplace equation 

Uxx + Uyy — subject to u{x, — tt) = u{x,ti) (4.4.18) 

and 

^^(0, y) = gi{y), u^i^, y) = g2{y) for y e [-TT, tt], (4.4.19) 

where gi{y) and g2{y) are given continuous functions. 

Solution. We assume the separation of variables u — r){x)^{y). Then the equation 
becomes 

V"{xny) = -v{x)e'{y) =^ = 77T = ^ (4-4-20) 

v{x) Uy) 

is a constant. As Example 4.4.1, we find the general solution of (4.4.18) is 

oo 

u{x, y) — cosh nx (a„ cos ny + 6„ sin ny) + clqx 

n=0 

oo 

+ sinh nx {(in cos ny + bn sin ny), (4.4.21) 

n=l 

where an,bn,an,bn £ M. As (4.4.14)-(4.4.17), we get the final solution 

u{x,y) = — / {gi{s) + xg2{s))ds -\ — cosh nx / 5'i(s) cosn(7/ — s) 

1 sinh nx n , , / x , / , . 

H — 2^ / g2{s) cos n{y - s) ds. □ (4.4.22) 

^ n=l ^ •^-'^ 



The rest of this section is taken from the author's work [XI 1]. 
Let m and n > 1 be positive integers and let 



/.(5.„-,5.J eM[a,„...,a,J for r e l,m. (4.4.23) 
We want to solve the equation: 

rn 

(97, - E ^rV.(9.„ dxMu) = (4.4.24) 



r=l 



with xi e ]R and ] for r e 2, n, subject to the condition 



dl^{u){^,X2,...,Xn)=gs{x2,...,Xn) forseO,m-l, (4.4.25) 

where a2, ...,an are positive real numbers and gQ, ...,gm-i are continuous functions. For 
convenience, we denote 

kl^^, k^^{kl...,ki) for fc = (A;2,...,M eZ"-^ (4.4.26) 
a. 
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Set 



(4.4.27) 



For r e 0, m — 1, Lemma 4.3.7 with Tq — d^^ and Tq — fq{dx^, d^^) gives that 



r! ^ 



'.lv>tm = 
OO 



h 



= E 



'•I 



t-l, tm / J{xi) 

r+Y.7=l Sis 



(k^ ■x)i 



X 



Y[fp{klni,...,ki7riy'' 
lp=i 



(4.4.28) 



is a complex solution of the equation (4.4.24) for any k E X''^^ . We write 

— * — * 

where 4>r{xi,k) and ipr{xi,k) are real functions. Moreover, 

a:^(0,)(O, k) = 5r,s, d-^^{A){0, k) = for s e 



(4.4.29) 



(4.4.30) 



We define -< /c if its first nonzero coordinate is a positive integer. By superposition 
principle and Fourier expansions, we get: 

Theorem 4.4.1. The solution of the equation (4-4-24) subject to the condition (4-4-25) 



is: 



m—l 



U 



— ^ ^ [br{k){(f)r{xi, k^) cos7r(^^ • x) — i^rixi, k^) sin7r(^^ • x)) 
+Cr{k){(f)r{xi, P) sin7r(^^ • x) + ipr{xi, k^) cos7r(^^ • x))]. 



(4.4.31) 



with 



hr{k) 



/a2 ran _^ 

■ ■ ■ gr{x2: Xji) C0S7r(^^ • x) dx^ ■ ■ ■ dX2 

■0-2 J —an 

5^(6,(^)5:^(0,)(O,fc) + c,(fc)a;^(^,)(0,fc)) (4.4.32) 



2"-2+'5E,oa2 



Cr{k) 



s=0 



1 



a2 pa 



gr{x2,...,Xn)sm7r{k^-x)dxn---dx2 

2"-2a2 ■■■an J-a2 J -an 

r-1 

E(^^(^)^^i(<^^)(0'^)-^^(^)^:i(V'.)(o,^))- 



(4.4.33) 



s=0 
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The convergence of the series (4-4-31) is guaranteed by the Kovalevskaya Theorem on the 
existence and uniqueness of the solution of linear partial differential equations when the 
functions in (4-4-25) are analytic. 



Remark 4.4.2. (1) If we take = with i e l,m to be constant functions and 
^ = in (4.4.29), we get m fundamental solutions 

M^) = L , 77, reO,m-l, 4.4.34) 

of the constant-coefficient ordinary differential equation 

yim) _ l^^y{m-l) ^^_^y> -bm = 0. (4.4.35) 

Given the initial conditions: 

yW(0)=Cr for r e 0,m- 1, (4.4.36) 

we define Oq = Cq and 

ar ^ Or -J2 E ( ^ ^ )a,6^••6X7 (4.4.37) 



s=0 



Ll,...,l.r-s&^; Z)p=l Pip=r-S 



by induction on r G l,m — 1. Now the solution of (4.4.35) subject to the condition 
(4.4.36) is exactly 

m— 1 

y ^^aripr{x). (4.4.38) 

r=0 

From the above results, it seems that the following functions 



are important natural functions. Indeed, 

Sin T 

3^o(a;) = e^ 3^o(0, -a;^) = cosx, 3^1(0, -a;2) = , (4.4.40) 

(fir{x) = x''yr{bix, b2x'^, 6^2^"") (4.4.41) 

and 

0r(xi, f) + ipr{xi, x)i = x;j^r(xi/i(A;^7ri, ^ttz)), x'^fmiklm, 4^i)) (4.4.42) 



for r G 0, m. 

(2) We can solve the initial value problem (4.4.24) and (4.4.25) with the constant- 
coefficient differential operators /t(92, 9„) replaced by variable-coefficient differential 
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operators (f),{d2, ...,dn^)ip,{xni+i, ...,Xn) for some 2 < rii < n , where 0^(92, 9„J are 
polynomials in 82, ••■,(^ni and ipc{xni+i, ■■■,Xn) are polynomials in x^^+i, 

Exercise 4.4 

1. Solve the following heat conduction problem: Ut — 2uxx subject to Ux{t, 0) = 
0, Uj:(t, 3) = and u{0, x) = 2x — 1. 

2. Find the solution of the wave equation Uu — '^Uxx subject to u{t, 0) = u{t, 4) = 
and m(0, x) = 2 — Ut{0,x) = \x — 2\. 

3. Find the solution of the equation 

with X e R and y,z e [—2, 2] subject to 

u{0,y,z) = y + z, Ux{Q,y, z) = y - z, Uxx{0,y, z) = yz. 

4.5 Use of Fourier Expansion II 

In this section, we mainly use Fourier expansion to solve the evolution equations and 
generalized wave equations of flag type subject to initial conditions. The results in this 
section arc taken from the author's work [X7]. 

Barros-Neto and Gel'fand [BG1,BG2] (1998, 2002) studied solutions of the equation 

+ xuyy = 5{x -xo,y- yo) (4.5.1) 

related to the Tricomi operator d^ + xdy. A natural generalization of the Tricomi operator 
is + xidl^ + • • • + Xn-idl^. The equation 

tJ-t — tJ-XlXl + tJ'X2X2 + ■ ■ • + tJ-XriXn (4.5.2) 

is a well known classical heat conduction equation related to the Laplacian operator 
+ ^ — ■ "I" ^xn- pointed out in [BGl, BG2], the Tricomi operator is an analogue 
of the Laplacian operator. An immediate analogue of heat conduction equation is 

'U't = Uxixi + XlUx2X2 ~^ X2Ux^X3 + • • • + Xn-lUxj^Xn- (4.5.3) 

Another related well-known equation is the wave equation 

Uu = Uxj^Xl + Ux2X2 H ^ Ux^Xn- (4.5.4) 

Similarly, we have the following analogue of wave equation: 

Uu — Uxixi ~l~ •^1^X2X2 ~l~ X2Ux2X3 ~l~ ■ ■ ■ ~l~ Xn—lUx„x„- (4.5.5) 
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The purpose of this section is to give the methods of solving hnear partial differential 
equations of the above types subject to initial conditions. 

Graphically, the above equation are related to the Dynkin diagram of the special linear 
Lie algebra: 

Ta o o o - o o 

12 3 n-1 n 

Naturally, we should also consider similar equations related to the graph: 



no + 2ni — 1 
uq^^o ■ ' no + 2ni - 3 

1 2 no-1 

no + 2 
no + 2n2 — 2 

no + 2n2 

which is the Dynkin diagram of an orthogonal Lie algebra o(2n) when ni = n2 = 1, 
and the Dynkin diagram of the simple Lie algebra of types i?6, if (no,ni,n2) = 

(3,1,2), (3,1,3), (3, 1,4), respectively. When (no, ni, na) = (3, 2, 2), (4,1,3), (6,1,2), it 
is also the Dynkin diagram of the afiine Kac-Moody Lie algebra of types E^^\ Ej^\ 
respectively (cf. [Kv]). These diagrams are special examples of trees in graph theory. 
A tree T consists of a finite set of nodes N = {ii, 62, '-n} and a set of edges 

S (l{{ip,iq)\l<p<q<n} (4.5.6) 

such that for each node iq e jV, there exists a unique sequence {i^^, iq^, ...,iq^} of nodes 
with 1 — qi < q2 < ■ ■ ■ < g^-i < Qr — Q for which 

(''91) ''92)) (''92) ''93)' (''9r-2) ''9r-l)' (''9r-l' ''9r- ) ^ (4.5.7) 

We also denote the tree T = (A/", £) . We identify a tree T = (A/", £) with a graph by 
depicting a small circle for each node in J\f and a segment connecting rth circle to jth 
circle for the edge (i^, tj) G £ (cf. the above dynkin diagrams of type A and E). 
For a tree T = {Af, £) , we call the differential operator 

dT-dl^+ J2 ^pdl (4.5.8) 
(i.p,iq}e£ 

a generalized Tricomi operator of type T ■ Moreover, we call the partial differential equation 



ut = dr{u) 



(4.5.9) 
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a generalized heat conduction equation associated with the tree T, where n is a function 
in t, Xi,X2, ■■■,Xn. For instance, the generahzed heat equation of type Te"o is: 



no-l 712 — 1 

2 

q=l r=0 
ni — 1 



+Xnodl„^^, + ^no+2p-l9'„^+2p+i)(^)- (4.5.10) 

p=l 

Similarly, we have the generalized wave equation associated with the tree T: 

utt = driu) (4.5.11) 

Let mo, mi, m2, m„ be n+1 positive integers. The difficulty of solving the equations 
(4.5.9) and (4.5.10) is the same as that of solving the following more general partial 
differential equation: 

9r(t^) = (C^+ E ^A7)(^)- (4.5.12) 

Obviously, we want to use the operator X^^o(~^i~^2)'' in Lemma 4.3.1. Then the main 
difficulty turns out to be how to calculate the powers of the operator tq)e£ ■^p^^q ■ 

This essentially involves the Campbell-Hausdorff formula, whose simplest nontrivial case 
^tid^j^+xAi) — gteiSx2g*SxigtSx2/2 jjg^g been extensively used by physicists. 

Lemma 4.5.1. Let f{x) be a smooth function and let b be a constant. Then 

e'^{f{x))^f{x + b). (4.5.13) 

Proof. Note 

e'^<f{x)) = E = + b) (4.5.14) 

77/. 

n=0 

by Tayler's expansion. □ 

For n — 1 positive integers mi, m2, m„_i, we denote 

D = t{d,, + xT'd,, + x^d,, + ■■■ + C-i"9.J (4.5.15) 

and set rji — t, 

ft rVi-i ry2 

?7,= / (x,_i+ / (x,_2 + ...+ / {xi + yir'dyi...r^-'dy,^2r^-^dy,^i (4.5.16) 
Jo Jo Jo 

for L E 2,n. 

Lemma 4.5.2. We have the following Campbell-Hausdorff-type factorizaton: 

g-D ^ ^Vnd^^ri^Vn-An-l . . ■ e^^^""^ . (4.5.17) 
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Proof. Let f{xi,X2,...,Xn) be any given smooth function. We want to solve the 
equation 

ut - u^, - xT'u,, - x^Mxa C-r'«xn = (4.5.18) 

subject to u{0,xi, ...,Xn) = f{xi, ...,a;„). According to the method of characteristic hues 
in Section 4.1, we solve the following problem: 



— = 1, -7^ = -l, -f±i = -xr, rel,n-l, — = 0, 4.5.19 
as as as as 



subject to 



t\s=0 = Xp\s=0 = tp, pel,n, U\s=0 = tn+1, tn+1 = f{ti,...,tn). (4.5.20) 

We find 



U = tn+l, t = S, Xi = -S + ti, X2=t2- / (ti - Si)™'Msi, 

^0 



(4.5.21) 



^3 = ^3- / {t2- f\h-s,r'ds,r'ds2,..., (4.5.22) 
Jo Jo 

Xr+1 = U+i - [ {tr- [ {tr-1 f \ti - Si)"''dsi ■ ■ ■ )'^^-^ dsr-i)"'' ds,- (4.5.23) 

Jo Jo Jo 

Note that ti — xi + t — xi + r]i, 

t2 = X2+ [ (tl - Si fdSi =X2+ [ {xi+t- si fdsi 

Jo Jo 

X2- [ {xi+y,r^dyi^X2+ [ {xi + yir^dy,^X2 + V2: (4.5.24) 
Jt Jo 



t3 = Xs+ [ {t2- [ \tl-Si)'^'dSir'dS2 

Jo Jo 

= X3+ {X2+ (xi + y^r^dyi- {xi+t-sir'dsir'ds2 
Jo Jo Jo 

= X3+ [ {X2+ [ {xi + yir'dy,+ [ '\x^ + y^T' dy^Y''^ ds2 
Jo Jo Jt 



X3+ l\x2+ f '\xi + yir'dyir'ds2 
Jo 

cy2 



= X3- {X2+ {xi+yir'dy,r'dy2 
Jt Jo 
ft ry2 

= xs+ {X2+ {xi + yir'dy,r'dy2^xs + ris. (4.5.25) 
Jo Jo 

This gives us a pattern of find general tp. In the above, we have also proved 

t2- [\h-s,r'dsi=X2+ f \xi + yir'dy^. (4.5.26) 
Jo Jo 
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Suppose that tr = Xr + rjr and 

tr-l - f ' f\tl- ■ ■ • y^'-'dSr-2 



'0 Jo 

ft— Si — 1 

= Xr-l + 



i-t—Sr-i ry2 

/ {xr-2 + --- + / {xi + yir'dy,...)"'^-'dyr-2. (4.5.27) 
Jo Jo 



Then we have 



tr - I {tr-l / \ti-Si)"''dSi---r^-'dSr-l 



JO 



rt rVr-i ry2 

^ Xr+ {xr-i+ / ixr-2 + ...+ / {xi + yi)'^Hyi...)'^^-Hyr-2T^-^dyr-i 
Jo Jo Jo 

rsr rt—s, — 1 py2 

- / {xr-1 + / {xr-2 + ■■■+ {xi + yi)"^' dy^...^^-' dyr-2)ds^., 
Jo Jo Jo 

rt rVr-i ry2 

^ Xr+ {xr-i+ / {xr-2 + ...+ / (^i + yi)"*^dyi...)"^'-^dy,_2)'"'"-'c?y,_i 
Jo Jo Jo 



pt-sr ryr-1 ry2 

+ / {xr-1 + / {xr-2 + •••+/ (^i + yi)'^Hyi...)'^^-Hyr-2)dyr-i 
Jt Jo Jo 

^ Xr+ {xr-i + ...+ {xi+yir'dyi...r^-'dyr-i (4.5.28) 

Jo Jo 



Lr+1 



Xr+l + I {tr - [ {tr-l [ \ti - Si)""' dSi ■ ■ ■ )"'^-' dSr-l)""' dSr 

Jo Jo Jo 

rt l-t-Sr ^2 

Xr+i + / {xr+ / (a;,_i + ...+ / (xi +2/i)™Myi...)'"^-M|/^_i)™'-rfs, 



^0 ^0 JO 

"^^'"^ Xr+l- [ {Xr+ r{Xr-l + ...+ {x^ + y^^' dy^...^^-' dyr-lT^ dyr 

Jt Jo Jo 

rt rVr /■J/2 

= Xr+i + / {xr+ {xr-i + ...+ / {x^ + yi)""' dy i... dy r-i)"''' dyr 
Jo Jo Jo 

= Xr+l+Vr+1- (4.5.29) 

By induction, we have 



tp — Xp + rjp for p e 1, n. (4.5.30) 

Thus the solution 

U — tn+l — f{ti,t2, ...,tn) 

= f{xi+r]i,X2+rj3,...,Xn + rin) 

= e'^-^^-e""-!^^"-! •••e''i^^i(/(a;i,...,a;n-i,a;n)). (4.5.31) 
According to (4.5.15), 

dt{e^{f)) = {d,, + xT'd,, + + • • • + C-r'^.Je''(/) (4.5.32) 
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and 

e^(/)|*=o = e°(/) = /- (4.5.33) 

Hence 

e^(/) = K = e'^nd.ne^n-A^., . . . ^riA, ^fy (4.5.34) 
Since / is an arbitrary smooth function in xi,X2, ■■■,Xn, (4.5.34) implies (4.5.17). □ 

Wc remark that the above lemma was proved pure algebraically in [X7] by the Campbell- 
Hausdorff formula. The above result can be generalized as follows. Recall the definition 
of a tree given in the paragraph of (4.5.6) and (4.5.7). We define a tree diagram to be 
a tree T = {Af, S) with a weight map d : £ ^ N + 1, denoted as T'^ = {J\f, S,d). Set 

Dr^^m,+ Yl ^^'''''^K)- (4-5.35) 

In order to factorize e^r^ , we need a new notion. For a node Lg in a tree T, the unique 
sequence 

= {igi,tg2>...> V} (4.5.36) 
of nodes with 1 = gi < g'2 < • • • < g^-i < Qr = Q satisfying {ig^, ig^_^_^) G £^ for A; e 1, r — 1 
is called the clan of the node Og. 

Again we define rj]''^ — t. For any q e2,n with the clan (4.5.36), we define 

d /"* fy'3r-l fVn 

^0 Jo Jo 

(i|/i...)'^[(^''-2''«-i)l%5_J'^[(^''-i''«'-)lrfy,_,. (4.5.37) 



CoroUciry 4.5.3. For a tree diagram with n nodes, we have 

^D^d = ^nZ'' dxn qVZ-i9x„_^ . . . ^vT'^d^^ _ (4.5.38) 

In particular, u — g{xi-\-r]]^'' , X2+ri2^^ , ...,Xn+r]'^'^) is the solution of the evolution equation 

ut = {d,,+ Yl (4.5.39) 

subject to u{0, xi, a;„) = g{xi, ...,Xn)- 

Since d : £ ^ N+l is an arbitrary map, we can solve more general problem of replacing 
monomial functions by any first-order differentiable functions. Let h — {hp^q{x) \ (ip, tg) E 
£} be a set of first-order differentiable functions. Suppose Cg — {i^^, Lg^, Lg^}. We define 




+...+ / hgi,q2{xi + yi)dyg^...)dyg^_^)dyg^_^. (4.5.40) 

^0 
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Set 

Dn = tid,.+ E hp,,ix,)d,J. (4.5.41) 

CoroUeiry 4.5.4. We have the factorization: 

e^h = e''"^^"e''"-i^^"-i • • • e^'^^"^ . (4.5.42) 

In particular, u = g{xi + r]i,X2 + ri2, ..-jXn + tiI^) is the solution of the evolution equation 

ut = (9a;i + E hp^q{xp)dj;J{u) (4.5.43) 
{tp,tq)e£ 

subject to the condition u{0,xi, ...,Xn) — g{xi, ...,Xn)- 
Next we consider 

D = t(a,7 + x^^Z' + ■■■ + x„_ia™"). (4.5.44) 

To study the factorization of e^, we need the following preparations. Denote A — 
lR[xo, xi, Xn]- We denote 

n n 

= a" = n^^-^ " ^ ^ (4.5.45) 

r=0 r=0 

For a, /3 e we define 



/3 ii I3r < ar ior r eO,n (4.5.46) 

and in this case, 

(^) - n j ' = n e (4-5-47) 

Set 

A = Span | a, /? e (4.5.48) 

the space of all algebraic differential operators on A. For T'i,T2 e A, the multiplication 
T2 ■ T2 is defined by 

(Ti • r2)(/) = Tiinif)) for / e i. (4.5.49) 
Note that for /, ^1, ^2 e ^ and a, ^ e N"+\ 

(^i9"-y29^)(/)= 5] (")^i9^(^2)9''-^^(/). (4.5.50) 

Thus 

• g^d^ = 5] ('"]gi9^(^2)9'^-^''-^. (4.5.51) 
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So (A, ■) forms an associative algebra. 

Define a linear transformation r : A ^ A by 



r(x"9^) = for a,pe W+\ (4.5.52) 



Lemma 4.5.5. We have t{Ti ■ T2) = t{T2) ■ t{Ti). 
Proof. For a, a', /3, /3' e N"+\ we have 



= x'^'a^ -x^'a" = T(x'^a'^') •T(x"a"'). □ (4.5.53) 

Denote 

i) = tix^d,, + xrd., + ■■■ + x":r,'d,^_, + x^S^^.J. (4.5.54) 
Changing variables 



— ™ - forreO, (4.5.55) 

Xfi 

Then 

d,^ = xF='-+^'"''a,., for r e 0,71-1. (4.5.56) 

Moreover, 

D = t{d,^_, + C7^5.„-. + • • • + ^2"^^^.! + ^r^^o)- (4.5.57) 
According to (4.5.15)-(4.3.17), we define fjn-i — t and 

rt rvr+i ryn-2 

fjr^ {Zr+1+ / (^,+2 + ...+ / {Zn-l+yn-lT''-'dyn-l...T'^+^dyr+2T^+'dyr+l 

Jo Jo Jo 

(4.5.58) 

for r e 0, n — 2. By Lemma 4.5.2, 

gD ^ gW^ogr^a., . . . gr;„-i9.„_i _ (4.5.59) 

Note 



^0 



fyn-2 

... + / (^r^n-i + x:'-yn-ir--'dyn-i...r'^+'dyr+2r^+'dyr+i 

Jo 

t rVr+i ryn-2 

{xr+i + / {xr+2 + ■■■+ / (a;„-i 

+xrZ/n-l)'""-^C^Z/n-l...)'"^+^C?|/r-+2)"^^+^C?Z/r-+l (4.5.60) 
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for r e 0, n - 2 and let ?7*_i = te™". By (4.5.56), we find 

According to Lemma 4.5.5, 

= g-r(D) ^ r(e^) = r[e^''*^''oe''i^''i ■ ■ ■ e''«-i^^"-i] 

_ ga;n-ir(r;*_J _ _ _ ^xiririD) ^XQT{ril) ^ 

Denote 77„_i = r(r/;_J = t(9™" and 

/* rVr+i ryn-2 

{dxr+l+ J {dxr+2 + -+ / (9x„_l 



for r e 0, n — 2. 

Theorem 4.5.6. We have the following factorization: 

g-D _ gt{9j^^+a:i9l^^H \-Xn-id^^) _ ga;n-i??n-i . . . ^xir)i ^f)o 

Next we want to solve the evolution equation 

ut = (a,7 + xia-/ + • • • + xn-idZ"){u) 

subject to the initial condition: 

u{0,Xi, ...,Xn) ^ f{xi,X2, ...,Xn) for G [-O^ , O^] , 

where / is a continuous function in xi, x^. For convenience, we denote 
kl^^, k^^{kl...,kl) for eZ" 



Set 



Note that 77^ is a polynomial in t, dx^_^_^, dx„. So we denote 

Vr ~ fjrif'i dxr+11 •••1 ^Xn)- 

Observe that 

gZ)/g7r(fct.:K')i\ _ ^Xn-ir]ri-i(t,nkni) . . _ ^xi7^{t,TTkli,...,TTkiii) ^fi(t,nkli,...,TTkl,i) ^n{k^ ■x)i 
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is a solution of (4.5.65) for any k = (/ci, .... A;„) G Z". Denote the right hand of (4.5.70) 
as 4>i^{t,Xi, ...,Xn) + ipj^{t,Xi, ...,Xn)i, where 0^ and ip^^ are real-valued functions. Then 

0g(O, xi, ...,Xn) = cos7r(^''' • x), -0^(0,^1, ...,Xn) = sin7r(^''' • x). (4.5.71) 

— * 

We define ^ /c if its first nonzero coordinate is a positive integer. 
By Fourier expansion theory, we get: 

Theorem 4.5.7. The solution of the equation (4-5.65) subject to (4-5.66) is 

ihMt^^i^-^^n) + Ci^'ipk(t,Xl,-,Xn)) (4.5.72) 



u — 



with 



rai ran _^ 

h ^ ^n-i+s~ / ■■■ / f{xi,...,Xn)cos'K{k^-x)dXn---dxi (4.5.73) 

2 '='0aia2 • • • a„ J-ai J -an 



-ai 

and 



TTl / ■■■/ f{xi,...,Xn)sun:{k'^-x)dXn---dxi. (4.5.74) 

"-ifliaa ■■■an J^ai J -an 



^k- 2 



Example 4.5.1. Consider the case n — 2, mi = m2 — 1 and ai = a2 — tt. So the 
problem becomes 

"^t = Uxixi + XiUx2X2 (4.5.75) 

subject to 

u{0,Xi,X2) = f{xi,X2) for Xi,X2 e [-TT, tt]. (4.5.76) 

In this case, 

fjo{t, 8x^,8x2) = / {dx,+yidlj'^dyi 
Jo 



^0 



= tdl^+t'dx,dl + ^ (4.5.77) 



{dl + 2yidx,dl+yldt,)dyi 

t^df 
"3 

and 771 (i, 8x2) = td^^. Thus 

— Qk^t^/3-k^txi-k1t^{kixi+k2X2-kik^t'^)i g -^g^ 

Hence 

0fe(^, ^2) - e'=2*'/3-'=i*^i-'=f* cos(A;iXi + A;2X2 - kik^t^), (4.5.79) 
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ijf:{t,xuX2) = e'=2*'/'^-^^^'*-i-fe?*sin(A;ia;i + to - hkjf). (4.5.80) 
The final solution of (4.5.75) and (4.5.76) is 

X cos[A;i(xi — si) + k2{x2 — S2) — kiklt^] dsids2. (4.5.81) 



Theorem 4.5.6 gives a way of how to calculate the powers of d^^^ +xid^^^ + - ■ ■+Xn-id^^ . 
Then we can use the powers to solve the equation 

dr(u) = (9-/ + + . . . + Xr,-rdZ-)(u). (4.5.82) 



Example 4.5.2. Find the solution of the problem 

Utt = U^ixi + a;iMa;2X2 (4.5.83) 

subject to 

u{0, xi, X2) = fi{xi, X2), ut{0, xi, X2) = f2{xi, X2) for xi, X2 G [-tt, tt]. (4.5.84) 
Solution. According to the above example, 

^ ""^^ ^ no!ni!n2!n3!3"3 ^ ^ ' 

rir GN;no +ni +2n2 +3n3 =m 

By Lemma 4.3.1 with Ti = 9|, Tf = /^J^ (cf. (4.3.31)) and T2 = -{dl^^x^dl^, we have 
the complex solutions 



°o °o f2m(f)2 , Q2 \m 

m=0 (2m)! 

^2m^no Q'2{no+n2+2n3) g2ni+n2 



m=Q m=0 
oo 



^1 ^'g(fela;l+fc23;2)^^ 



5^ ^ (2m- l)!!no!ni!n2!n3!2"»3'*3 

rra=Onr.eN;no+ni+2n2+3n3=m ^ / u i z o 

^_-^'jno+ni+n2jn2-f-2m 

~ ^ ^ (2m - l)!!no!ni!n2!n3!2"^3"3 

xa;^U2^"°+"'+'"'^A;^i+"^(e(^i^i+'=^^^)0 (4.5.86) 

and 

°o f2m+l(a2 ,^f)2\m 

E( _rp-rp \mfj.Jkixi+k2X2)i\ _ \'-'xi ~ •^i'^X2/ f JklXl+k2X2)i\ 

[ ^1^2) [te (2m + l)! ^ 

m=0 m=0 ^ ' 



oo 



^_Y^no+ni+n2j^n2^2m+l 



(2m + l)!!no!ni!n2!n3!2™3"3 

m=OnreN;no+™l+2ri2+3n3=m ^ y u ± z o 



X 



x"°A;2^"°''''^^'''^"^'*A;^"^'''"^(e*-'^^^^''''^^^^^*) (4 5 87) 
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of (4.5.83). Thus we have the following real solutions 



' _l'j"-o+ni +n2 +n2) ^2(no+2n2+2n3) 



no!ni!n3!2'"3"3 



TO=0 nrSN;no+?ii+4n2+3n3=m 

.2+2 , 



f2m^no \ cos{kix + k2x) kik'^t'^ sm{kiX + k2x) 



+ 



(2m - l)!!(2n2)! 4(2m + 3)!! (2^2 + 1)!, 



(4.5.88) 



.2j"o+ni+n2y^2(ni+n2)^2(no+2n2+2n3) 



no!ni!n3!2'"3"3 



m=0 nrGN;n()+ni+4n2+3n3=m 

sin(A;ix + k2x) kik^t^ cos{kix + /i;2.T 



(2m- l)!!(2n2)! 4(2m + 3)!!(2n2 + 1)! 



(4.5.89) 



4i,fc2(^, ^1, ^2) = J] J] (_i)no+ni+n2^2(nH-n2)^2(no+2n2+2n3) 

m=0 nreN;no+ni+4n2+3n3=m 



no!ni!n3!2"*3'^3 



cos(A;ix + /c2a:) kik^t^ sin(A;ia; + k2x) 
(2m + 1)!! (2/12)! ^ 4(2m + 5)!!(2n2 + 1)!, 



(4.5.90) 



4„.2(^, ^1, ^2) = E E (_l)no+n,+n2^2(n,+n2)^2(no+2n2+2„3) 

m=0 n,.6N;no+m+4n2+3n3=m 



no!ni!n3!2"^3"3 
Moreover, 



(2m + l)!!(2n2)! 4(2m + 5)!!(2n2 + 1)! 



0ifci,fe2(O, xi, X2) = ^^^J^(0, xi, a;2) = cos(/i;ia; + k2x), 
V'iki,ifc2(0>3;i,X2) = ^^^'^2 (0,a;i,a;2) ^ sm.{kix + k2x) , 

d<t>k^M (Q^xi,X2) = (0,a;i,a;2) = 0iti,fe2(O, X2) = '0iti,fe2(O, X2) = 0. 

Thus the solution of the problem (4.5.83) and (4.5.84) is 



(4.5.91) 

(4.5.92) 

(4.5.93) 
(4.5.94) 



u 



K.fc2'^'=l.*^2(^'^l'^2) + C^^,fc2^fcl,fc2(^>2;i,X2) 

o^(fci,fc2)ez2 

+«fcl,fc2<^'=l.*^2(^' ^2) + Cfc^,fc2V'fcl,fc2(^, X2)], 



where 



'hM = 2^+S,,,oS,„o^2 J_J_JM^S2)cOs{k,S + k2s) ds, 

/i(si, S2) sin(A;iS + k2s) ds, 



1 



HM 27r2 




(4.5.95) 

(4.5.96) 
(4.5.97) 
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2 / f2{si,S2)cos{kis + k2s) ds, (4.5.98) 
= ^ y J /2(«i' «2) sm(A;iS + k2s) ds. □ (4.5.99) 



The above results can be generalized as follows. Recall the definition of a tree given 
in the paragraph of (4.5.6) and (4.5.7). A tree diagram T'^ is a tree T = {M,£) with a 
weight map d : £ ^ + \. A node iq of a tree T is called a if there does not exist 
q < p < n such that {cq, bp) e Set 

* = {g I is a tip of r}. (4.5.100) 

Take a tree diagram T'^ with n nodes and a set = {m^ | e ^} of a positive integers. 
Prom (4.5.63) and (4.5.64), we have to generalize the operator D in (4.5.44) in reverse 
order and set 

Recall the definition of clan around (4.5.36). Given q e 2,n, we have the clan Cq — 
{i^qi, i^q2, i^qr} of the uode Lq with 1 — qi < q2 < ■ ■ ■ < qr-i < qr — q- If r = 2, we define 
ril = When r > 2, we define 

Vl = / {d.,^_, + / + - + / id.,, 

Jo Jo Jo 

+a^[(^i''?2)V2)'^'^''''''^^%2)...)'^^^''""'''''"'^'f^l/r-2)'^'^'''"-^'''"^'(i|/r-l (4.5.102) 

For g e ^, we also define 

ft rVqr fVlr-l fV^ 

vf = / (5., + / + / + - + / (5.,, 

Jo Jo Jo Jo 

+d^l('i^''i^^^y2y^'^''^''^^')^dy2)...y^^'^'--^'^^^^^^ (4.5.103) 
By Theorem 4.5.6, we have the following conclusion. 

Proposition 4.5.8. The following factorization holds: 

gDt ^ ^X2vl^xsvl . . . ^xnni JJ gr,* _ (4.5.104) 

As Theorem 4.5.7, the above factorization can be used to solve the evolution equation 

= ( E ^A?-'^^' + ECOW (4.5.105) 
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subject to m(0, Xi, Xn) = f{Xi, Xn). 

Since the weight map d is arbitrary and can vary, we can do further generahzation 
as follows. Take two sets {hp^q{x) \ {ipiiq) € S} and {hq{x) | g G of polynomials in x. 
We generalize (4.5.101) to 

L>t = i( x,M9,J + ^/i,(a,J). (4.5.106) 

Given q e 2, n, we have the clan Cq — {iqi,iq2, ■■■,''?,.} of the node tq with 1 = gi < ^2 < 
• • • < qr-i < Qr — q. If r = 2, we define 77^ = thq^^q^{dx-^). When r > 2, we define 

~ %r-l,9r-(^a;q^_l + / hq^-2,qr-l{^Xq^_2 + ■■■ 

Jo Jo 

ryz 

+ hq^^q^{d^^^+hq^^q^{d^^)y2)dy2)...)dyr-2)dyr-i (4.5.107) 

^0 

For g e ^, we also define 

/•* rvqr rvir-i 

Jo Jo Jo 

rys 

+ / hq^mi^xq^ + Ki,q2{dxi)y2)dy2)...)dyr-2)dyr-i)dyq^. (4.5.108) 
Jo 

Then (4.5.104) still holds. 
Exercise 4.5 

1. Find the solution of the equation u^x + xUyy = for x e R and y e [— tt, tt] subject 
to u{0,y) — fi{y) and Ux{0,y) — /2(y), where fi{y) and /2(y) are continuous functions 
on [— 7r,7r] (cf. Example 4.5.2). 

2. Solve the problem Ut = u,j.,j. + xUyy + yu-^z for t G M and x,y,z E [— tt, tt] subject to 
u{0, X, y, z) = g{x, y, z), where g{x, y, z) is a continuous function for x,y,z E [— tt, tt]. 

3. Use (4.5.104) to solve the problem 

u,^{ydl + zdl + d'y + dl){u) 

for t G M and x,y,z G [— 7r,7r] subject to u{0,x,y, z) = g{x,y,z), where g{x,y,z) is a 
continuous function for x,y,z E [— tt, tt]. 

4.6 Calogero- Sutherland Model 

The Calogero-Sutherland model is an exactly solvable quantum many-body system in 
one-dimension (cf. [Cf], [Sg]), whose Hamiltonian is given by 

Hcs^±^.. + K J: (4.6.1) 

1=1 l<P<9<n 
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where A' is a constant. The model was used to study long-range interactions of n particles. 
Solving the model is equivalent to find eigenfunctions and their corresponding eigenvalues 
of the Hamiltonian Hcs as a differential operator: 

Hcs{f{xi, Xn)) = l^f{Xi, Xn) (4.6.2) 

with 1/ e R. In other words, the above is the equation of motion for the Calogero- 
Sutherland model. 

In this section, we prove that a two-parameter generalization of the Weyl function 
of type A in representation theory is a solution of the Calogero-Sutherland model. If 
n = 2, we find a connection between the Calogero-Sutherland model and the Gauss 
hypergeometric function. When n > 2, a new class of multi- variable hypergeometric 
functions are found based on Etingof's work [Ep]. The results in this section are taken 
from the author's work [X9] 

Change variables 

z, = e^"^' for L e T^. (4.6.3) 

Then 



d^^ = 2e^'d,^ = 2z,d:,^ for t e 1, n (4.6.4) 
by the chain rule of taking partial derivatives. Moreover, 



14 4 AZpZq 



smh^{xp — Xq) (e^p ^9 — e^^ ^f)^ [e ^li^e^^p — e^^i)]^ {zp — Zq)' 
So the Hamiltonian 



(4.6.5) 



cs 



n 



[Z, 



(4.6.6) 



Replacing u by Au and / by "^Izi, Zn), we get the new equation of motion for the 
Calogero-Sutherland model: 



First we will introduce some simple but nontrivial solutions. 



Let {/p,g(-2) I p, g G 1, n} be a set of one-variable differentiable functions and let be 
a one- variable differential operator in z^ for t e l,n. It is easy to verified the following 
lemma: 
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Lemma 4.6.1. We have the following equation on differentiation of determinants: 



/l,l(^l) /l,2(^2) ••• /l 
/2,l(^l) /2,2(^2) ••• /2,n(^n) 

/n,l(^l) /n,2(^2) ••• fn 



E 

(,=1 



Denote the Vandermonde determinant 



W{zi,Z2, ...,Zn) = 



According to the last expression, 





/l,2(^2) 


fl,n{Zn) 




/.-1,2(2;2) 


f L—l,n{^^n) 


di{f,,iizi)) 


C?2(/.,2(^2)) 


dnifi,,ni^n)) 


fi+l,l{zi) 


/n-l,2(^2) 


/t+l,n(^n) 


/n,l(^l) 


fn,2{,Z2) 


/n,n(^n) 



1 


1 


1 












■ 4 


,n— 1 
n 


n-l 


n-l 



l<p<g<n 



(4.6i 



(4.6.9) 



l<p<q'<n 



t=l 



Zb 



+2 ^ ^ ^r'92j,(^sj Z^ • Zrdz^(^Zs2 Zr) 

l<si<S2<n;si,S2^r 



{Zg^ Zr^(^Zg2 Zj-^ 



y y 



l<r<s<n 



r=l l<si<S2<n;si,S2^r 



n(n — 1) 



+ 2E E 



r=l l<si<S2<n; si,S2j^r 

On the other hand, Lemma 4.6.1 imphes 

n-l 



Zsi Zr){^Zg2 Zf 



w. 



E(^An(>v)=(i:.^)w= '"-^y"-^ 



i.=l 



t=l 



(4.6.10) 



(4.6.11) 
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Thus (4.6.10) and (4.6.11) yield 

n 



{n — l)n{2n — 1) n(n — 1) 



6 2 
(n — l)n(n — 2) /n^ 



6 V3 

Let 



(4.6.12) 



(zi,...,^„) = (^i;22---;2n)^^>V'^'(^i,^2,-,^n) for /^i, /X2 G E, (4.6.13) 



where the special case 0(i-n)/2,i is the Weyl function of type-74„_i simple Lie algebra. 
Then 

Zr^zX(t>^l^,H2) = + 1^2 T^t M'w.ms (4.6.14) 

\ / — / 

for r e 1, n. Hence 

n 
r-=l 

n f Z Z Z z'^ \ 

= XI (2/^1/^2 — f — — r^ + /^2 7 — 

r—L r^s^l,n 

^2 

= [n/x? + 2/^1/^2 XI + 2/^2 (3 ] - 2/^2 XI 



ZcZr 



( z — z 

l<r<s<n "' ^ ^ l<r<s<n ^ ^ ' 



+ 



\ / 1 <r Q- 



ZcZr 



l<r<s<n 



2 \ ^ -^r ~^ "^s 22^y--Zs -|- 2^j.^5, 
l<r<s<n ^ * '"'^ 

= [n//i + n(n-l)(//i + //2/2)//2 + 2Q;U2 

+2/.2(/X2-l) X ^^^]0/.„/.2 (4.6.15) 

by (4.6.12) and (4.6.14). Therefore, we have: 
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Theorem 6.2. The function satisfies: 



r=l 



a<i<j<n 



n 



,/i2 



nijii + n(n — l)(//i + ijL2/2)ijL2 + 21 



(4.6.16) 



equivalently, 0^1,^2(6 ? e ") «s a solution of the Calogero-Sutherland model with K = 
2/^2(1-/^2) and the corresponding eigenvalue is2ri\^iii{iii + {ri—l)ii2) + {n—l){2ri—l)ii\/'i\. 



The above theorem for generic //i and //2 was proved by us in [X9], and it was known 
when /xi — ^2 or — Q before our work [X9]. Next we wiU explore the connection 
between the Calogero-Sutherland model and hypergeometric functions. 

We first consider the case n — 2. Now (4.6.16) becomes 

[{Zid,,f + (^2a.j'](0Ml,/.2) + 2/i2(l - /i2) 



Ml >M2 ■ 



= {2^Jil + 2^Ji^^Ji2 + ^Jil)<t>^.,,^,^. (4.6.17) 



Let g{z) be a differentiable function. Denote 



Then 



e = (4.6.18) 

2^2 - Zi 



zMgiO) = -z2d.M0) = r^^g'iO- (4-6.19) 

Moreover, 

(-i5.J^(^(0) = (-2a.J^(^(0) = ^^i^/(0 + ^f^^^?^^'(e). (4.6.20) 

[Zl — Z2) yz2 — Zi) 

According to (4.6.14), 

^1^21(0^1,^2) = [1^1 + 1^2^ — ) 0Mi,M2> (4.6.21) 

V Zl - Z2J 



Z2dz2{(t)„i,„2) = ( /^i - 1^2^ — ) 0,.i,M2- (4.6.22) 

Z\ — Z2 
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By (4.6.19)-(4.6.22), we have 



,H2[\ 2/^2 (/^2 - 1) 



+2 Uii + H2- 



Z\ 



z\- Z2) {zx - Z2Y 



Z\Z2 ( ^2 



Z\Z2 



z\ - Z2I Ui - Z2) 



2^2 



+2 



;2i z 



1^2 



r/(0 + 2 



^1^2(^1 + Z2) , 



(^1 - Z2Y 

</'w,M2[( 2/^2(/^2 - 1) 



^'(01 



{Z2 - Z^f 

^'^^ +{2^x\ + 2^x^^x2 + ^xl)\g{0 



+2(1 - ^Ji2) 

Observe that 



(^1 - Z2Y 

Zl + Z2 



Z\Z2 



Z2 



Z2 — Zl Z2 — Zl 
Z1Z2 z'^ 



-1 = 2^-1, 



Z2 



(Zi - Z2)'^ {Z2 - Zi)^ {Z2 - Zi)^ Z2 - Zl 



e(e-i)- 



Thus 



(Z2 - Zi)^ 



0^2„2 

' ' r/(0 



(-21 --^2)^' 



22:1^2 



(Zi - Z2Y 

2ziZ2 



(l-/^2)^^'(0 



Z1Z2 



Zl - Z2 



{Zi - Z2) 



>/(0 



[e(i-0/(0 + (i-/^2)(i-2eM0]- 



{Z1-Z2Y' 

Recall the classical Gauss hypergeometric equation 

z{l - z)y" + [7 - (a + /3 + l)z\y' - a^y = 0. 
We take 7 = 1 — /X2 and 

a + /3 + 1 = 2(1 - //2) ^ /3 = 1 - 2//2 - a, 

where a is arbitrary. 



(4.6.23) 

(4.6.24) 
(4.6.25) 



(4.6.26) 



(4.6.27) 



(4.6.28) 



Theorem 4.6.3. Let a,iii,ii2 £ If g{z) is a nonzero function satisfying the 
following classical Gauss hypergeometric equation 



z{l - z)g" + (1 - /^2)(1 - 2z)g' - a{l - a - 2/^2)^ = 0, 



then the function 



ij = {ziZ2Y'{zi-Z2Y'g 



Z2 



Z2 — Zl 



(4.6.29) 



(4.6.30) 
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satisfies the equation for the Calogero-Sutherland model 

= [2/x? + 2/xi/X2 + /^2 + 2a(« + 2/^2-1)]^ (4.6.31) 
with K — 2//2(l — /^2) and the eigenvalue v — 2/11 + 2/ii/i2 + /^l + 2q;(q; + 2/^2 — 1)- 

Suppose that /i2 is not an integer, then the fundamental solutions of the equation 
(4.6.29) are 2-^1(0;, I - a - 2/^2; 1 - z) and 2-^1(0; + /X2, 1 - //2 - a; 1 + 112; z)z^^ (cf. 
(3.2.10)). 

Next we consider n > 2. Let 

l<p<q<n 

be the additive semigroup of rank n{n — l)/2 with Cg^p as base elements. For a — 

T.i<p<q<n^<i,p^<],p e ^A, we denote 

k—l n 

«i*="n = 0, ttfc* = 5]]afe,r, tt/* = X] (4.6.33) 

r=l s=l+l 



Given i9 E C \ {— N} and G C with r G l,n, we define our (n(n — l)/2)-variable 
hypergeometric function of type A by 



where 



Set 



XAin, ..,r„;^){^,,,} = Wd) ^ ' 

n Z^^-^'' n (4-6-35) 

l<k<j<n l<k<j<n 
r2 — 1 

Cl,n = n 1 < ri < r2 < n. (4.6.36) 

s=ri 

Take (Ai, A„) G such that 

Ai - A2 = • • • = An_2 - A„_i = ^ and A„_i - A„ = cr N, (4.6.37) 

for some constants and a. Then we have the following result which was proved by 
representation theory: 

Theorem 4.6.4. The function 

n 

n z::^^^''^'^/'-^Ml^ + 1, l^ + h -li; -crmirA (4.6.38) 

r=l 
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is a solution of the equation (4-6.7). 

Below we want to show that the functions A'^(ti, .., t„; are indeed natural 

generalizations of the Gauss hypergeometric function 2-^1(0;, (3; 7; z). Note 

Then the classical hypergeometric equation (3.2.1) can be rewritten as 

(7 + D)^iy) = ia + D)iP + D){y)- (4-6.40) 

Denote 

p— 1 n 

'^P* = '^^P,rdz^,r, = 5^ A,. for p e 2^, g e l,n- 1. (4.6.41) 

r=l s=q+l 

The following result was proved by author. 
Theorem 4.6.5. We have: 

(Tr, - 1 - Vr,. + V*Jd,^^^^^{XA) = (t,, - 1 - P.,*)(^n " ^n* + T^*J{Xa) (4.6.42) 
for l<ri<r2<n — 1 and 

+ V^,)d,^^^{XA) = (t„ + P„,)(t, - + V*){Xa) (4.6.43) 



for re 1, n — 1. 

Recall the differentiation property 

2Fi(a, P; r,z)^— 2Fi(a + 1, ^ + 1; 7 + 1; z) (4.6.44) 

az 7 

(cf. (3.2.19)). For two positive integers ki and /c2 such that ki < k2, a path from /ci to k2 
is a sequence (mo, mi...., m^) of positive integers such that 

ki = rriQ < mi < m2 < ■ ■ ■ < m^-i < m^ = k2. (4.6.45) 

One can imagine a path from ki to /c2 is a way of a super man going from kith floor to 
A;2th floor through a stairway. Let 

Vj^"^ — the set of all paths from ki to /c2. (4.6.46) 

The path polynomial from ki to /c2 is defined as 

-f[fci,A;2] ^ ] ( 1) '^mi,mo-^m2,mi ■ ■ ■ -^-mT— i,mr--2'^mT-,mr-i- (4.6.47) 
{mo,mi,...,mr)ePi^^ 
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In fact 



/ 1 








••• 0\ 


/ 


1 








••• 0\ 


^[1,2] 


1 










^2,1 


1 





... 


^[1,3] 


Pm 


1 






^3,1 




1 





















■•. 




P[2,n] 




P[n-l,n] 1 / 


\ 




Zn,2 




^n,n— 1 1 / 



(4.6.48) 



For convenience, we simply denote 



[k,k] 



for 0<keN, (4.6.49) 
XA = XAin,..,T,,;i3){zj,k}, (4.6.50) 

XaHJ] = Xa{ti, ...,Ti + 1, ...,Tj - 1, ...Tn;'&){Zr2,ri} (4.6.51) 

obtained from Xa by changing t/ to t/ + 1 and to — 1 for 1 < i < j < n — 1 and 

XA[k, n] = AU(ti, .., Tk + 1, T„ + 1; 1? + l){zr,,r,} (4.6.52) 



obtained from A'a by changing to + 1, r„ to r„ + 1 and to + 1 for /c G 1, n — 1. 
The foUowing result was proved by the author. 



Theorem 4.6.6. For l<ri<r2<n — 1 and r E l,n — 1, we have 



dzr^,r^{XA) =^TsPls,r,]XA[s,r2], 



s=l 



(4.6.53) 
(4.6.54) 



Recall the integral representation 

r(7) 



(cf. Theorem 3.2.1). We have the following integral representation: 
Theorem 4.6.7. Suppose ReTn > and Re (i? — r„) > 0. We have 



r(^) 



l fn—l n—1 

r(^ - r„)r(rj 7o 
on the region Pir,n]/iY^'^=r P[r,s]) ^ {-oo, -1) for r e l,n- 1. 



(4.6.55) 



t^n-i(i _^)^-r„-i^^ (4.6.56) 



Heckman and Opdam [HO, Hgl-Hg3, 0el-0e5, BO] introduced hypergeometric equa- 
tions related to root systems and analogous to (4.6.7). They proved the existence of 
solutions (hypergeometric functions) of their equations. Gel'fand and Graev studied ana- 
logues of classical hypergeometric functions (so called GG-functions) by generalizing the 
differential property of the classical hypergeometric functions (e.g. cf. [GG]). 
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4.7 Maxwell Equations 



The electromagnetic fields in physics are governed by the well-known Maxwell equations 
(e.g., cf. [In3]): 

dt(E) = curl B, dt{B) = -curl E (4.7.1) 



with 



diyE = f{x,y,z), diy B ^ g{x,y, z), 



(4.7.2) 



where the vector function E stands for the electric field, the vector function B stands 
for the magnetic field, the scalar function / is related to the charge density and the 
scalar function g is related to the magnetic potential. We want to use matrix-differential- 
operators and Fourier expansion to solve the Maxwell equations (4.7.1) subject to the 
following initial condition: 



E(0, X, y, z) = Eo(a;, y, z), B(0, x, y, z) = Bo{x, y, z) 



(4.7.3) 



for X G [— aijOi], y G [—a2,a^, z G [—03,03], where 'EiQ^x.y.z) and Bo(a;,|/,z) are given 
real vector- valued functions satisfying (4.7.2), and are positive real constants. We 
denote 



B = 



Then the Maxwell equations becomes 




E 




(4.7.4) 



d,{B2) - dy{Bl) 

dy{Es) - d,{E2) 

d,{E,) - d,{Es) 
d,{E2) - dy{Er) 



-d^ a, 



-a 



B, 



-a, d^. 







-a 




-a, a 




Set 




(4.7.5) 



(4.7.6) 



(4.7.7) 



Then we can combine the two equations in (4.7.1) into one equation: 



dt 

Thus the solution is given by 

] 



E 
B 



D 
-D 



E 
B 



(4.7.8) 



E 
B 



ex.pt 







Eo 
Bo 



cos m sin m 

-siniD cosiD 



Eo 
Bo 



(4.7.9) 
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where 



t=o 



(4.7.10) 



Bo ; V B 

is a given first-order differentiable field in x, y, z satisfying the constraint (4.7.2). 

Now the key point is how to calculate cosiD and sintD. In order to do this, we 
consider the 3x3 skew-symmetric matrix: 

/ -a -b\ 

A= I a -c , Qy^a,b,ceR, (4.7.11) 
\b c J 

where M is the field of real numbers. Note that 
-a -b 

A^^ \ a -c \ \ a -c I = - I be + ab 1 . (4.7.12) 



6 c 



Moreover, 



a? + b"^ be —ac \ / —a —b 
= - I be a^ + c'^ ab a -c 

-ac ab b'^ + J \ b c 

/ -a -b\ 

= -(a^ + ft^ + c^) a -c = -(a^ + 6^ + c^)A (4.7.13) 

\b c / 

which implies 

A^''+^ ^[-{a'' + b^ + c^)]''A, A^''+^^[-{a^ + b^ + c^)]''A^ for A; e N, (4.7.14) 
where N stands for the set of nonnegative integers. Thus 

. + 6' + c2)V''+'\ , 



cos 



k — 



where I^ is the 3x3 identity matrix. 
Denote 

A^dl + d'^ + dl. (4.7.17) 
By (4.7.7), (4.7.15) and (4.7.16), we have: 



oo 








dy 









-dy 
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and 

^fc^2fc+2 \ / dy + —dxdy —dxd; 



cos 



As operators, 

div o curl = 0. (4.7.20) 

This shows 

9t(div E) = div(9tE) = div(curl B) = 0, (4.7.21) 

9t(div B) = div(c'tB) = -div(curl E) = 0. (4.7.22) 

Thus the constraint (4.7.2) is satisfied if the initial field Eq and Bq satisfy it. Solving 
(4.7.2), we get 

jo f{s, y, z)ds - dy{fi{x, y, z)) 

Eo=| dMx,y,z))-d,{Mx,y,z)) |, (4.7.23) 
dy{f2{x,y,z)) 

Jo 9{s, y, z)ds - dy{gi{x, y, z)) 

dx{g,{x,y,z))-d,{g2{x,y,z)) |, (4.7.24) 
dy{g2{x,y,z)) 

which imply that Eq is completely determined by two second-order differentiable functions 
/i and /2, and Bq is completely determined by two second-order differentiable functions 
gi and g2. In other words, giving initial fields Eq and Bq is equivalent to giving four 
second-order differentiable functions /i, gi, /2, g2- 
For convenience, we denote 

kl = ^, = {kl kl kl) for k = {ki, k2, h) e Z^. (4.7.25) 

Or 

Moreover, we write 

x^l^y^ (4.7.26) 

and 

k'^ ■x = k\x + kly + klz. {A. 7 .27) 

Set 

|0| = ^(A;t)2 + (A;t)2 + (A;t)2. (4.7.28) 

Observe that 

^ {-lYx^\lTtf'+'' _ COSTTXt - 1 ^ (-l)V^(7rt)^^+^ _ sinTTXt 

^ (2s + 2)! ~ x2 ' ^ (2s +1)! ~ X ' - J 



Moreover, we treat 

cos ji.rf — 1 , TT^t^ sin nxt 



\x=0 



x'^ Z X 



x=o = TTt. (4.7.30) 
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For Ai,A2,A3 G M and A; e Z^, 



^3+ E 



,s=0 




(2s + 2)! 



-d.^dy 
dl + dl 



-dydz 



-dxdz 



-dyd, dl + dl 



with 



t) = /. 



COS vrt I fc''' I — 1 



X 



|A;t|2 

-k{kl {k{f + 



1"'2 



/V2A'3 



and 



sin 



j^^g7r(fct.^)i 




J)^^g7r(fct.:J)i 



iM{k,t) 



with 



X^^iT{k'^ ■x)i 



M{k, t) = 



v 






fej sin7ri|fct| 


fcj sin 7rt|A;t| 


\ 


|fet| 


|fct| 


fej sin 7rt|fct 1 





fej sin 7rt|fct| 




Ifctl 


|fet| 




fcj sin 7rt|fct| 
|fct| 


A:} sin7rt|fct| 
|fct| 





/ 



Thus for k and A^ G M with r G 1,6, the vector-valued function 



cosiD sin to 
-siniD cosiD 



K{k,t) iM{k,t) 
-iM{k, t) K{k, t) 



^_^g7r(fet.f)i 



\ Aee 



J 



(4.7.31) 



(4.7.32) 



(4.7.33) 



(4.7.34) 



(4.7.35) 
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is a complex solution of the equation (4.7.8). Considering the real and imaginary parts 
of (4.7.35), we get two real solutions of the Maxwell equation (4.7.1): 



B = M{k,t) 



^ Ai cos7r(^''' • x) ^ 

A2 cos 7r{k^ • x) 
^ A2 cos7r(^^ • x) J 

^ Ai sin7r(A;''' ■ x) ^ 

A2 sin7r(A;''' ■ x) 
y A3 sin7r(A;''' • x) j 



-M{k,t) 



+ K{k,t) 



^ A4 sin7r(^''' • x) ^ 

A5 sin7r(A;^ • x) 
^ Ag sin7r(A;^ • x) J 

^ A4 cos7r(A;''' ■ x) ^ 

A5 cos7r(A;''' ■ x) 
y Ag cos7r(A;''' • x) j 



and 



E = K{k, t) 



jii sin7r(/c^ ■ x) 
fi2 sin7r(/c^ ■ x) 
Y /X3sin7r(A;''' • x) J 



( 



M(A^, t) 



/i4 cos7r(/c''' ■ x) 
fir, COS 7r(A;''' ■ x) 
Y cos7r(fc''' ■ x) J 



+ K{k,t) 



^ fj,4sm7r{k^ ■ x) 
II5 sin7r(A;''' • x) 
^ /le sin7r(A;^ • x) 



^ jll COS'K{k'^ • x) ^ 

B^-M{k,t) //2C0S7r(fct .f) 

^ ljL3COS7r{k^ ■ x) J 

where A^, //^ £ 1^ for r e 1, 6. 
Write 

Ar = hrik), fir = Cr{k) for r e 1, 6. 



By superposition principle, 



E 




+M{k,t) 



^ bi{k) cosn^k"^ ■ x) + Ci{k) sin7r(A;"'' ■ x) ^ 

b2{k) cos7r(A;''' • x) + C2{k) sin7r(fc''' • x) 
y bs{k) cos7r(A;T • x) + C3{k) sin7r(A;' • x) J 

b4{k) siuTT (fct . x) \ 
b^{k) sin7r(/c''' • x) ] 
65 (^) sin7r(^^ • x) j 



^ Ci(k) cosn{k^ ■ x 
c^ik) cosTi{k^ ■ x) 

y CQ{k) C0S7r(^''' • x) 



and 



B = 




+K(A;,i) 



^ 61 (^) sin7r(^^ • x) — ci{k) cos7r(^^ • x) ^ 

b2{k) simiijv' ■ x) — C2{k) cost:{¥ ■ x) 
y b^{k) sin7r(A;^ • x) — Cs{k) cos7r(^^ • x) j 

b4{k) cos7r(/cT • x) + C4{k) sin7r(A;T • x) 
65(/c) C0S7r(/cT . x) + C5{k) sin7r(A;T • x) 
y be{k) cosn{k^ • x) + Ce{k) sin7r(A;T • x) 



(4.7.36) 



(4.7.37) 



(4.7.38) 



(4.7.39) 



(4.7.40) 



(4.7.41) 



(4.7.42) 



is a general solution of the equations in (4.7.1), where K{k,t) is given in (4.7.32) and 
M{k,t) is given in (4.7.34). 
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Note K{k, 0) = /a and M(A^, 0) = Osxs- So 



and 



^ cos 7r(^''' • x) + ci{k) sin 7r(^''' • x) 
62 (fc) cos7r(/c' • + C2{k) sin7r(/cT • x) 
y bs{k) cosn{k'^ ■ x) + cs{k) sin7r(A;T • x) 



^ &4(A;) cosTT{k^ ■ x) + C4{k) simvik^ ■ x) ^ 

b^i^k) cos7r(A';"l' • x) + c^,{k) sin7r(A';'l' • x) 
y be{k) cosn{k'^ ■ x) + CQ{k) sin7r(A^''' • x) j 



(4.7.43) 



(4.7.44) 



Write 



Eq 



hi{x,y,z) 
h2{x,y,z) 
h?,{x,y,z) 



Bo 



hi{x,y,z) 
hix,y,z) 
K{x,y,z) 



(4.7.45) 



which must be of the form (4.7.23) and (4.7.24). By Fourier expansion and the Ko- 
valevskaya Theorem on the existence and uniqueness of the solution of hnear partial 
differential equations, we have: 

Theorem 4.7.1. The solution of the initial value problem of the Maxwell equations 
(4.7.1)-(4.7.3) is given in (4.7.4I) and (4.7.42) with 



br{k) 



1 



11 /•a2 /-as 



Z '=■"010203 J-ai J -a2 J -as 



hr{x) cos7r(^^ • x) dzdydx, 



Cr{k) 



1 



4010203 



ai na-z ra-A 



ai •/ —02 —as 



hr{x) sin7r(A;^ • x) dzdyd. 



X. 



(4.7.46) 
(4.7.47) 



The above result is due to our work [XIO]. Ciattonic, Crosignanic, Di Porto and 
Yariv [CCDY] found the spatial Kerr sohitions as exact solutions of Maxwell equations. 
Fushchich and Revenko [FR] obtained some exact solutions of the Lorentz-Maxwell equa- 
tions. 

4.8 Dirac Equation and Acoustic System 

The classical free Dirac equation is: 



r=0 



with 



Pq = idt, Pi = ida:, P2 = idy, P3 = id^, 



(4.8.1) 



(4.8.2) 
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and the Dirac matrices: 

h 



7° = 





-h 



where m is a positive real constant, I2 is the 2x2 identity matrix and 
/ 1 \ f ^ 



1 

-1 



(4.8.3) 



(4.8.4) 



are the Pauli matrices. We want to solve the free Dirac equation (4.8.1) subject to the 
initial condition: 

ijj{0, X, y, z) = -00(2;, y-, z) for x e [-ai, ai], ye [-02, 02], z& [-03, 03], (4.8.5) 

where '^0(2^; U-i z) is a given continuous complex vector- valued function. 
The Dirac matrices: 



7 



7 



/I 





^ 



















1 




















1 





- 


-1 





, y = 









-1 








\ 









V 


-1 










0/ 


/ 





-'\ 












1 




o\ 





i 




















-1 


i 








, f = 




-1 













\ -i 





0/ 




V 





1 










Now free Dirac equation is equivalent to: 9t('0) = 0-0 with 



Observe 

= {dl + + dl - m')h, 

where I4 is the 4x4 identity matrix. Thus 



/ mi 







-d^ + idy \ 





mi 


-d^ - idy 




-d. 


-dx + idy 


—mi 





\ -dx - idy 







—mi J 



,s=0 



(2s)! 



,s=0 



(^2 + ^2 + 51 -m2)-t2.+l^ 

(2s + l)! 



We take the settings (4.7.25)-(4.7.30). Set 

( 

D(fc) = 



m 


^3^ 



k\i k\i^k\ \ 



/cji + /cg —m 
\ /cji — kl —kli — m / 



(4.8.6) 



(4.8.7) 



(4.8.8) 



(4.8.9) 



D. (4.8.10) 



(4.8.11) 



(4.8.12) 
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Then 



,s=0 



,s=0 



(2s+l)! 



cos 



,7'+, ^ sin 7r(A;''')t 
TTik^)t h ^^B(k) 



{2s)\ 

a^{k)e''^^^-^^' 



(4.8.13) 



is a solution of the Dirac equation (4.8.1), where ar{k) with r e 1, 4 are complex constants. 
We write 

/ fiix,y,z) \ 



and take 



— ♦ 



8010203 



frix,y,z)e-''^^^-^^' dzdydx 



for r e 1,3 and k E Z^. By the theory of Fourier expansion, 

fr{x,y,z) = ^ ar{k)e''^''^'^^^ for r e TTi. 

fcez3 



(4.8.14) 



(4.8.15) 



(4.8.16) 



According to superposition principle and the Kovalevskaya Theorem on the existence and 
uniqueness of the solution of linear partial differential equations, we obtain: 



Theorem 4.8.1. The solution of the initial value problem of the free Dirac equation 



is: 



cos n(k^)t h A; 



f oi(A^)e^(^^-^)* \ 
02(A?)e^(^^-^)* 
a3(A-)e^(^^-^)* 
V 04(A^)e^(^^-*)^ J 



(4.8.17) 



The above result is taken from the author's work [XIO]. Ibragimov [Inl] studied the 
invariance of Dirac equations. Fushchich, Shtelen and Spichak [FSS] found a connection 
between solutions of Dirac and Maxwell equations. Moreover, Hounkonnou and Mendy 
[HM] obtained some exact solutions of Dirac equation for neutrinos in presence of external 
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fields. Furthermore, Inoue [la] constructed the fundamental solution for the free Dirac 
equation by Hamiltonian path-integral method. In addition, Moayedi and Darabi derived 
the exact solutions of Dirac equation on 2D gravitational background. 
The n- dimensional generalized acoustic system 



Ur 



0, Upt + A^;^ = 0, pe l,n, 



(4.8.18) 



comes from the linear approximation of the compressible Euler equations in fluid dynam- 
ics. Denote 



Ui{t,Xi, ...,Xn) 



( \ 



X2 



(4.8.19) 



Set 



(4.8.20) 





V O^xn 

where the up-index "T" denotes the transpose of matrix and 0„xn denotes the n x n 
matrix whose all entries are 0. The system (4.8.18) can be rewritten as 



Uf + Au — 0. 



(4.8.21) 



We want to solve (4.8.21) for t e M and Xr G [— Or, cir] with r e 1, n subject to 



u{0,Xi, ...,Xn) 



( A(0,xi, ...,a;„) \ 

Ml(0,Xi, ...,X„) 

y 'u„(0,xi, ...,x„) I 



( fo{xi,...,Xn) \ 
fl{xi, ...,Xn) 

\ fnip^li ■■■1 ■^n) j 



(4.8.22) 



Recall the Laplace operator 



We calculate 
Thus 



Q 

A'^VV'^ ' ' 



^2m+l _ 



A™V'^ 



(4.8.23) 



(4.8.24) 



4+1+ (e 

/ oo 

- E 



j.1m-\-1 f\m 

(2m + 2)! 

m=0 ^ ' 



A 
VV^ 



(2m +1)! / V ^ 







(4.8.25) 
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where In+i is the (n + 1) x (n + 1) identity matrix. 
For convenience, we again denote 



kl = -, = {kl...,ki), \k^\^^{kly + --- + {ki)^, P-x = Y,klxr (4.8.26) 



r=l 



for k = {ki, kn) € Z". Recall the equations in (4.7.25) and take the convention (4.7.30). 
Let iJ,r EM. with r G 0, n. Then 



^^g7r(fet.£)i 



[4+1 + E 



km=0 



^2m+2^m \ / A 

(2m + 2)! J V VV^ 



E 

km=0 



(2m + 1)! / V ^ 







^^g7r(fct.a-)i 



= [K(A;, t) - ^M(/c, t)] 
is a complex solution of the equation (4.8.21), where 



(4.8.27) 



cos7r|A;'''|t 

4 + \k^\-\cosT:\k^\t - l){k^fk^ 



(4.8.28) 



and 



M{k,t) = \P\-^smn\P\t 



(4.8.29) 



k^ 

{kT o„x, 

Considering the real and imaginary parts of (4.8.27), we get two real solutions of the 
equation (4.8.21): 



u^K{k,t) 



and 



u^K{k,t) 



( hoik) co^n (k^ ■ x) \ 
bi{k) cosTiiJi^ ■ x) 

\ bn{k) cos n{k'' ■ x) j 



( C(^{k')sm.Ti{}d ■ x) \ 
ci{k) sin7r(/i;^ • x) 

\ Cn{k)sm'K{k^ ■ x) / 



+ M{k,t) 



M{k,t) 



( bo{k) sin7r(A;"l" ■ x) \ 
hi{k) sin7r(A;''' ■ x) 

\ hn{k) sin Tlijx) • x) ) 



( bo{k) cos Tr{k'^ ■ x) \ 
bi{k) cos7r(/i;^ • x) 

\ bn{k) cos 7r{k^ ■ x) / 



(4.8.30) 



(4.8.31) 
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We take 

= ^n-l+S^^i-rn / / ■■■/ fr(x) C0S7r(k^ ■ x) dXidX2 ■ ■ ■ dXn, (4.8.32) 



Cr(^) — 



1 



0.1 ra2 



fr{x) sm7r(^^ • x) dxidx2 • • ■ dxn (4.8.33) 



^ 1 lr=l -J -ai ~a2 

(cf. (4.8.22)). Then we have the Fourier expansions: 

fr{xi, ...,Xn) — {br{k) cos n {k^ • x) + Cr{k) sin 7r{P ■ x)). 

o^feeZ" 



(4.8.34) 



— * — * 

Note ]K(/c, 0) = I{n+i)x{n+i) and M(A;, 0) = 0(„+i)x(n+i)- According to superposition 
principle and the Kovalevskaya Theorem on the existence and uniqueness of the solution 
of linear partial differential equations, we obtain: 

Theorem 4.8.2. The solution of the n- dimensional generalized acoustic system (4-8.18) 
subject to the initial condition (4-8.22) is 

/ X \ ( hoik) cosTi ■ x) + coijk) sin Ti{k'^ ■ x) \ 

bi{k) cos7r(/c''' • x) + ci{k) sin7r(/c''' • x) 



+M{k,t) 



\ bn{k) cos'K{k^ ■ x) + Cn{k) sin7r(/c^ • x) J 

( bo{k) sin n{k^ ■ x) — coik) cos Ti(k^ ■ x) \ 
bi {k) sin Trlk^ ■ x) — ci {k) cos 7r{k^ ■ x) 



(4.8.35) 



\ bn{k) sin7r(A;''' • x) — Cn{k) cos7r(/i;''' • x) / 
with K{k,t) given in (4-8-28) andM{k,t) given (4-8-29)- 

The result in Theorem 4.8.2 was newly obtained. Cao [Cbl] determined all the poly- 
nomial solutions of the Navier equation in elasticity and their representation structure. 
Moreover, he solved the initial- value problem of the Navier equation and the related Lame 
equation. 

Exercise 4.8 

Solve the Lame Equations 

utt = (kA + V- V^)(m) 



for i e M and ] with r e 1, n subject to 

U{0, Xi, . . . , Xn) = ^0(2^1, ■ ■ ■ , a^n), Ut{0, Xi, . . . , Xn) = ^l(xi, . . . , X„), 

where /t is a nonzero constant, are positive real numbers and gi,g2 sue continuous 
functions (cf. [Cbl]). 
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Chapter 5 

Nonlinear Scalar Equations 



This chapter deals with nonhnear scalar (one dependent variable) partial differential equa- 
tions. First we do symmetry analysis on the KdV equation, and obtain the traveling-wave 
solutions of the KdV equation in terms of the functions p{z), tan^ z, coth^ z and cn'^(z\m), 
respectively. In particular, the soliton solution is obtained by taking limm-5.1 of a special 
case of the last solution. Moreover, we derive the Hirota bilinear presentation of the KdV 
equation and use it to find the two-soliton solution. 

The KP equation can be viewed as an extension of the KdV equation. Any solution 
of the KdV equation is obviously a solution of the KP equation. In this chapter, we have 
done the symmetry analysis on the KP equation and use the symmetry transformations 
to extend the solutions of the KdV equation that arc independent of y to a more so- 
phisticated solution of the KP equation that depends on y. Moreover, we solve the KP 
equation for solutions that are polynomial in x, and obtain many solutions that can not 
be obtained from the solutions of the KdV equation. Furthermore, we find the Hirota 
bilinear presentation of the KP equation and obtain the "lump" solution. The above 
results are well-known (e.g., cf. [AC]) and we reformulate them here just for pedagogic 
purpose. 

Lin, Reisner and Tsien [LRT] (1948) found the equation of transonic gas flows. We 
derive the symmetry transformations of the equation. Using the stable range of the 
nonlinear term and generalized power series method, we find a family of singular solutions 
with seven arbitrary parameter functions in t and a family of analytic solutions with six 
arbitrary parameter functions in t. Khristianovich and Rizhov [KR] (1958) discovered 
the equations of short waves in connection with the nonlinear refiection of weak shock 
waves. Khokhlov and Zabolotskaya [KZ] (1969) found an equation for quasi- plane waves 
in nonlinear acoustics of bounded bundles. The solutions of the above equations similar 
to those of the LRT equation are derived. Kibel' [Kt] (1954) introduced an equation 
for geopotential forecast on a middle level. The symmetry transformations and two new 
families of exact solutions with multiple parameter functions of the equation are derived. 
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5.1 Kortweg and de Vries Equation 

Soliton phenomenon was first observed by J. Scott Russel in 1834 when he was riding on 
horseback beside the narrow Union Canal near Edinburgh, Scotland. He described his 
observations as follows: 

"I was observing the motion of a boat which was rapidly drawn along a narrow channel 
by a pair of horse, when the boat suddenly stopped — not so the mass of water in the 
channel which it had put in motion; it accumulates round the prow of the vessel in a state 
of violent agitation, then suddenly leaving it behind, rolled forward with great velocity, 
assuming the form of a large solitary elevation, a rounded, smooth and well-defined heap 
of water, which continued its course along the channel apparently without change of form 
or diminution of speed. I followed it on horseback, and overtook it still rolling on at a 
rate of some eight or nine miles an hour, preserving its original figure some thirty feet 
long and a foot to a foot and a half in height. Its height gradually diminished, and after 
a chase of one or two miles I lost it in the windings of the channel. Such, in the month 
of August 1834, was my first chance interview with that rare and beautiful phenomenon 
which I called the Wave of Translation... ." 

The phenomenon had been theoretically studied by Russel, Airy (1845), Stokes (1847), 
Boussinesq (1871, 1872) and Rayleigh (1876). Boussinesq's study lead him to discover 
the (1 + 1) -dimensional Boussinesq equation. There had been an intensive discussion and 
controversy on whether the inviscid equations of water wave would posses such solitary 
wave solutions. The problem was finally solved by Kortweg and de Vries (1895). They 
derived a nonlinear evolution equation governing long one-dimensional, small amplitude, 
surface gravity waves propagating in a shallow channel of water: 

where 77 is the surface elevation of the wave above the equilibrium level ^, a is a small 
arbitrary constant related to the uniform motion of the liquid, g is the gravitational 
constant, T is the surface tension and p is the density (the term "long" and " small" are 
meant in comparison to the depth of the channel) . By the nondimensional transformation 

/ Q ^ 11 

t=-\ - — r, x = u = -ri -\ — a, (5.1.2) 

2\ ha ' yfa' 2' 3 ' ^ ^ 

the equation (5.1.1) becomes 

GW-Ua; + = 0, (5.1.3) 

the standard modern KdV equation. 

A transformation is called a symmetry of a partial differential equation if it maps 
the solution space of the equation to itself. Since the equation (5.1.3) does not contain 
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variable coefficients, the translation 

Ta:,,a2{u{t,x)) = u{t + ai,X + 02) (5.1.4) 

leave (5.1.3) invariant, that is, it changes (5.1.3) to 

ut{t + ai,x + 02) + 6u{t + ai,x + a2)ux{t + ai,x + 02) + Uxxx{t + ai,x + 02) = 0, (5.1.5) 

where ai,a2 G M and the subindices denote the partial derivatives with respect to the 
original independent variables. Thus it maps a solution of (5.1.3) to another solution of 
(5.1.3). Equivalently Ta^^a2 is a symmetry of the KdV equation. Next we want to find 
dilation (scaling) symmetry. We do the following degree analysis. Suppose that 

degt — ii, degx — £2, degu — i^. (5.1.6) 

We want to make all the terms in (5.1.3) having the same degree in order to find invariant 
scaling transformation. Note 

deg ut^ is -ii, deg uux ^ - £2, deg u^xx ^ h - ^£2- (5.1.7) 

We impose 

4 -4 = 24 -4 = 4 -3^2. (5.1.8) 

Thus 

£1 = 3^2, 4 = -2^2. (5.1.9) 

Hence the scaling 

Sb{u{t, x)) = b\{bH, hx) (5.1.10) 
with 7^ 6 e ]R keeps (5.1.3) invariant, that is, it changes (5.1.3) to 

h^[ut{hH, hx) + Qu(hH, bx)ux{bH, bx) + Uxxx{bH, bx)] = 0, (5.1.11) 

where the subindices again denote the partial derivatives with respect to the original 
independent variables; equivalently, 

ut{bH, bx) + 6u{bH, bx)ux{bH, bx) + Uxxx{bH, bx) = 0. (5.1.12) 

Thus Sb maps a solution of (5.1.3) to another solution of (5.1.3) because (5.1.12) imphes 
(5.1.11). Observe that the transformation u{t, x) i->- u{t, x + ct) with c e IR changes (5.1.3) 
to 

Ut{t, X + Ct) + CUx{t, X + Ct) + 6u{t, X + Ct)Ux{t, X + Ct) + Uxxxit, X + ct) — 0, (5.1.13) 
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where the subindices once again denote the partial derivatives with respect to the original 
independent variables. On the other hand, the transformation u{t,x) ^ u{t,x) — c/6 
changes (5.1.3) to 

ut{t, x) - cUno{t, x) + Qu{t, x)ux{t, x) + Uxxx{t, x) = 0. (5.1.14) 

So (5.1.3) is invariant under the following Galilean boost 

Gc{u{t,x))^u{t,x + ct)-^ (5.1.15) 

with the independent variable x replaced hj x+ct and the same meaning of the subindices. 

A solution of (5.1.3) is called a traveling-wave solution if it is of the form u = f{at-\-bx) 
with a, 6 G M. To find such an interesting solution, we can assume that u = ^{x) is 
independent of t; otherwise, we replace u by some Gc{u) so that the "t" disappears. 
Under this assumption, (5.1.3) becomes 

r" + 6er = 0~r' + 3e' = ^. (5.1.16) 

If we take deg x — 1, we have to take deg ^ = — 2 in order to make the two nonzero terms 
in the first equation in (5.1.16) to have the same degree. This shows that we can try 
the real function with a pole of order 2 when it is viewed as a complex function. Note 
{x~^y' — Qx"^. Assume ^ = ax~^ is a solution of (5.1.16). Then 

6ax-^ + 2a'^x-'^ ^ -2. (5.1.17) 

So u = — 2x~^ is a solution of the KdV equation (5.1.3). Applying Tq^^ in (5.1.4) and Gc 
in (5.1.15) , we get a more general traveling-wave solution 

2 c , , 

u^--, 5.1.18 

(x + ct + a)^ 6 ^ ' 

Recall the Weierstrass's elliptic function p{z) defined in (3.4.9). Moreover, p'' {z) = 
6p'^{z) — §2/2 with the §2 given in (3.4.29). In (3.4.9), we take G C such that 
Re cji,lm Wi 7^ and UJ2 = uJi- Then p{z) is real if 2; G M and g2 is a real number. 
Thus ^ = —2p{x) is a solution of (5.1.16). Applying the transformation in (5.1.4) and 
(5.1.15), we get the following traveling-wave solution of the KdV equation (5.1.3): 

u^-2p{x + ct + a)-^, a,6,c e R, 6 7^ 0. (5.1.19) 

Note that for a eR, 



{fix) + a)" = (fix))" = 2[f{x)f'{x) + {f{x)n (5.1.20) 
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By (3.5.17), 

tan X ta,n''x + (tan' x)^ — tan x (2 tan^ x + 2 tan x) + (tan^ x + 1)^ 

= 3tan^x + 4tan^a; + l = 3(tan2x + 2/3)^-l/3. (5.1.21) 

Thus ^ = — 2(tan^x + 2/3) is a solution of (5.1.16). Applying the transformations in 
(5.1.4), (5.1.10) and (5.1.15), we find another traveling-wave solution of the KdV equation 
(5.1.3): 

52 eg I „^ 

u = -26^ tan2(6x + cbH + a) q ^ a, 6, c e R, by^O. (5.1.22) 

Taking c = —8, we get u = —b^ tan^(6a; — 8b^t + a). According to (3.5.19), 

cothx coth''x + (coth'x)^ = cothx (2coth^x — 2cothx) + (1 — coth^x)^ 

= 3(coth2x -2/3)2 - 1/3. (5.1.23) 

So we have the following travehng-wave solution of the KdV equation (5.1.3): 

6^(8 - c) 

u = -26^ coth2(6x + cbH + a) + — ^, a, 6, c e K, b 0. (5.1.24) 

Taking c = 8, we get u = —26^ coth.'^{bx + 8b^t + a). 
Next (3.5.10), (3.5.13) and (3.5.14) imply 

sn {x\m) sn''(a;|m) + {sn'{x\m))'^ 
— sn (x\m) [2m^sn'^{x\m) — [w? + l)sn (a;|m)] + cv?{x\m) dn2(a;|m) 
= 2m^sri^{x\m) — (m^ + \)?,v?{x\m) + (1 — sn2(a;|m))(l — m^sv?{x\m)) 
= 3m sn {x\m) — 2[m + Ijsn [x\m) + 1 

m + 1 \ m — m — 1 



Thus 

^ = -2m2 ( ST?{x\m) ) = 2mW(x|m) H ^ (5.1.26) 

is a solution of (5.1.16). Hence we have the following traveling- wave solution of the KdV 
equation (5.1.3): 

u = 2b'^m^cn^{bx + c9t + a\m) + ^ a, 6, c G M, 6 7^ 0. (5.1.27) 

Taking c = 4— Sm^, we have u — 2b'^m'^cn^{bx^-{A—%rn?)b^t-\-a\m). Recall lim^_>.i cn(x|m) 
= sech X. Therefore, we have the sohton solution 

u^2b\ech^{bx-AbH + a), (5.1.28) 
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which describes the phenomenon observed by Russel in 1834. 

There is another obvious solution u = x/6t of the KdV equation (5.1.3). Applying 
Tai,a2 in (5.1.4), we get the following traveling-wave solution of the KdV equation (5.1.3): 

u^^P^, ai,a2eR. (5.1.29) 

Next we look for the solution of the KdV equation (5.1.3) in the form 

pdll-av{t,x), (5.1.30) 

where p is a nonzero constant to be determined when we try to simplify the resulted 
equation. Then (5.1.3) becomes 

pdldtlnv + 3p'^d^{dllnv)'^ + pd^lav = 0, (5.1.31) 

equivalently, 

dMnv + 3p{dl\nvy + d^lnv ^ v{t) (5.1.32) 
for some function i/ 'm.t. Note 



a.a,ln^^ ^^*-;/*^- , a^ln^^^^^^^V^, (5.1.33) 



dZlnv^ 5 — ^ ^. (5.1.35) 



Since 



(c^^ In .)^ = '"5'^- + "- , (5.1.36) 



we take p — 2, and (5.1.32) becomes 

vvtx - VtVx + vvxxxx - ^VxVxxx + 3w^^ = vv^ . (5.1.37) 

We assume 

V = l+A;le"l*+^l^+A;2e'^2*+''^^+A;3e("l+"2)*+(''l+''2)^ oi, as, 61, 62, k^, G R. (5.1.38) 
Then 

vt = aiA;ie'*^*+''i^ + 02^)26"^*+''^^ + (ai + a2)A;3e('^^+'*^)*+(''i+^^)^ (5.1.39) 
vtx = ai6iA;ie«^*+^i^ + 0262^26"^*+'^" + (ai + a2){h + 62)A:3e("l+"^)*+('l+''^)^ (5.1.40) 

a^(^;) = 6^A;ie"i*+*^^ + 6^A;2e'^^*+''2^ + (61 + 62)™A;3e('^^+"^)*+(''i+*2)^. (5.1.41) 



5.1. KORTWEG AND DE VRIES EQUATION 



129 



Moreover, 

x(aifeiA;ie"i*+^i^ + a262A;2e"^*+^^^ + (ai + as) (61 + b2)he^'''+''^^*+^^'+^^'') 

xa262 + [(ai + a2)(h + b2)h + kM^i - a2)(&i - 62)]e(»l+»^)*+(''l+'^)^ (5.1.42) 



x(6^A;ie"i*+^i^ + 6^/^26"^*+''^^ + {h + b2yhe^'''+''^^^+^^'+^^'>'') - 4(6iA;ie'^i*+*i^ + 62^:2 
xga2t+fe2a= ^ ^ 62)A:3e('^i+'^=^)*+(^i+^2)^)(6'jA;ie''^*+''i^ + (61 + 62)^A;3e("^+"2)*+(^i+''2)^ 

+A;iA;36^e('"i+"^)*+('''i+^2)=^ + A;i6te"i*+^i^ + k2by . (5.1.43) 

Substituting the above expressions into (5.1.37) and taking u = 0, we find that (5.1.37) 
is equivalent to 

ai = -bl, 02 = -bl (5.1.44) 

and 

(ai + 02) (61 + 62)/c3 + kik2{ai - 02) (61 - 62) + (&i + ^2)% + kik2{bi - 62)^ = 0, (5.1.45) 
which is equivalent to 

36i62(&i + b2fk3 = 36162(61 - 62)'fciA;2 ^ ^3 = f ^— ^1 ^1^2- (5.1.46) 



61 + 62 



Hence we have a two-solition solution 



u 



= 2dl In 1^1 + A;ie^i^-^?* + A;2e^^^-^it + (^^^-^^ ' k^k2e^''^''^>-^''^'"-^'^ (5.1.47) 



for the KdV equation (5.1.3), where 7^ 61, 62, /ci, A;2 £ 1^ and 61 + 62 7^ 0. The above 
two-sohtion solution was discovered by Hirota (1971) [Hr]. Hirota introduced a bihnear 
form (now called Hirota bilinear form) as follows. For two functions /(xi, x„) and 
g{xi, ...,x„), we define the Hirota bilinear form 



Si=0 S2=0 
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for ri,r2 G l,n and ki, k2 G N. The reason for the KdV equation to have the two-sohton 
solution (5.1.47) is because the equation (5.1.37) with 1^ = can be written as 

DtD^ivv) + D^^{v ■ v) = 0, (5.1.49) 

which is called the Hirota bilinear form presentation of the KdV equation. 

Exercise 5.1 

Find exact solutions of the following one- dimensional Boussinesq equation 

Utt + UUxx + (Ux)^ + Uxxxx = 

(Hint: prove that if u — f{x) is a solution, then so is f{x-\- ct) — (?). 

5.2 Kadomtsev and Petviashvili Equation 

The Kadomtsev and Petviashvili (KP) equation 

{Ut + &UUx + Uxxx)x + ^(^Uyy = ^ (5.2.1) 

with e = ±1 is used to describe the evolution of long water waves of small amplitude 
if they are weakly two-dimensional (cf. [KP]). The choice of e depends on the relevant 
magnitude of gravity and surface tension. The equation has also been proposed as a 
model for surface waves and internal waves in straits or channels of varying depth and 
width. 

Let a{t) be a differentiable function. Then the transformation u{t, x, y) h- )■ u{t, x+a, y) 
changes the KP equation to 

{ut + a'ux + Quux + Uxxx)x + '^^Uyy = 0, (5.2.2) 

where the independent variable x is replaced by a; + a and the subindices denote the 
partial derivatives with respect to the original independent variables. Moreover, the 
transformation u — a' / 6 changes the KP equation to 

{ut - a'ux + Quux + Uxxx)x + ^euyy = 0. (5.2.3) 

So the transformation 

a' 

T2,a{u{t, X, y)) = u{t, x + a,y)- — (5.2.4) 

keeps the KP equation invariant with the independent variable x is replaced hy x + a; 
equivalently, T2^a maps a solution of the KP equation to another solution of the KP 



5.2. KADOMTSEV AND PETVIASHVILI EQUATION 



131 



equation. Moreover, the transformation u{t, x, y) ^ u{t, x, y+a) changes the KP equation 
to 

{ut + a'uy + 6uux + Uxxx)x + ^(^Uyy = (5.2.5) 

with the independent variable y replaced by y + a, and the transformation u{t, x, y) i-> 
u{t,x + /3y,y) changes the KP equation to 

{ut + /3'yux + 6uux + Uxxx)x + ^(^Uyy + ^(^/^^Uxx + Ge/3uxy = (5.2.6) 

with the independent variable x replaced by x + f3y; equivalently, 

{ut + {P'y + ^e(5'^)ux + Qel^Uy + Quux + Uxxx)x + Sew^y = 0. (5.2.7) 

Thus the transformation 

m / t w ( \ 2q;''|/ — a'^ ,_ „ 

T3^a{u{t, x,y))^uU,x- —,y + aj + — (5.2.8) 

leaves the KP equation invariant with the independent variable y replaced hj y -\~ a and 
the variable x replaced by x — ea'y/6. Hence T^^a maps a solution of the KP equation to 
another solution of the KP equation. 

From the degree analysis in (5.1.6)-(5.1.9), we can make the KP equation homogeneous 
if we take degy = 2dega; = 2i2. Hence the transformation 

Ta,b{u{t, X, y)) = b''u{bH + a, hx, b^y) (5.2.9) 

keeps the KP equation invariant for a, 6 e M and 6 7^ 0. Therefore, the transformation 

THt, X, y)) = h'u{bH + a, b{x - ea'y/Q + /3), 6^(2/ + a)) + ^— ^ (5.2.10) 

maps a solution of the KP equation to another solution for any functions a, ^ in t and 
a, 6 e M with b^Q. 

Note that any solution of the KdV equation is also a solution of the KP equation. Using 
the above symmetry transformations in (5.2.4) and (5.2.8), we can get more sophisticated 
solutions of the KP equation from the solutions of the KdV equation in last section: (1) 

2 , 2a'y-a-' (3' 

ix-eay/6 + Pr^ 72e 6 ' 

from the solution m = — 2/a;^ of the KdV equation; (2) 

u = -2pix - eay/6 + + - j (5.2.12) 

from the solution u — —2p{x) of the KdV equation; (3) 

u = -2b^ tan^ b{x - eay/6 + (3) + - ^^^±^ (5.2.13) 
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from the solution u = — 26^(tan^ bx + 2/3) of the KdV equation; (4) 

u = ~2b' coth'(6(a; - eay/6 + /?)) + ; + ^ (5.2.14) 
from the solution u — — 26^(coth^ bx — 2/3) of the KdV equation; (5) 

u = 2m%^cn^{b{x - eay/6 + /3) \m) H 1- h ^ ^ — (5.2.15) 

from the solution -u = 26^m^cn^(6a;|m) + (2 — 4m^)6^/3 of the KdV equation, which 
becomes a line-soliton solution 

u = 26^sech^(6(x - ecy - (3ec^ + 46^)^ + a)) (5.2.16) 

when we take a — 6c, /3 — — (3ec^ + 46^)i + a and let m — > 1; (6) 

_ X - eay/6 + /3 ^ 2a^|/ - /3' ^i;oi7^ 

" 6{t + a) + ~^e 6" ^^"^-^^^ 

from the solution u = x/6{t + a) of the KdV equation; (7) 
u = 2^2 ln[l + A;ie^i(^-^"2'/6+^)-^?* + A;2e^2(^-^"^/^+'^)-^'* 

+ f^LZ^y ;ti;t2e(^^+^^)(^-"^/^+«-(^?+''^)*] + ^^^^H^ _ ^ (5.2.I8) 
\b\-\-b2J 72e 6 

from the solution (5.1.47) of the KdV equation, which becomes a two-soliton solution 
u = 2dl ln[l + A;ie^i(=^-^^2'-^^'^'*)-''?* + A;2e''2(^-^'^^-3^^'*)-^2* 

\6i + 62/ 

when we take a = 6c and /3 = — 3ec^t. 
Next we assume that 

u = /i(i, y) + g{t, y)x + /(i, y)x'' (5.2.20) 

is a solution of the KP equation, where /i, g and / are functions in t and x to be determined. 
Then 

gt + ?,ehyy + + 12 fh + [2/^ + Set^^;, + 36fg]x + 3(e^, + I2f)x^ = 0, (5.2.21) 
equivalently, 

e/,, + 12f = 0, (5.2.22) 

2ft + 3e(/,j, + 36/(7 = 0, (5.2.23) 

gt + 3e/i2/j/ + 65/^ + 12 fh = 0. (5.2.24) 
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Recall the Weierstrass's elliptic function p{z) defined in (3.4.9). Moreover, p''{z) = 
6p'^{z) — (72/2 with the g2 given in (3.4.29). In (3.4.9), we take Ui E C such that 
Rea;i,Imco'i 7^ and UJ2 = ^ for which g2 = 0. Then p{z) is real if z G M. An 
obvious solution of the system (5.2.22)-(5.2.24) is / = —ep{y)/2 and g = h = 0. So 
u = —ex'^p{y)/2 is a solution of the KP equation. Applying the transformations in (5.2.4) 
and (5.2.8), we get a more sophisticated solution 



u^-kx- ea'y/6 + pfp{y + a) + ^ - ^ (5.2.25) 



for any differentiable functions a, ^ in t. 

Note that / — —e/2{y — a)^ is a solution of (5.2.22) for any function a in t. Replacing 

u by T^,a{u) (cf. (5.2.8)), we can assume a = 0, that is, / = — e/2y^. Substituting it into 
(5.2.23), we get Qyy = Qg/y'^ ~ y'^gyy = 6g. Assume 

g^Yl ('rn{t)y'^, (5.2.26) 

meZ 

where amit) are functions in t to be determined. Then 

J]m(m-l)a^y'" = 6^a^t/'"~ [m(m-l)-6]a„ = 0, m e Z. (5.2.27) 

Moreover, 

[m{m - 1) - 6]am = ~ (m - 3)(m + 2)a„ = 0. (5.2.28) 

So = if m 7^ —2, 3. Hence 

+ (5.2.29) 

where (3 and 7 are arbitrary functions in t. 
Recall u — fx^ + gx + h and observe 

/x +gx^ — h 7y a; = — h 7y x. (5.2.30) 

Replacing by T2^^p{u) (cf. (5.2.4)), we can assume /3 = 0, that is, gi = ^y^. Next (5.2.24) 
becomes 

equivalently, 

- 2/i = -^yS - 267'yl (5.2.32) 

Suppose 

h=Y,hra{t)y'^, (5.2.33) 
mez 
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where bm{t) are functions in t to be determined. Substituting it into (5.2.32), we have 

J2[m{m - 1) - 2]bmy"' = -'-^y' - 267V. (5-2.34) 

Thus 

&5 = -^, ^8 = -^, [m(m-l)-2]6^ = (m-2)(m + 1)6^ = 0, my^5,8. (5.2.35) 
Hence 

where t9 and z/ are two arbitrary functions in t. Therefore, we obtain following solution 
of the KP equation (5.2.1): 

r-y' ^'-^-y'- - (5.2.37) 

Applying the transformations in (5.2.4) and (5.2.8), we have: 

Theorem 5.2.1. For any functions q;,/3,7, ■»? and v in t, the following is a solution 
of the KP equation (5.2.1): 

u = — ^ — ^' ^' +-f{x-a'y/6e + p)(y + af + 



2{y + q;)2 y + Oi 

+Hy + - l^to + af -'^(v + af+ - f . (5.2.38) 



Let / = in (5.2.22). Then (5.2.23) becomes Qyy = 0. '^o g — ay -\- ^ for some 
functions a and /3 in t. Now (5.2.24) yields 

2,ehyy + Ga^y^ + (a' + 12a/3)y + 6/3^ + = 0. (5.2.39) 

Thus we get the following solution of the KP equation 

= (ay + ^)x - — - ^ ^^^^V " g + 7Z/ + ^, (5-2.40) 

where a, ^, 7 and ^ are arbitrary functions in t. Note that the solution (5.2.17) is a special 
case of the above solution. 

Changing variable u — 29^1ni>, we find the following presentation of the KP equation 
in Hirota bilinear form 



DtD^{v ■ v) + Dl{v ■ v) + 2>eDl{v • v) - 



(5.2.41) 
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(cf. (5.1.37) and (5.1.49)). Suppose that 

v^{x + aotf + by^ + c (5.2.42) 

is a solution (5.2.41), where aU the coefficients are constants to be determined and 6 7^ 0. 
By (5.2.41), 

2(ao + 3eb)v - 4ao(x + Oo^)^ + 12 - 12e6^y2 = 0, (5.2.43) 

equivalently, 

ao = 3e6, c^--^. (5.2.44) 

So 

u = 2dllnv = 2dlln{{x + 2>ehtf + hy^ - ejh^) (5.2.45) 

is a solution of the KP equation. Applying the transformations in (5.2.4) and (5.2.8), we 
obtain the following solution of the KP equation: 

u = 2dl ln((x - ea'y/e + ^ + ZeU + af + h{y + af - ej}?) + ^ ~ - ^. (5.2.46) 

Taking a = Get and (3 = —Sec^t, we get the following lump solution of the KP equation: 

u = 2dl \n{{x -cy + 3e(b - c^)t + of + h{y + Gectf - e/6^), (5.2.47) 

where a, 6, c e M and 6 7^ 0. 

Jimbo and Miwa [JM] found the r-function solutions of the KP equation via the 
orbit of the vacuum vector for the fermionic representation of the general linear group 
GL{oo) and the Boson-Fermion correspondence in quantum field theory. Kupershmidt 
[Kb] found geometric-Hamiltonian form for the KP equation. Cao [Cb2] found some 
algebraic approaches to the exact solutions of the Jimbo-Miwa equation, which is the 
second equation in the KP hierarchy. 

5.3 Equation of Transonic Gas Flows 

Lin, Reisner and Tsien [LRT] (1948) found the equation 

2utx + UxUxx -Uyy^O (5.3.1) 

for two-dimensional non-steady motion of a slender body in a compressible fluid, which 
was later called the "equation of transonic gas flows" (cf. [Mel]). 

Mamontov [Mel] (1969) obtained the Lie point symmetries of the above equation and 
solved the problem of existence of analytic solutions in [Me2] (1972). Sevost'janov [Sg] 
(1977) found explicit solutions of the equation (5.3.1), describing nonstationary transonic 
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flows in plane nozzles. Sukhinin [Sv] (1978) studied the group property and conservation 
laws of the equation. In this section, we give the stable-range approach to the LRT 
equation (5.3.1). The results are taken from our work [X8]. 

First we give an intuitive derivation of the symmetry transformations of the LRT 
equation due to Mamontov [Mel]. Suppose 

deg u — £i, deg x — £2. (5.3.2) 

To make each nonzero term having the same degree, we have to take 

deg t = 24 -4, degy = ^e2-^h. (5.3.3) 

Since the LRT equation (5. .3.1) does not contain variable coefficients, it is translation 
invariant. Thus the transformation 

T^^liuit, X, y)) = hlu{h\hlt + a, hlx, hbly) (5.3.4) 

keep the LRT equation invariant for a, 61, 62 G such that 61, 62 7^ 0, with the independent 
variables t replaced by 6^62^ + a, x replaced by fogX and y replaced by bit^y, where the 
subindices denote the partial derivatives with respect to the original independent variables. 
So T^^"),^ ^sips a solutions of the LRT equation to another solution. 

Let a be differentiable functions in t. Then the transformation -u 1— )■ m + a keeps 
(5.3.1) invariant. Moreover, the transformation u{t,x,y) u{t,x + a,y) changes the 
LRT equation to 

2utx + 2auxx + UxUxx -Uyy = (5.3.5) 

with the independent variables x replaced by a; + a and the subindices denoting the 
partial derivatives with respect to the original independent variables. Furthermore, the 
transformation u{t, x, y) ^ u{t, x, y) — 2a' x changes the LRT equation to 

-4q;" + 2utx - 2a'uxx + UxUxx - Uyy = 0. (5.3.6) 

In addition, the transformation u{t, x, y) i-> u{t^ x, y) — 2a'' y'^ changes the LRT equation 
to 

2utx + UxUxx - Uyy + W = 0. (5.3.7) 

Thus the transformation 

T2,a{u{t, X, y)) — u(t, X + a,y) — 2a' x — 2a'' y^ (5.3.8) 

keeps the LRT equation invariant with the independent variable x replaced hy x + a and 
the subindices denoting the partial derivatives with respect to the original independent 
variables; equivalently, T2^a maps a solutions of the LRT equation to another solution. 
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Since m = is a solution, u = T2^a(0) = —2a'x — 2a'' is a nontrivial solution of the LRT 
equation. 

Given a differentiable function /3 in t, the transformation u{t,x,y) i-^ u{t,x,y + (3) 
changes the LRT equation to 

2utx + 213'uxy + u^u^^ -Uyy^O (5.3.9) 

with the independent variable y replaced hy y + (3 and the subindices denoting the partial 
derivatives with respect to the original independent variables. Moreover, the transforma- 
tion u{t, X, y) !->■ u{t, X + ^'y, y) changes the LRT equation to 

2utx + 2j3"yuxx + UxUxx - Uyy - 213'uxy - /S'^m^x = (5.3.10) 

with the independent variable x replaced by a; + I3'y. Furthermore, the transformation 
u{t, X, y) u{t, X, y) — 213'' xy + changes the LRT equation to 

4^'^" - Ap"'y + 2utx - 2/3"yUxx + ^'''xu^x + UxUxx - Uyy = 0. (5.3.11) 

In addition, the transformation u{t,x,y) ^ u{t,x,y) + 2f3'f3''y'^ — 2(3''' y^/?) changes the 
LRT equation to 

2utx + UxUxx - Uyy - i(3'(3" + 4(3"' y = 0. (5.3.12) 
Therefore, the transformation 

n,p{u{t, X, y)) = u{t, X + (3'y, y + /3) + (3'\ + 2(3' (3"y^ - 2(3" xy - ^-y^ (5.3.13) 

leave the equation (5.3.1) invariant with the independent variables x replaced by x + (3'y 
and y replaced by y + where the subindices denote the partial derivatives with respect 
to the original independent variables. In other words, T^^js maps a solutions of the LRT 
equation to another solution. In particular, u — 73_^(0) = /3''^x + 2/3' /3''y'^ — 2/3''xy — ^^y^ 
is a solution of the LRT equation. 
In summary, the transformation 

Tlj;^\u{t,x,y)) = blu{blbtt + a,bl{x + ^'y + a)MbUy + (^))+7 

off'' 

+(^'' - 2a')x + 2{P'P" - a")y'' - 2p"xy - -—y^ (5.3.14) 

3 

maps a solutions of the LRT equation to another solution. 

Note that the maximal finite-dimensional subspace of M.[x] invariant under the trans- 
formation u !->■ UxUxx is X]r=o^'^'^ (stable range). We look for a solution of the form: 



u = fit, y) + g{t, y)x + h{t, y)x^ + C{t, y)x\ (5.3.15) 
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where f\t,y), g{t,y), h{t,y) and C{t,y) are suitably-differentiable functions to be deter- 
mined. Note 

Ux = g + 2hx + 3^x^, Uxx = 2,h + 6^x, (5.3.16) 

Utx ^ gt + '^htX + S^tX"^ , Uyy ^ fyy + gyyX + hyyX"^ + ^yyX^ , (5.3.17) 

Now (5.3.1) becomes 

2{gt + 2htx + 3^tx'') + {g + 2hx + 3^x''){2h + 6^x)-fyy-gyyx-hyyx''-^yyx'^ = 0, (5.3.18) 
which is equivalent to the following system of partial differential equations: 

Cyy = ISe, (5.3.19) 

hyy = + 18^h, (5.3.20) 

gyy = Aht + Ah^ + 6^^, (5.3.21) 

fyy = 2gt + 2gh. (5.3.22) 

Recall the Weierstrass's elliptic function p{z) defined in (3.4.9). Moreover, p'' {z) — 
&p^{z) — (?2/2 with the g2 given in (3.4.29). In (3.4.9), we take Wi G C such that 
Re Im 7^ and UJ2 = uJl for which 512 = 0. Then p{z) is real if 2; e R. An ob- 
vious solution of the equation (5.3.19)-(5.3.22) is ^ = p{y)/S and f = g — h — 0. So 
u — x^p{y)/3 is a solution of the LRT equation (5.3.1). Applying the transformation 
^i°i;7''^^ in (5.3.14), we get a more sophisticated solution 

u^^{x + P'y + afp{y + P) + {/3"-2a')x + 2{/3'/3"-a")y'-2p"xy-^y' + ^ (5.3.23) 

of the LRT equation (5.3.1). 
Observe that 



e = —2 (5-3.24) 



1 

3y 

is a solution of the equation (5.3.19). Substituting (5.3.24) into (5.3.20), we get 



6 

hyy = ^h. (5.3.25) 



y 

Write 

Then (5.3.25) is equivalent to 

[m(m + 1) - 6]am = ~ (m - 2)(m + 3)a^ = for m e Z. (5.3.27) 

Thus 

h = ^+'yy', (5.3.28) 

y2 
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where a and 7 are arbitrary differentiable functions in t. 
Note 

+ Sax"^ , 39 {x + a)^ — Sa'^x — 



^x'' + hx^ 



3|/^ 37/2 
Replacing h by T2-a{u) (cf. (5.3.8)), we can assume a = 0, that is, /i — jy^. Now 



(5.3.29) 



Substituting the above equation into (5.3.21), we have: 

9yy -^9 = + 

y 



Write 



Then (5.3.31) is equivalent to 



27' 272 
^5 = -^, ^8 = ^, (m + l)(m-2)a„ = 0, m 7^ 5, 8. 



So 



2^27' 5 272 s 



1? 

y 



where i} and ^5 are arbitrary differentiable functions in t. 
Observe that 



2 , 27^,5 , 477'. 



Qt= h ^^ V H —V + , , 

gh = -fi)y^ + 7%5 + + 



Hence (5.3.22) becomes 



/2/y ~ 2 



/.^/ ON 2 97$> + 27" . IO77' o 273 



Therefore, 



/ = 2^'y(lny-l) + — + 
where p is any function in t. 



Q' + j^ 4 97S5 + 27" 7 277' 



+ ^y'' + tL^v^' + py^ (5-3.38) 



189 



243 



1053 



(5.3.30) 

(5.3.31) 
(5.3.32) 

(5.3.33) 
(5.3.34) 

(5.3.35) 
(5.3.36) 

(5.3.37) 



Theorem 5.3.1. Let a, f^j^j-d,^, p, /i be arbitrary functions int, which are differen- 
tiable up to need. We have the following solution of the LRT equation (5.3.1): 



x^ fd 27' 27^ \ 

u = ^ 3^ + ^\y^ ^ 9 ^ y ^ 27?'?/(lny - 1) 

3' + 7^..4 , 9oCv + 2y' 7 , 277' 10 , 7' 13 



189 



2/ H — ■ — y + P2/- 
243 ^ 1053^ 



(5.3.39) 
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Moreover, u = T^°i°'fl~^\^) is solution of the LET equation (5.3.1) blowing up on the 
moving line y = I3{t). 

We remark that the solution u — may reflect the phenomenon of abrupt 
high-speed wind. If we take </? = x^/3y^, then 

u = ^''^^y^_ly' + if - 2«')^ + 2(^'^" - a")y' - 2^"xy - ^-^y' + (5.3.40) 

Take the trivial solution ,^ = of (5.3.19), which is the only solution polynomial in y. 
Then (5.3.20) and (5.3.21) become 

hyy = 0, gyy = Akt + 4/l^ (5.3.41) 

Replacing u by T^^aiu) for some proper function a in t if necessary (cf. (5.3.13)), we can 
take h — Py, where ^ is an arbitrary function in t. Hence 

gyy = Af3'y + Af3Y- (5-3.42) 

So 

g^^ + ay+J^y^ + ^y\ (5.3.43) 
where 7 and a are arbitrary functions in t. Now (5.3.22) yields 

= 27' + 2(^7 + <T')y + 2f3ay' + ^y' + ^y' + 1/3^. (5.3.44) 
Replacing u by some Ti'^{^^\u) if necessary (cf. (5.3.14)), we have 

f^py + ^y + y + -^V + j^V + + " (5.3.45) 



Theorem 5.3.2. The following is a solution of the equation (5.3.1): 

( 2(3' (3"^ \ 

y + + 15^ + + 63^ ' ^'-^-'^^ 

where f3,'y,a and p are arbitrary functions in t. Moreover, any solution polynomial in 
X and y of (5.3.1) must be of the form u — T^^^\il)), where a and -& are another two 
arbitrary functions in t. 

Proof. We only need to prove the last statement. Suppose that m is a solution of 
(5.3.1) polynomial in x and y. By comparing the term with highest degree of x, u must 
be of the form (5.3.15) and (5.3.19)-(5.3.22) hold. Since ^ is polynomial in y, (5.3.19) 
forces ^ = 0. Then the conclusion follows from the arguments (5.3.41)-(5.3.45). □ 
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5.4 Short Wave Equation 

Khristianovich and Rizhov [KR] (1958) discovered the equations of short waves 

Uy — 2vt — 2{v — x)v3; — 2kv — 0, Vy + — (5.4.1) 

in connection with the nonhnear reflection of weak shock waves, where kisa real constant. 
Bagdoev and Petrosyan [BP] (1985) showed that the modulation equation of a gas-fluid 
mixture coincides in main orders with the corresponding short-wave equations. Kraenkel, 
Manna and Merle [KMM] (2000) studied nonhnear short-wave propagation in ferrites and 
Ermakov [Es] (2006) investigated short-wave interaction in fllm shcks. By the second 
equation in (5.4.1), there exist a potential function w{t,x,y) such that u — Wy and 
V — —Wx. Then the flrst equation becomes: 

2wtx - 2(x Wx)wxx + Wyy + 2kwx = 0. (5.4.2) 

To solve the short wave equations (5.4.1) is equivalent to solve the equation (5.4.2). The 
reader may flnd the other interesting results in hteratures such as [RRD, Kp]. In this 
section, we want to solve the short wave equation by the stable-range approach. The 
results come from our work [XI 3] 

The symmetry group and conservation laws of (5.4.2) were flrst studied by Kucharczyk 
[Kp] (1965) and later by Khamitova [Kr] (1982). Let o; be a differentiable function in t. 
Note that the transformation w{t, x, y) i— )■ w(t, x -\- a^^y) changes the equation (5.4.2) to 

2a'wxx + Swte - 2{x^a^ Wx)wxx + Wyy + 2kwx = (5.4.3) 

with the independent variables x replaced hj x + a and the subindices denoting the 
partial derivatives with respect to the original independent variables. Moreover, the 
transformation w{t,x,y) h- )■ w{t,x,y) + (a' — a)x changes the equation (5.4.2) to 

2(a'' — a') + 2wtx — 2a'wxx — 2(x — a-\- Wx)Wxx + Wyy -\- 2kwx + 2k{a' — a) —Q. (5.4.4) 

Furthermore, the transformation w{t., x, y) ^ w{t, x, y) + (ka + (1 — k)a' — a'')y^ changes 
the equation (5.4.2) to 

"^Wtx — 2(x + Wx)wxx + Wyy + 2(ka + (1 — k)a' — a'') + 2kwx — 0. (5.4.5) 

Thus the transformation 

T2,a{w{t, X, y)) — w{t, X -\- a,y) -\- {a' — a)x -\- {ka + (1 — k)a' — a'')y^ (5.4.6) 

keeps the equation (5.4.2) invariant with the independent variable x replaced by x+a, that 
is, the transformation T2^a maps a solution of (5.4.2) to another solution. In particular, 
72,a(0) = {a' — a)x + {ka + (1 — k)a' — al'^y^ is a solution of the equation (5.4.2). 
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Given a diffcrcntiable function /5 in t, the transformation w{t,x,y) i-^ w{t,x,y + (3) 
changes the equation (5.4.2) to 

213'w^y + 2wtx - 2(x + Wx)w^^ + Wyy + 2kwx = (5.4.7) 

with the independent variable y replaced hy y + (3 and the subindices denoting the partial 
derivatives with respect to the original independent variables. Moreover, the transforma- 
tion w{t, X, y) ^ w{t, X — (3'y, y) changes the equation (5.4.2) to 

-2/3''yWxx + 2wtx - 2{x - P'y + Wx)wxx + Wyy - 213' w^y + f3''^Wxx + 2kwx = (5.4.8) 

with the independent variable x replaced hy x — P'y. Furthermore, the transformation 
w{t, X, y) w{t, X, y) + f3''^x/2 + {(3' — f3'')xy changes the equation (5.4.2) to 

2(3' 13" + 2(/3" - [3"')y + 2wtx - 2{x + 13'^ 12 + (/?' - I3")y + w,)w,, 

+Wyy + 2kw^ + A;/3'^ + 2k{l3' - p")y = 0. (5.4.9) 

In addition, the transformation 

w{t, X, y) ^ w{t, X, y) - (/3'/3" + k^'^ /2)y^ + (/3'" + (^ - l)/3" - A;/3')2/V3 (5.4.10) 

changes the equation (5.4.2) to 

2wtx-2{x+w^)w^^+Wyy-{2^' + k^''') + 2{^''' ^{k-l)^'' -k^')y + 2kw^ = 0. (5.4.11) 

Therefore, the transformation 

T,,p{w{t,x,y)) = ^i,x-^'y,y + ^)+^'V2 + (^'-^'>y 

-(^r + k^'^/2)y' + (^'" + (fc - l)/3" - kp')y'/2, (5.4.12) 

leaves the equation (5.4.2) invariant with the independent variables x replaced by a; — ^'y 
and y replaced by where the subindices denote the partial derivatives with respect to 
the original independent variables. In other words, T^^p maps a solutions of the equation 
(5.4.2) to another solution. In particular, 

u = T3,^(0) = /3'V2+(/3'-/3'>Z/-(W+^/3'V2)l/'+(/3'"+(fc-l)/3"-^/3')2/V3 (5.4.13) 

is a solution of the equation (5.4.2). 

To make each term in (5.4.2) having the same degree, we take 

deg w = 2 deg a; = 4 deg I/, degt = 0. (5.4.14) 

Thus the transformation 



Ta,b{'w{t, X, y)) = h ^w{t + a, h^x, hy) 



(5.4.15) 
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keeps the equation (5.4.2) invariant with the independent variables t replaced by t + a, 
where a, 6 G M and 6 7^ 0. In summary, the transformation 

Ti';f^\w{t,x,y)) 

= b-%{t + a, b'^ix - /3'y + a), b{y + /3)) + 7 + {/3' - ^")xy + [ka + (1 - - a" 
-13' 15" - kl3'^/2]y^ + (/?'" + (A; - - A;/30l/V3 + (/3'V2 + a' - a;)a; (5.4.16) 

maps a solutions of the equation (5.4.2) to another solution, where a,f3,j are functions 
in t and a, 6 e IR with 6 7^ 0. 

In this section, we study solutions polynomial in x for the short wave equation (5.4.2). 
By comparing the terms of highest degree in x, we find that such a solution must be of 
the form: 

w = fit, y) + g{t, y)x + h{t, y)x'' + i{t, y)x^ (5.4.17) 

where f(t,y), g{t,y), h{t,y) and ^{t,y) are suitably-differentiable functions to be deter- 
mined. Note 

= g + 2hx + 3^x^, w^^ = 2h + 6^x, (5.4.18) 

Wtx ^ gt + 2htX + 3^tX^, Wyy = fyy + gyyX + kyyX^ + ^yyX^, (5.4.19) 

Now (5.4.2) becomes 

2{gt + 2htx + ?>^tx^) - 2{g + {2h + l)x + 3^x^)(2/i + 6^x) 

+fyy + 9yyX + hyyX^ + ^^/ya^^ + 2k{g + 2/ia: + 3^x^) = 0, (5.4.20) 

which is equivalent to the following systems of partial differential equations: 

iyy = 36^', (5.4.21) 

hyy = 6^(6/i + 2 - A;) - 6^^, (5.4.22) 

gyy = 8h^ + 4(1 - k)h + 12^g - Aht, (5.4.23) 

fyy = 4gh - 2gt - 2kg. (5.4.24) 

First we observe that 



^ = —2 (5-4.25) 



1 

6y 

is a solution of the equation (5.4.21). Substituting (5.4.25) into (5.4.22), we get 



hyy = (5.4.26) 

Write 
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where am{t) are functions in t to be determined. Then (5.4.26) is equivalent to 
k — 2 

ao = —^, [m{m + 1) - 6]am = {m + 3){m - 2)am = 0, m ^ 0. (5.4.28) 

Thus 

a k — 2 ^ , , 

h=- + ——+^y^ 5.4.29 
6 

where a and 7 are arbitrary difFerentiable functions in t. Observe 



^x^ + hx"^ = ^ ^^^^^ + - — -x"^ + -fx'^y^. (5.4.30) 
oy^ 6 



Replacing w by T2-2ai'w), we can take a — 0, that is, 

/^ = ^ + 7y^ (5.4.31) 

Calculate 



Note (5.4.23) becomes 

2^ 2(fe-2)(l-2fc) 4p + l)7 + 3y] 3 , 0.6 4 oo^ 

9yy~:^^ ^ o y + 87 y ■ (5.4.33) 

Write 



^(i,y)-5^6™(%'", (5.4.34) 
where bmit) are functions in t to be determined. Now (5.4.33) is equivalent to 

(fc-2)(l-2fc) = 0, 65 = -^i^±ll2, 63 = i^, (5.4.35) 

m(m + 3)6^+2 = 0, m 7^ 0, 3, 6. (5.4.36) 

Thus /c = 1/2, 2 and 

7? 2 2(fe + l)7 + 6y 5 , .,,o7N 

9 = - + <^y 1^ y + , (5.4.37) 

where ■j? and a are arbitrary differentiable functions in t. 
Note 

,2 2(A; + 1)7' + 67'' 877' . 

= - + a'y^ - ^ ^ + -j^y\ (5.4.38) 

(/c-2)^? (/c-2)(7 + 67^9 2 8l7(7- [(A; + l)7 + 3y](/c-2) 5 
^ ~ % ^ 6 ^ ^ 81 ^ 

2o|(2;,. + 5)-,+97'l^,^4^^„ (5.4.39) 



81 ^ 27 
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Thus (5.4.24) becomes 

4:{k + l)'d + 6i?' _ 4:{k + l)a + 6a' - ^ _ 407[(A; + 1)7 + 87'] g 

•^^^ ~ % 3 ^ 81 y 

^ 8{k + 1)^7 + 12(3fc + 2)y - 36i' + 2447a ^ 167^^ii_ (5 4 40) 

81 27 



So 

4(A; + 1)^? + 6^?' ,^ , , 2{k + l)a + 3a' - 4 47[(A; + 1)7 + 87'] 
/ = ^ ?/(l-ln?/) y y 

4(. + 1)^7 + 6(8^ + 2)7- -187- + 1227a , ^ ^ ^ 

1701 ^ 1058^ ^' ^ ^ 

where <; is an arbitrary functions in t. 

Theorem 5.4.1. Suppose k — 1/2, 2. W^e have the following solution of the equation 
(5.4.2): 

, fk-2 3\ 2 2 2(A; + l)7 + 6y . 47^ g\ 



6y2 V 6 y Vy 27 ^27 

4(A; + 1)1? + 6t?' , , 2{k + l)a + 3a' -6^^ 4 47[(A; + 1)7 + 87'] 
+ ^ Z/(l-lnz/) y — 

4(fe + l)^ + 6(8fe + 2)y-18y- + 1227a , iy ,3 .54 



where 7, a anc? are arbitrary functions in t, whose derivatives appeared in the above 
exist in a certain open set of M. Moreover, w = Tq"'.^'^'* ("0) is solution of the equation 
(5.4.2) blowing up on the moving line y — f3{t). 

The simplest case is 

So the simplest solution of the equation (5.4.2) blowing up on the moving hne y — P{t) is 

.[,r^^^^,^.t±(!i^M^,^ (5.4.44) 

Take the trivial solution ,^ = of (5.4.21), which is the only solution polynomial in y. 
Then (5.4.22) and (5.4.28) become 

hyy = 0, gyy = 8h^ + 4(1 - k)h - Aht, (5.4.45) 

Replacing u by some T3^^(k) if necessary (cf.(5.4.18)), we have h — jy for some function 
7 in Hence 

gyy = S-fY + 4(1 - k)-fy - Aiy. (5.4.46) 
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So 



9 = ^y'+ ^^^^ 3'' + ^y + p (5.4.47) 



for some functions and p in t. 
Observe 



and 

4 

fl* = - ^ 

Now (5.4.24) yields 



_ 8t^,5 , 47[(2 - 3^)7 - 47'] ., 4[t(l - t)^ - {2k - l)y - t"] ..3 

jyy — ^ y ~^ 3 y 3 y 

+47V + (47P - 2A;i? - 2i?')y - 2A;p - 2p'. (5.4.50) 

Replacing m by some Tq^{'^^\u) if necessary (cf. (5.4.16)), we have 

f ^ , 27[(2 - 3A-), - IV] - k), (2A- - 1)V - 

63 ^ 45 15 

^ 3 ^ + 3 y - {kp + p')y + (5.4.51) 

for some function q oit. 

Theorem 5.4.2. The following is a solution of the equation (5.4-2): 
, , , -27^,4 , 2[(l-/c)7-7l,3 



«^ = (p = 'yx y+ \^—y H ^ y + + pj a; 

473 27[(2 - 3/c)7 - 4y] _ Ml-fe)7^(2A--l)y-y^ 5 
63 45 15 ^ 

7i? 4 2jp-M-'d' 3 2 
+ + ^^^^^ y - + + (5-4-52) 

where 7, -i?, p anrf are arbitrary functions in t, whose derivatives exist as they appear. 
Moreover, any solution polynomial in x and y of (5.4-2) must be of the above form w — 
Tq'^{^^{(P), where a and (5 are another arbitrary functions in t- 

5.5 Khokhlov and Zabolotskaya Equation 

Khokhlov and Zabolotskaya [KZ] (1969) found the equation 

2Utx + {uUx)x - Uyy = 0. (5.5.1) 



for quasi-plane waves in nonlinear acoustics of bounded bundles. More specifically, the 
equation describes the propagation of a diffraction sound beam in a nonlinear medium. 
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Kupershmidt [Kb] (1994) constructed a geometric Hamiltonian form for the Khokhlov- 
Zabolotskaya equation (5.5.1). Certain group-invariant solutions of (5.1.1) were found by 
Korsunskii [Ks] (1991), and by Lin and Zhang [LZ] (1995). Sanchez [Sd] (2005) studied 
long waves in ferromagnetic media via Khokhlov-Zabolotskaya equation. There are the 
other interesting results on the equation (e.g., cf. [Gj, KS, KiPg, Mo, RN, Ral, Ra2, Sf, 
Va]). In this section, we present the stable-range approach to the equation (5.5.1) due to 
our work [XI 3]. 
Suppose 

degM = £i, deg X = £2. (5.5.2) 
To make each nonzero term in (5.5.1) having the same degree, we have to take 

degt = £2-4, degy^e2-^ii. (5.5.3) 

Since the Khokhlov-Zabolotskaya equation (5.5.1) does not contain variable coefficients, 
it is translation invariant. Thus the transformation 

Ti^^^(u(t, X, y)) = hlu{hlh2t + a, 62^, 6162^) (5.5.4) 

keeps the Khokhlov-Zabolotskaya equation invariant for a, 61, 62 G K such that 61, 62 7^ 0, 
with the independent variables t replaced by h\h2t + a, x replaced by h2X and y replaced 
by bib2y, where the subindices denote the partial derivatives with respect to the original 
independent variables. So T^^"),^ ^^P^ ^ solutions of the equation to another solution. 

Let a be differentiable functions in t. Then the transformation u{t, x, y) u{t, x+a, y) 
changes the Khokhlov-Zabolotskaya equation to 

2a'u^^ 2Utx + (MMa;)a: " Uyy = 0. (5.5.5) 

with the independent variables x replaced hy x -\- a and the subindices denoting the 
partial derivatives with respect to the original independent variables. Furthermore, the 
transformation u{t, x, y) i-> u{t, x, y) — 2a' changes the Khokhlov-Zabolotskaya equation 
to 

2utx - 2a'u^x + {uux)x - Uyy = 0. (5.5.6) 

Thus the transformation 

T2,a{u{t, X, y)) = u{t, x^a.y)- 2a' (5.5.7) 

keep the Khokhlov-Zabolotskaya equation invariant with the independent variables x 
replaced by a; -|- a and the subindices denoting the partial derivatives with respect to 
the original independent variables; equivalently, 72,0 maps a solutions of the Khokhlov- 
Zabolotskaya equation to another solution. 
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Given a diffcrcntiable function /3 in t, the transformation u{t,x,y) i-^ u{t,x,y + /3) 
changes the Khokhlov-Zabolotskaya equation to 

2utx + 2P'uxy + iuux)x -Uyy^O (5.5.8) 

with the independent variable y replaced hj y + f3 and the subindices denoting the partial 
derivatives with respect to the original independent variables. Moreover, the transforma- 
tion u{t, X, y) X + y) changes the Khokhlov-Zabolotskaya equation to 

2utx + 2P''yUxx + {uux)x - Uyy - 2/3'uxy - (3''^Uxx = (5.5.9) 

with the independent variable x replaced by x + P'y. Furthermore, the transformation 
u{t, X, y) u{t, X, y) — 2(5'' y -\- changes the Khokhlov-Zabolotskaya equation to 

2Utx - 2(3"yUxx + (3'^Uxx + iuUx)x - Uyy = 0. (5.5.10) 

Therefore, the transformation 

T3,/3(«(t, X, y)) = u{t, X + I3'y, y + /3) + 13'^ - 2(3" y (5.5.11) 

leaves the equation (5.5.1) invariant with the independent variables x replaced hy x-\- f3'y 
and y replaced hy y+f3, where the subindices denote the partial derivatives with respect to 
the original independent variables. In other words, Ts^^ maps a solutions of the Khokhlov- 
Zabolotskaya equation to another solution. 
In summary, the transformation 

=^i«(^?^2t + a,62(a; + /3'y + a),M2(y + /3))-2a^ (5.5.12) 

maps a solutions of the Khokhlov-Zabolotskaya equation to another solution. 

Comparing the terms with highest degree of x, we find that the solution of the equation 
(5.5.1) polynomial in x must be of the form 

u = fit, y) + g{t, y)x + i{t, y)x\ (5.5.13) 

Then 

Ux^g + 2^X, Utx^gt + 2^tX, Uyy ^ Jyy + QyyX + iyyX^ , (5.5.14) 

{uux)x = dxifg + {g' + 2fOx + 3g^x' + 2ex'') = g^ + 2fi + Qg^x + G^V. (5.5.15) 
Substituting them into (5.5.1), we get 

2{gt + 2^*^) + + 2fi + QgiX + 6f - fyy - gyyX - ^yyX^ = 0, (5.5.16) 

equivalently, 

Cyy = 6^^ (5.5.17) 
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gyy-6gi = 4it, (5.5.18) 

/,,-2/e = 2^i + /. (5.5.19) 

Recall the Weierstrass's elliptic function p{z) defined in (3.4.9). Moreover, p''{z) — 

6p'^{z) — g2/2 with the g2 given in (3.4.29). In (3.4.9), we take Ui e C such that 

Re uji,lm uji ^ and 002 — uJi for which g2 — 0. Then p{z) is real if 2; e R. An ob- 
vious solution of the equation (5.5.17)-(5.5.19) is ^ = p{y) and g — f — 0. Applying 
Tq."' 1^ , we obtain a more sophisticated solution 

u^{x + P'y + afp{y + /3) - 2a' + - 213" y. (5.5.20) 

Observe that ^ = 1/y^ is a solution of the equation (5.5.17). Substituting it into 
(5.5.18), we obtain 

gyy-%- 0. (5.5.21) 

Write 

^(i,y) = ^a„(t)y"'. (5.5.22) 

mez 

Then (5.5.21) becomes 

^[(m + 2)(m + 1) - 6]a^+2(i)y"* = ~ (m + 4)(m - l)a^+2 = for m e Z (5.5.23) 

meZ 

Hence 

^ = 4 + ^y^^ (5-5-24) 
^2 



+ = + ^xy^ (5.5.25) 



where a and ^ are arbitrary differentiable functions in t. Note 

^2 

?/ 

Replacing m by T2-a/2{U'), we can take a = 0. That is, g = (3y^. 
We can write (5.5.19) as 

- ^/ = 2/3y + /3 V- (5.5.26) 

y 

Suppose 

/(i,y) = J]6^(i)r. (5.5.27) 

meZ 

Then (5.5.26) becomes 

J][(m + 2)(m + 1) - 2]am+2it)y"' = + PV, (5.5.28) 

meZ 

equivalently, 

18a5 = 2/3', 54a8 = /3^ (m + 3)ma^+2 = 0, m 3, 6. (5.5.29) 
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Thus 



/ = ^ + V + §2/' + (5.5.30) 



where 7 and ■»? are arbitrary functions in t. 

Theorem 5.5.1. We have the following solution of the equation: 

u = ^=^ + + ^ + V + + ^v': (5.5.31) 

where I3,'~f and i) are arbitrary functions int. Moreover, u = Tq."\'^^((/9) is solution of the 
Khokhlov-Zabolotskaya equation (5.5.1) blowing up on the moving line y = cr(t). 

The simplest solution of the Khokhlov-Zabolotskaya equation (5.5.1) blowing up on 
the moving line y — cr(i): 

u = iE^^+a''-2a"y (5.5.32) 

Suppose that ^ is polynomial in y, then ^ = by comparing the terms with highest 
degree of y in (5.5.17). Then (5.5.18) and (5.5.19) become 

9yy = 0, fyy = 2gt + g\ (5.5.33) 

Replacing u by some T^^aiu) (cf. (5.5.11)), we have g — /3y for some function /3 in t. 
Hence 

fyy^2P'y + (3Y. (5.5.34) 

So 

f = i + <yy + jy' + j^y\ (5.5.35) 

where 7 and a are arbitrary functions in t. 

Theorem 5.5.2. The following is a solution of the Khokhlov-Zabolotskaya equation 
(5.5.1): 

u^i/j^ /3xy + 7 + cry + —y^ + —y"^, (5.5.36) 

where (3, 7 and a are arbitrary functions in t. Moreover, any solution polynomial in x and 
y of (5.5.1) must he of the form u — T^^aii^)- 



5.6 Equation of Geopotential Forecast 

In a book on short term weather forecast, Kibel' [Kt] (1954) used the partial differential 
equation 

{HxX ~l~ Hyy)t + Hj-iyH^X + Hyy)y H yi^H XX ~l~ H yy^ x ~ ^ H x (5.6.l) 
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for gcopotcntial forecast on a middle level in earth sciences, where /c is a real constant. 
Moreover, Kibel' [Kt] found the Gaurvitz solution of the above equation. Syono [Ss] 
(1958) got another special solution. The other known solutions are related to the physical 
backgrounds such as configuration of type of narrow gullies and crests, flows of type 
of isolate whirlwinds, stream flow, springs and drains, hyperbolic points, and cyclone 
formation. Katkov [Kvl, Kv2] (1965, 1966) determined the Lie point symmetries and 
obtained certain invariant solutions of the above equation. In this section, we give new 
approaches to the equation (5.6.1). 

To make the nonzero terms in (5.6.1) having the same degree, we suppose 

degx = degy = deg// = 4. (5.6.2) 

Then 

4 - 2£i - deg t = 24 - A£i = ^ - ~ 4 = 3£i, deg t = -ii. (5.6.3) 

Since (5.6.1) dose not contain variable coefficients, it is translation invariant. Thus the 
transformation 

Ta,b;ciH) = c-^H{c-H + a, cx, cy + b) (5.6.4) 

keeps the equation (5.6.1) invariant for a,b,c and c 7^ with the independent variables 
t replaced by c~H + a, x replaced by cx and y replaced by cy + b, where the subindices 
denote the partial derivatives with respect to the original independent variables. So Tafi-c 
maps a solution of the geopotential equation (5.6.1) to another solution. 

Let a and /3 be two differentiable functions in t. The transformation H{t, x, y) i-> 
i?(i, X -\- a,y) changes the equation (5.6.1) to 

a'{HxX + Hyy)x + {HxX + Hyy)t + H ^{H + Hyy)y " Hy{HxX ^ H yy) x — kHx, (5.6.5) 

with the independent variables x replaced by x + a, where the subindices denote the 
partial derivatives with respect to the original independent variables. Moreover, the 
transformation H{t,x,y) i— )■ H{t,x,y) + a'y changes the equation (5.6.1) to 

{Hxx + Hyy)t + Hx{Hj.j. + Hyy)y " [H y + a'){Hxx + Hyy)nc — kH^. (5.6.6) 

Hence the transformation 

T^,^(H) = H(t, x + a,y) + a'y + l3 (5.6.7) 

leaves the equation (5.6.1) invariant with the independent variables x replaced hy x + a , 
where the subindices denote the partial derivatives with respect to the original indepen- 
dent variables. Thus Tq,/? maps a solution of the geopotential equation (5.6.1) to another 
solution. 



152 



CHAPTER 5. NONLINEAR SCALAR EQUATIONS 



In summary, the transformation 



T^lt\H{t, x,y))^ c-'H{c-H + a, c{x + a),cy + b) + a'y + P 



' a,b;c 



(5.6.8) 



maps a solution of the geopotential equation (5.6.1) to another solution. 
Fix two functions a and (3 in t. Denote 



zu — ax + f5y. 



Assume 



(5.6.9) 



(5.6.10) 



H — (f){t, w) + fiy'^ + Tx + uy, 
where is a two- variable function and t, /i,!/ are functions in t. Note 

H^^a(f)^ + T, Hy = /34>^ + 2fiy + u, H^^ + Hyy = 2fj. + {a^ + /3^)(l)^^, {5.6.11) 

(H^^ + Hyy)t = 2At' + (a^ + ^')'0^^ + (a^ + P^Mt^^ + (a'x + p'y)(f)^^^], (5.6.12) 



{H,, + Hyy), = {a' + (3') 
Thus (5.6.1) becomes 



[H,:c + Hyy)y = {a' + (5')(54>. 



(5.6.13) 



2/x' + (a^ + + (^2 + _ k{a<t)^ + r) 

+(q;2 + P'^)[a'x + {13' - 2apL)y + /3t - au](f)^^^ = 0. 

In order to solve the above equation, we assume 



for some function d int, and 



a'x + (/?' - 2aix)y = 0. 



(5.6.14) 



(5.6.15) 



(5.6.16) 



Note that (5.6.16) is equivalent to the following system of ordinary differential equations: 

a' = 0, /3' - 2an = 0. (5.6.17) 

By the first equation and replacing H by TQfi.c{H) (cf. (5.6.8)) if necessary, we have a = 1. 
So T = d'' according to the second equation in (5.6.15). Moreover, the first equation in 
(5.6.15) yields 

M' + Co 



Co e 



Hence the second equation in (5.6.17) becomes 

/3' - {M' + Co) - 0. 



(5.6.18) 



(5.6.19) 
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Therefore, 

^ = k'd + cot + d, deR. (5.6.20) 
According to the third equation in (5.6.15), 

u = {k'd + Cot + d)'d" . (5.6.21) 

Now (5.6.14) becomes 

(a' + ^^)'(t>^^ + (a^ + P^)(t>t^^ - k(t>^ = 0. (5.6.22) 
Replacing H by some T^^^{H) if necessary, we have: 

(a^ + + (a2 + p^)ci)^^ -k(t) = Q. (5.6.23) 
The above equation can written as 

[(a' + P^)(j)^]t -k(l) = 0. (5.6.24) 

So we take the form 



(f){t,-cu) (f){t,-cu) 



k^{w) {l + {k^ + cot + dy)ri'{ty 
which must be a constant. To find more solutions, we assume 

^'M vit) 



ki{vo) (1 + {k'd + Cot + df)i{t) 
for some a, 6 e M. Thus — {a + hi)^ and 



(5.6.25) 



Then (5.6.23) becomes 

= l + ()t^+t.ot + d)^- ^'-'-''^ 
We use the separation of variables 

4>^a^)r]{t), (5.6.27) 

where ^ and 77 are one-variable functions. Then (5.6.26) becomes 



(5.6.28) 



a + U^Q (5.6.29) 



^ (a + 6i)(l + (A;i? + cot + ci)2) {a? + h''){l + {k^ + c^t + df)' ' 
We have 
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that is, 



f a — hi f dt \ ,_ „ „„, 

-p (sJTftJ 7 i + (w + c„t + d)^ ) '-'■'■'^^ 

is a complex solution (5.6.26). Since (5.6.26) is a linear equation with real coefficients, 
the real part 



Ci = exp ( kauj + 



dt 



0? + })^] l + {M + cot + df 

X cos ( khw - , ^ I —I (5.6.33) 

' a^ + b^J l + {M + cot + d)^J ^ ' 



and the imaginary part 

a f dt 



(2 — exp I kazo 



a^ + b^J 1 + {k^ + Cot + d)^ 

X sin (kbw - f jrir^ ^ 1 (5.6.34) 

V a^ + b^J l + {k^ + Cot + d)^/ ^ ' 

are real solutions of (5.6.26). For any c e R, 

Gsinc + Ccosc = <,-^{ka^ + ^^^-^^^^^^ 

xsm(c + tt^-^/^-p^j^|j^^) (5.6.36) 

is a solution of (5.6.26) by the additivity of solutions for hnear equation. Applying the 
additivity again, we have more general solution 

m / a /" dt \ 

X sm. ( kbrW + Cr J-^—r^fz mr— — ; t^U (5.6.36) 

V al + blJ 1 + {k'd + cot + dyj ' ^ ' 

where ar,br,Cr,dr are real constants such that {ar,br) 7^ (0,0). By (5.6.10), (5.6.18), 
(5.6.20), (5.6.21) and (5.6.25), we have: 

Theorem 5.6.1. Let be any function in t and let d for r = 1, m 

be real constants such that {c,d), {ar,br) ^ (0,0). We have the following solution of the 
geopotential forecast equation (5.6.1): 

H = ^ % ^ + i)"[x + (ki) + Cot + d)y] + 



2 ' ' " /^j I + i^k^ + Cot + dy 

E dr exp [kaAx + {k^ + Cot + d)y] + ^ J Jip^^^^f^^^) 

X sin (kb^x + (^^ + cot + ci),] + c.-^J Y^^^^f^^) • (5.6.37) 



m 

X 
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Applying the transformation T^l'.^^ in (5.6.8) to the above solution, we will get a more 
general solution the geopotential forecast equation (5.6.1). 
Next we set 

w^x'^ + y^. (5.6.38) 

Assume 

H = - y (5.6.39) 
where ^ is a one- variable function. Note 

H, = 2x^\ Hy = 2yi'-l, H,, + Hyy = A{i' + w^"), (5.6.40) 

{H,, + Hyy), = ^x{2i" + wf), {H,, + Hyy)y = 8^/(2^" + wf). (5.6.4l) 
Then (5.6.1) is equivalent to: 

A{2i" + wi"') = k^'. (5.6.42) 
Replacing H by some T^q'iJ (H) if necessary, we have: 

e + ^i" = \i- (5.6.43) 
To solve the above ordinary differential equation, we assume 

oo 

i = ^w'{as + hs\nw), 0^,65 eR. (5.6.44) 

s=0 

Observe 

00 

^' = ^ vj'~^{sas + hs + sbs In w) , (5.6.45) 

s=0 

CO 

= w^-2(s(s - 1)0^ + (2s - l)bs + s{s - l)bslnw). (5.6.46) 



s=0 



So (5.6.43) becomes 



00 



k 

^zu^'^^is^as + 2sbs + s^bslnw) = - ^^^(a^ + ^^Inzu), (5.6.47) 



4 

s=0 s=0 



equivalently. 



{s + lfa,+i + 2{s + l)6,+i = {s + = ^6,. (5.6.48) 



Hence 



bpk' apk- 2bok^ ^ 1 

Os = , . , a. = T-^rrr. , , > - for s > 0. (5.6.49 

(s!)24^' (s!)24* (s0 4"'^^ 
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Thus 



Theorem 5.6.2. Let h and c he any real constants. We have the following steady 
solution of the geopotential forecast equation (5.6.1): 

+ E^^%)^('"(^' + !'')-2E''-')l- (8.6.81) 



Remcirk 5.6.3. Although the above solution is time independent, we apply To^o-i 
it and obtain the following time-dependent solution: 

H = (a^-l)y + ^ + bE (g,)243 + c[ln((x + + y^) 

+ E (^((-;;);+^^)^ ln((. + + , V 2 E r-% (5.6.52) 

where a and ^ are arbitrary functions in t. 



Chapter 6 



Nonlinear Schrodinger and DS 
Equations 



The two-dimensional cubic nonlinear Schrodinger equation is used to describe the prop- 
agation of an intense laser beam through a medium with Kerr nonlinearity. The coupled 
two-dimensional cubic nonlinear Schrodinger equations are used to describe interaction 
of electromagnetic waves with different polarizations in nonlinear optics. In this chapter, 
we solve the above equations by imposing a quadratic condition on the related argument 
functions and using their symmetry transformations. More complete families of exact so- 
lutions of such type are obtained. Many of them are the periodic, quasi-periodic, aperiodic 
and singular solutions that may have practical significance. 

The Davey-Stewartson equations are used to describe the long time evolution of 
three-dimensional packets of surface waves. Assuming that the argument functions are 
quadratic in spacial variables, we find in this chapter various exact solutions for the 
Davey-Stewartson equations. 

6.1 Nonlinear Schrodinger Equation 

The two-dimensional cubic nonlinear Schrodinger equation 



is used to describe the propagation of an intense laser beam through a medium with Kerr 
nonlinearity, where t is the distance in the direction of propagation, x and y are the trans- 
verse spacial coordinates, ip is a, complex valued function in t, x, y standing for electric 
field amplitude, and K,e are nonzero real constants. Akhnediev, Eleonskii and Kulagin 
[AEK] (1987) found certain exact solutions of (6.1.1) whose real and imaginary parts 
are linearly dependent over the functions in t. Moreover, Gagnon and Winternitz [GW] 
(1989) found exact solutions of the cubic and quintic nonlinear Schrodinger equation for a 
cylindrical geometry. Mihalache and Panoin [MP] (1992) used the method of Akhnediev, 




(6.1.1) 
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Elconskii and Kulagin to obtain new solutions which describe the propagation of dark 
envelope soliton light pulses in optical fibers under the normal group velocity dispersion 
regime. Furthermore, Saied, El-Rahman and Ghonamy [SEG] (2003) used various sim- 
ilarity variables to reduce the above equation to certain ordinary differential equations 
and obtain some exact solutions. However, many of their solutions are equivalent to each 
other under the action of the known symmetry transformations of the above equation. 
There are the other interesting results on the equation (6.1.1) (e.g., cf. [AP, Pa, Sy]). 

The objective of this section is to give a direct more systematical study on the exact 
solutions of the nonlinear Schrodinger equation. We solve them by imposing the quadratic 
condition on the argument functions and using their symmetry transformations. More 
complete families of explicit exact solutions of this type with multiple parameter functions 
are obtained. Many of them are the periodic, quasi-periodic, aperiodic and singular 
solutions that physicists and engineers expect to know. For instance, soliton solutions are 
sitting in our families. The results are from our work [X14]. 

To make the nonzero terms in (6.1.1) to have the same degree, we have to take 

deg X — deg y — — deg ip — ^deg t. (6.1.2) 

Moreover, the Laplace operator + dy is invariant under rotations and (6.1.1) is transla- 
tion invariant because it does not contain variable coefficients. Thus the transformation 

= &e"V(&^(^ + ai), b{x cose + y sin ^ + 02), b{-x sinO + y cos ^ + 03)) (6.1.3) 

maps a solution of the Schrodinger equation (6.1.1) to another solution, where a, Oi, 02, as. 

Fix ai,a2 G M. Note that the transformation il!{t,x,y) ^ ip{t,x — 2K.ait,y — 2na2t) 
changes the equation (6.1.1) to 

-2Ki{aiip^ + a2ipy) + iipt + k{iPxx + i^yy) + ^IV'TV' = (6.1.4) 

with the independent variables x replaced by x — 2Ka\t and y replaced by y — 2na2t , where 
the subindices denote the partial derivatives with respect to the original independent 
variables. Moreover, the transformation i-)- e[("i^+"2f)-«(a?+ai)t]«^ changes the equation 
(6.1.1) to 

e^i''^-+''^y^--^-l+'''^'^''^%'^^ + 2Aci(aiV'. + a^il^y) + /^(V'.x + V'yj/) + ^IV'I V] = 0. (6.1.5) 
Hence the transformation 

Sa„a,m,x,y)) = e[("^^+"^^)-'^('^^+'^^)*lV(i,a; - 2Ka^t,y- 2Ka2t) (6.1.6) 
changes the equation (6.1.1) to 

e(aix+a.y)^[^^^ + + iPyy) + elV^rV'] = 0, (6.1.7) 
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equivalcntly, (6.1.1) holds with the independent variables x replaced by x — 2Kait and y 
replaced by y — 2^02^ , where the subindices denote the partial derivatives with respect to 
the original independent variables. Therefore, Sa^^^ai maps a solution of the Schrodinger 
equation (6.1.1) to another solution. 
Write 

,p = i{t,x,y)e'^^''-'y\ (6.1.8) 
where ^ and are real functions in t,x,y. Note 

A = (Ct + ^e0^)e*^ A = i^x + ^e0.)e^^ = i^y + ^e0^/)e'^ (6.1.9) 

Ax = iCxx - i^l + ^(2ex0. + e0x.))e^^ = {iyy - i^l + ii2iyct>y + e0,2/))e^'^. (6.1.10) 
So the equation (6.1.1) becomes 

+i(2e.0. + + ii.<t>xx + 0j/y))] = 0, (6.1.11) 

equivalently, 

it + n{2i^(t)^ + 2^2,03; + e(0xx + <t>yy)) = 0, (6-1.12) 

+ + 0?)] + <U + ^y,) + ee = 0. (6.1.13) 

Note that it is very difficult to solve the above system without pre-assumptions. From 
the algebraic characteristics of the above system of partial differential equations, it is most 
affective to assume that (p is quadratic in x and y. After sorting case by case, we only 
have the following four cases that lead us to exact solutions of (6.1.12) and (6.1.13). 

Case 1. (p — f3{t) is a. function in t. 

According to (6.1.12), = 0. Moreover, (6.1.13) becomes 

+ f^i^x + iyy) + ee = 0. (6.1.14) 
Replacing ijj by some T^^i'^q^^ (■0) , we have 

13 ^bt, beR. (6.1.15) 

Then (6.1.14) becomes 

-bi + f^iU + + = 0. (6.1.16) 
First we assume — 0. The above equation becomes an ordinary differential equation: 

-6e + <" + £e' = 0. (6.1.17) 
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Recall ^ ^ 

(tan z)'' = 2(tan^ z + tan 2;), (sec z)'' = 2 sec^ z — sec z 
(cf. (3.5.17) and (3.5.18)), 

(coth z)'' = 2(coth^ z — coth z), (csch z)'' = 2csch ^z + csch z 

(cf. (3.5.19) and (3.5.20)), 

sn ''{z\m) — 2m^sn^(2;|m) — (m^ + l)sn {z\m), 

cn''(;2|m) = — 2m^cn^(2;|m) + (2m^ — l)cn {z\m), 
dn '\z\m) = -2dn^(z|m) + (2 - m^)dn {z\m) 

(cf. (3.5.14)-(3.5.16)). 

Substituting ^ = kf{x) to (6.1.17) with A; e M and / = l/x, tan x, sec a;, coth a; 
sn (x|m), cn (x|m), dn {x\m), we find the following solutions: if ke < 0, 



X \ e 



^ — \j tanx, — 2k; 



^ = \j sec x, — —k; 



2k 

^ — \l coth X, b — —2k; 



^ — \l — - csch X, b — k; 



2k 

^ — mil sn (x|m), b — —(1 + m^)K. 



e 

When KS > 0, we get the following solutions 



2k, 

^ = my — cn {x\m), b = {2m^ — 1)k, 
2k 




dn (xlm), b — (2 — m )k. 

e 

Observe that 

' 1 \ / / 1 



x^ + J \\jx'^ + y'^ 



6.1.18) 
6.1.19) 

6.1.20) 

6.1.21) 

6.1.22) 
6.1.23) 

csch a; , 

6.1.24) 

6.1.25) 
6.1.26) 
6.1.27) 
6.1.28) 
6.1.29) 

6.1.30) 
6.1.31) 

6.1.32) 
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Thus we have solution 

6 = (6.1.33) 



if KE < 0. 

Theorem 6.1.1. Let m G M such that < m < 1. The following functions are 
solutions ip of the two-dimensional cubic nonlinear cubic nonlinear Schrddinger equation 
(6. LI): ifsK < 0, 



£ x' Y £(a:^ + y^)' V £ ' V £ 



2k 1 I K ^2.ti _^ ^^^^^ e-*^ /_^secx, (6.1.34) 



6"""*^/-^ cothx, e"*Y-^cscha;, 7^-^^+"^'^"'' ^ -'^sn {x\my, (6.1.35) 



when SK > 0, 



me(2"^'-^)''*^y5cn(x|m), e'-^-'^'^''''^ dn {x\m). (6.1.36) 



Remark 6.1.2. Recall lim^^i cn {x\m) = sech x. Thus we have the solution 

i/j = lim me(2-'-i)«*^y^cn {x\m) = e^'^y^sech a;. (6.1.37) 

Applying the transformation Tj.^'.^'^-* (cf. (6.1.3)) and ^^^o (cf- (6.1.6)), we get a soliton 
solution 

^ = ^y^g(62«{i-d^)t+K^cos0+2/sine+a)+c)igg^j^ 6(x COS ^ + y sin ^ - 2bdKt + o). (6.1.38) 

We can also apply the transformations (6.1.3) and (6.1.6) to the other solutions in the 
above theorem and obtain more general solutions. 

Case 2. 4> = x^/int + (3 for some function /3 of t. 

In this case, (6.1.12) becomes 

6 + fex + ^e = 0. (6.1.39) 

Thus 

^=l=C{u,y), u=^, (6.1.40) 
for some two-variable function (. Now (6.1.13) becomes (6.1.14). Note 

^xx — t ^ Cuui ^yy — t ^ Cyy-i ^ ~ ^ ^ C ■ (6.1.41) 
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So (6.1.14) become 

-^C + <t-'/\uu + t-'%y) + st-'/'C' = 0, (6.1.42) 
whose coefficients of force us to take 



Now (6.1.14) becomes 



e = beR. (6.1.43) 



+ — I3 = eb^]nt (6.1.44) 

t 



because otherwise we can replace ijj by some T'i°i°o°^(V')- 

Case 3. (j) = x^/Ahit + y'^/Ahi{t - d) + /3 for some function P in t with Oj^deR. 
In this case, (6.1.12) becomes 

Hence we have: 

e=-=i=C(K,^;), u^j,v^-y-, (6.1.46) 
^/t{t -d) t t-d 

for some two-variable function (. Again (6.1.13) becomes (6.1.14). Note 

= t-'/\t - d)-'/'Cuu, iyy = t-"\t - d)-"X.. e = t-^'\t - d)-"'e. (6.1.47) 

So (6.1.14) becomes 

-^i==C+«:(r^/^(t-rf)-i/2U+r'/'(t-ci)''/\..)+^t-='/'(t-rf)-^^/'C' = 0, (6.1.48) 
VH^ - a) 

whose coefficients of t~^^'^{t — d)'^/"^ force us to take 

b 



Now (6.1.14) becomes 



6 e R. (6.1.49) 



because otherwise we can replace ip by some T^.^'^o""* ('?/'). 

Theorem 6.1.3. Let b,d eM. with d ^ 0. The following functions are solutions of 
the two-dimensional cubic nonlinear cubic nonlinear Schrddinger equation: 
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Remcirk 6.1.4. Applying (6.1.3) to the above first solution, we get another solution 



iP = b{t + a) 



aKb'^i-l/2 



exp 



(,r cos + tj sill + «())" 



+ d] i, 



4:K,{t + a) 

for a, ao,b,d,9 e M. Moreover, we obtain a more sophisticated solution: 



■0 = b{t + a 



^Kb'^i—l / 2 (a\x+a2y— K(a\+a'2)t+d)i 



X exp 



((a; — 2i<iait) cos 6 + {y — 2Ka2t) sin + ao)^i 



4/t(t + a) 

by applying the transformation (6.1.6) to (6.1.52), where ai,a2 G 
Case 4- 4> — {^"^ + y^)/4Kt + /3 for some function /3 in t. 
Under our assumption, (6.1.12) becomes 



Thus we have: 



X y 
u — —, V — -, 



for some two- variable function C,. Moreover, (6.1.13) becomes 

-/3'C + ^(U + U + ^C' = o. 



An obvious solution is 
If £«; < 0, we have the simple following solutions with ^ = 



= , deM. 

t ' 



M V £ 



or 



K 



Next we take 



where 6 is a real constant to be determined. Then (6.1.58) is equivalent to 



-hC + «:(U + C,vv) + eC" = 0, 
which is the equation of the type (6.1.16). By Theorem 6.1.1, we have: 



(6.1.52) 



(6.1.53) 



(6.1.54) 
(6.1.55) 

(6.1.56) 
(6.1.57) 

(6.1.58) 
(6.1.59) 
(6.1.60) 



Theorem 6.1.5. Let m G M such that < m < 1. The following functions are 
solutions ip of the two-dimensional cubic nonlinear cubic nonlinear Schrddinger equation 
(6. LI): if en < 0, 



2k 



2k 1 



^(i;2+2/2)i/4Kt 



e X 



K 



s{x^ + y^ 



-, (6.1.61) 
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iK X 

tan — , 

e t 



— sec — . 

e t' 



(6.1.62) 



coth — , 

e V 



csch — , 

e t' 



me 



fx. \ 

— sn — m ; 
e \r J ' 



when SK > 0, 



^Q{x^+y'^+A{l-2m^)K^)i/AKt ,^ 

\ — cn (— |m 

t \ e \t. 

g(,T2+y2+lf,„-'-2-),,--')v74Ki /X 

-1/ — dn (— |m 

t V £ 



(6.1.63) 
(6.1.64) 

(6.1.65) 
(6.1.66) 



Remcirk 6.1.6. Recall lim^^i cn (x|m) = sech x. Thus we have the solution 

^{x'^+y^-4K^)i/4Kt j2i^ ^ 



x/j = W — sech -. (6.1.67) 

Applying the transformations Tg-b'^'^'* (cf- (6.1.3)) and Sa^^Q (cf. (6.1.6)), we get a more 
general soliton-like solution 

/ 2^ ^({x—2aiKt)'^ +y'^ —Ak? /}>^)i / AK{t—a)+ai{x—a\Kt)i 

^ = VT W^) 

X sech i^-^^^-^---(^ + y^^O_ (6.1.68) 
h{t -a) ^ ' 

Of course, applying the general forms of the transformations in (6.1.3) and (6.1.6) to the 
solutions in the above theorem, we will get more solutions of the Schrodinger equation. 



6.2 Coupled Schrodinger Equations 

The coupled two-dimensional cubic nonlinear Schrodinger equations 

#t + «;i(V^^^ + ^Pyy) + (£i|V^|' + ei|<^|')^ = 0, (6.2.1) 

i(pt + K2{(fxx + ^yy) + (^21^^^ + (^2^^^)'^ = (6.2.2) 

are used to describe interaction of electromagnetic waves with different polarizations in 
nonlinear optics, where ki, ^2, ei, £2, ci and 62 are real constants. Radhakrishnan and 
Lakshmanan [RLl] (1995) used Painleve analysis to find a Hirota bilinearization of the 
above system of partial differential equations and obtained bright and dark multiple soli- 
ton soutions. They [RL2] (1995) also generahzed their results to the coupled nonhnear 
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Schrodingcr equations with higher-order effects. Grcbert and Guillot [GG] (1996) con- 
strucetd periodic solutions of coupled one-dimensional nonlinear Schrodinger equations 
with periodic boundary conditions in some resonance situations. Moreover, Hioe and 
Salter [HS] (2002) found a connections between Lame functions and solutions of the above 
coupled equations. In this section, we want to apply the quadratic-argument approach to 
the coupled nonlinear Schrodinger equations. Results are due to our work [X14]. 

As (6.1.3), we have the following symmetric transformations of the coupled equations 
(6.2.1) and (6.2.2): 

^iraoib^r^W = be'''ilj{b'^{t + ai), b{x cose + y sine + a2),b{-x sine + y cose + as)), (6.2.3) 

^irao'Sr^H = be''°'ip(b'^(t + ai),b(xcose + ysine + a2),b(-xsine + ycose + a3)). (6.2.4) 
Moreover, (6.1.6) implies the following symmetry 

Sa,,aMt, X, y)) = e[("^^+«^f)-(«?+«i)*lV«i^(i, X - 2a,t, y - ^a^t), (6.2.5) 

Sa,,aMt. ^, y)) = e[("i^+«^^)-(«?+«^)*]V«V(^, X - 2aii, y - 2a2t) (6.2.6) 

of the coupled equations. In addition to the above symmetries, we also solve the coupled 
equations modulo the following symmetry: 

Ki, El, ei) -H- {(fi, K2, £2, 62)- (6.2.7) 

Write 

V' = C{t, X, y)e^'^(*'^'^\ ip = r]{t, X, y)e^'^(*'^'2') (6.2.8) 

where ^,(l),r] and /i are real functions in t,x,y. As the arguments in (6.1.8)-(6.1.13), the 
system (6.2.1) and (6.2.2) is equivalent to the following system for real functions: 

+ ^^Ml + ^l)] + i^iiU + ^yy) + {eie + eiv')^ = 0, (6.2.10) 
rjt + K2{2r]:clJ'x + '2'nyiJiy + r]{ii:cx + A*ra)) = 0, (6.2.11) 
-r][l^t + K2{iil + + K2{r],x + r]yy) + (£2^ + ^2rf)r] = 0. (6.2.12) 

Based on our experience in last section, we will solve the above system according to the 
following cases. For the convenience, we always assume the conditions on the constants 
involved in an expression such that it make sense. For instance, when we use \^di — d2, 
we naturally assume di > ^2- 



Case 1. {(f), /i) — (0, 0) and £162 — £2^1 7^ 0. 
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In this case, = 7;^ = by (6.2.9) and (6.2.11). Moreover, (6.2.10) and (6.2.12) 
become 

KliCxx + Cyy) + {Sl^'^ + ClT/^)^ = 0, K2iVxx + Vyy) + (^2^^ + e2V^)r] = 0, (6.2.13) 

where ti and L2 are constants to be determined. Assume 

e=-, V = -. (6.2.14) 

X X 

Then (6.2.13) is equivalent to: 

Eiil + eiil + 2ki = 0, £2^1 + £2^2 + 2«;2 = 0. (6.2.15) 
Solving the above linear algebraic equations for i\ and we have: 

d = d = '^"^^^-"^^^^ (6.2.16) 

Thus we have the following solution 



(7i 2{eiK2-e2Ki) 02 2{62Ki-eiK2) 

C = — V , ^^—\ 6.2.17) 

X V £162 - £2^1 X V £162 - £261 



for (Ti, (72 e {1, — 1}. Similarly, we have the solution: 



^ = ^H7 TT^^ — ^' ^ = ^24/7 r^^- — ^. 6.2.18 

(£162 - £261) (a:;^ + r) V (^1^2 - £261) (a;^ + r) 



Case 2. (0, /x) = {kit, k2t) with /ci, A;2 e 

Again we have = r/t = by (6.2.9) and (6.2.11). Moreover, (6.2.10) and (6.2.12) 
become 

-A;i^+Ki(exx+^yj/)+(£if +eir?')^ = 0, -k2'n+K2{'n^x+Vyy)H^2^''+^2v')v = 0. (6.2.19) 
First we assume £162 — £261 7^ and 

e = ii^{x), 77 = i2'^{x), (6.2.20) 
where ti and t2 are constants to be determined. Then (6.2.19) becomes 

-fci^ + Ki'^" + (£it? + enl)^'' = 0, -A;2$^ + H2^" + (£2^1 + €2^2)^' = 0. (6.2.21) 
According to (3.5.17)-(3.5.20), when $5 = tan coth X and csch x, we always have 

SilI + enl + 2ki = 0, £2^1 + £2^2 + 2/^2 = 0. (6.2.22) 
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Thus for (Ti, (72 e (1, —1}, we have the following solutions: 



f = (TiW tanx, n = a2\ tanx {b.2.26) 

V £162 - £261 w _ , 

with {ki, k2) = 2{ki, K2); 



q = CFi^ secx, rj = a2\ secx [b.2.2A) 



Y ^1^2 - 


- £261 


ini,K2); 




/2(eifi;2 - 


- e2«i) 


/ £162 - 


£261 


■2{Ki,H2)] 




2{eiK2 - 


- £2^1) 


1/ £162 - 


■ £261 



^ = (7iW^ ^ cothx, Tj — a2\ — ^ cothx (6.2.25) 



2(£2Kl 


- £lK2) 


£162 ■ 


- £261 


2(£2«1 


- £1/^2) 


£162 ■ 


- £261 


2(£2«1 


- £ifi;2) 


£162 ■ 


- £261 


2(£2«1 


- £1/^2) 


£162 ■ 


- £261 



^ — cri\ csch r] — (T2\ cschx (6.2.26) 

y £162 - £261 y £162 - £261 

with {ki,k2) = {ki,K2). Similarly, (3.5.14)-(3.5.16) give us the following solutions: 



^ — mai \l ^ ^ ^ LJ^ sn (xlm), r] — m(T2\\ ^—-^ ^— ^ sn (xlm) (6.2.27) 

£162 - £261 1/ - , 

with {ki, k2) = -(1 + w?){ki, K2); 



£ — mai \l ^ ^ ^ L^QT[^(x\m) ri — ma2\l ^ ^—^cnix\m) (6.2.28) 

" £162 - £261 \/ ^ , 

with {ki,k2) = (2m^ — l)(«;i,«;2); 



/2(£2Kl 


- £1^2) 


£1^2 ■ 


- £2^1 


2(£i«;2 ■ 


- £2/«i) 


£162 - 


1 

- £261 



, 2(e2fi;i - eiKa) , , . / 2(£ifi;2 - £2«i) , , , ^ o on^ 

f = (7i'i/^ -dnlxlm), n — (T2\ — -(m{x\m) (6.2.29) 

£162 -£261 y £162 -£261 

with [ki, k2) = (2 - w?){ki, K2). 

If (£i,ei) £1(1,0?^) and (£2,^2) = £2(1, c^^) with d e M, then (6.2.19) becomes 

-kii+Ki{i^^+iyy)+ei{i'+(fri^)i = 0, -k2V+^i2{Vxx+Vyy)+£2{^^+d^V^)v = 0- (6.2.30) 

The sum of squares and sin^ x + cos^ x — 1 motivate us to try 

^ = d£smx, r] = icosx (6.2.31) 

for any 7^ ^ e R. Substitute them into (6.2.30), we have 

-ki -Ki + d'^e'^Ei = 0, -k2 -K2 + (fe'^e2 = 0. (6.2.32) 
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So 

{h, k2) = {d'^fei - Ki, d'^fs2 - K2). (6.2.33) 
When (£1, ei) = £i(l, —(f) and (£2, ^2) — £2(1, —(P) with d eR, then (6.2.19) becomes 

-ki^+>il{UHyy)+Sl{C^-dY)^ = 0, -k2V+fi2iVxx+Vyy)+S2{^^-dY)V = 0- (6.2.34) 

The difference of squares and cosh^ x — sinh^ x — 1 motivate us to try 

^ = di cosh. X, 77 = £sinha; (6.2.35) 

for any 7^ ^ e M. Substitute them into (6.2.34), we have 

-ki + Ki + d^l'^Ei = 0, -k2 + + d^lt'^e2 = 0. (6.2.36) 

Hence 

{ki, k2) = {d'^fei + Ki, d^fe2 + K2). (6.2.37) 
In summary, we have the following theorem. 

Theorem 6.2.1. Let d,i,m e M with < m < 1 and let ai,a2 G {1,-1}. // 
0162 — £2^1 7^ 0, we have the following solutions of the coupled two-dimensional cubic 
nonlinear Schrddinger equations (6.2.1) and (6.2.2): 



X V £162 - £261 X V £162 - £261 



, eiK2 - t2Ki / e2Ki - £1^2 



^ = ^ /?(fl!5l^i2!!lle«'tanx, ^ = ^,,/H<£2^i^^e^-*tanx; (6.2.40) 



£162 — £2^1 V £1^2 ~ £2^1 



/2(ei«;2 - 62^1) -^,u /2(£2Ki - £iK2) /^o^in 
■?/' = (JiW^ ^ secx, (fi = a2\ — -e ^ secx; (6.2.41) 



£162 — £2^1 V £1^2 ~ £2^1 



V, = ai^/^^^i^^^^l^e-2-*'cothx, <p^a2J '^^'""'~'""'^ e"^-^*' coth x; (6.2.42) 

£162 — £2^1 V £1^2 ~ £2^1 



^ = ^ / 2(61^2-62/^1) ^n.U^^^^^^ ^ 2(82^,-8,^2) ^.,U^^^^ ^. ^g_2.43) 

£162 -£261 V £162 -£261 



= mau r-^^^^^^^ e-(i+-^)-*^sn (x|m). 



£162 — £261 



(6.2.44) 



^ ^ /^(£a^!i^£lM e-(i+-^)-*^sn (xlm); (6.2.45) 
£162 — £261 
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£162 — £2^1 



^ = ma2\l ^^''^'~''^'^ e^'^'-'^^^\n (x|m); (6.2.47) 
£162 -£261 



= a^j '^^''^''''^'^ e(^-^)-*Mn (x|m), (6.2.48) 
£162 — £2^1 



2(£,^2 - 62^1) ^i2-m^).rU^^ (^|^)_ (6 2.49) 



£162 - £261 

// (£1, ei) = £1(1, d^) and (£2, 62) = £2(1, rf^), 

V; = die^'^'^'''-^'^'' sin X, = ^e^'^'^'"^-"^)** cos x. (6.2.50) 
Wien (£1, ei) = £i(l, — d^) anc? (£2, €2) — £2(1, — c?^), 

^ = ^£e(<i2^2£i+«i)ti cosh ?7 = £e(rf^^^£2+K2)ti gj^h x. (6.2.51) 



Remcirk 6.2.2. Applying the symmetric transformations (6.2.3)-(6.2.6) to the above 
solutions, we can get more sophisticated ones. For instance, by (6.2.38), we get the 
following traveling- wave solution 



^ „ai+ai{xcose+ysme+a2-ait)i/Ki hle^Ko — eoK,^) 

i)^— \ (6.2.52) 

X cos + y sin — 2aii + a2 V £162 — £2^1 



^^^aoi+ai{xcosd+ysin6+a2—ait)i/K2 2(£2K,i "£1^2) 

(fi — \ ■ (6.2.53) 

xcos^ + y sin^ — 2aii + a2 V £162 — £2^1 

Since hm^_^i cn{x\m) — sech x, (6.2.46) and (6.2.47) yield the solution 

,./S^l^S^e-*'sechx, ^ = a2./Si^^^5^e-*^sech: 

y £162 - £261 y £162 - £261 



i/j = cTiW e^'^'sech x, (p ^ T2\ ^^ e'^^^'sech x. (6.2.54) 

y £162 - £261 y £162 - £261 

The symmetric transformations (6.2.3)-(6.2.6) give us the following soliton solution 



I 2(e2ft^l ~ £1^2) ^(b2Kit+a)i+aib(3:cos6'+ysin6'+a2-ai&t)i/«i 

V £ie2-£2ei 

xsech b{xcos9 + ysinO — 2aibt + 02), (6.2.55) 



(f — ha- 



2{eiK2 £2^1) ^((,2 Kjt+ao )i+ai b{x cos 0+y sin 6»+a2 -ai W) j/«2 
£162 - £261 

xsech 6(xcos^ + ysin^ — 2aiht + 02). (6.2.56) 
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If (ei, ei) = d^) and (£2, £2) = £2(1, d'^), (6.2.3)-(6.2.6) and (6.2.50) yield the following 
wave solution 

^ ^^£^[b'^{(Pi'^ei—Ki)t+a]i+aib{xcos6+ysin6+a2—aibt)i/Ki 

X sin6(xcos^ + 7/sin^ - 2aibt + 02), (6.2.57) 

^ j^£^[b'^ {(P£'^ £2— K2)t+ao]i+aib{x cos 6+y sin 6+a2—aibt)i/K2 

X cos6(xcos6' + |/sin6' — 2aibt + 02). (6.2.58) 



Case 3. (j) = x^/AKit + /3i and ^ = {x - df/4K2{t - £) + (32 or jj = y^/4:K2{t - i) + (32 
for some functions /5i and (^2 in t and real constants d and £. 

First we assume /j, — {x — d)^/4:K2{t — i) + ^2- Then (6.2.9) and (6.2.11) become 
Thus 

for some two-variable functions ^ and r). On the other hand, (6.2.10) and (6.2.12) become 

+ i^iiU + + {eie + ei^')e = 0, (6.2.61) 

-P2V + f^2{Vxx + Vyy) + (^2^' + e2V^)v = 0. (6.2.62) 
As (6.1.40)-(6.1.43), the above two equations force us to take 

So (6.2.61) and (6.2.62) are imphed by the equations: 

For simphcity, we take 

/3i^ clei\nt + cl€i\n{t-i), ^2 = c^Sa Ini + 0262 ln(i - £). (6.2.65) 

Exact same approach holds for = y'^/4:K2{t — i) + (32- 

Theorem 6.2.3. Let ci,C2,d,i e M. We have the following solutions of the coupled 
two-dimensional cubic nonlinear Schrddinger equations (6.2.1) and (6.2.2): 

^ = cif^f'^'-^/^it - £)'=i^i»e^'*/2'^i*, cp = Cif^^'^'it - iyh2i-i/2^(x-d)H/2K2{t-e).^ (6.2.66) 
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^ = cif'^^'-^/'^it - £)'^i^i^e^'^/2'^i*, if = C2f'''\t - iyh2i-i/2^y^i/2K2{t-e)_ (6.2.67) 



Case 4. (/) = x^/AKit + /3i and n = {x - df/AK2{t - £1) + y^/4:K2{t - £2) + P2 for some 
functions ^1 and ^2 in t and real constants £1 and £2- 

In this case, (6.2.9) and (6.2.11) become 
Thus 

i = ^^^r^x, ?/), 77 = ^M t - ii)-\x -d),{t- i2)-'y) (6.2.69) 

for some two-variable functions ^ and fj by the method of characteristic lines in Section 
4.1. Again (6.2.10) and (6.2.12) become (6.2.61) and (6.2.62), respectively. Moreover, 
they force us to take 

e = ^, v= (6.2.70) 
Vi' ^/{t-l,){t-l2) 

So (6.2.10) and (6.2.12) are implied by the equations: 
For simplicity, we get 



if £1 7^ £2, and 



when £1 



/3i = c?£ilni - , /32 = cle2\nt- ^ (6.2.73) 



Theorem 6.2.4. Let Ci, C2, -^i, -^2 £ 1^ such that ii ^ ^2- W^e /lawe t/ie following 
solutions of the coupled two-dimensional cubic nonlinear Schrddinger equations (6.2.1) 
and (6.2.2): 

^ = af^i'^'-^/^t - 4)ci^i(^2-€i)-^*(^ _ ^^ycie^ie2-e,)-H^x'./4.^t^ (6.2.74) 



{x — d^i j/i 

^K2{t-h)^ 4K2{t-£i) 



xexp(-,^-^ + -#^); (6.2.75) 
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^^c.<*.<-V=exp(|;i-^), (6.2.76) 
V = ^ exp — — —. (6.2.77) 



Case 5. For ii,i2,i,di,d2 € M and functions /3i, /32 in t, 

, ,0 {x-dif , {y-d2f 



As the above case, we get 



e = , , V = (6.2.79) 

^/t^nj v(t-4)(t-^2) 

So (6.2.10) and (6.2.12) are implied by the equations: 

^^~t(t-^) + (t-^l)(t-^2)' t +(t- ^0(^-^2)- ^ ^ ^ ^ 

For simphcity, we have 
if and £1 7^4; 



when = and £1 7^ £3; 



n — — ^, , P2 



t - (6.2.83) 



t t-li" ' t t-ii 
if £ = and ii = £2- Therefore, we obtain: 

Theorem 6.2.5. Let Ci,C2,i,di,d2,ii,i2 e ^ such that £ and £1 7^ £2- We 
have the following solutions of the coupled two-dimensional cubic nonlinear Schrddinger 
equations (6.2.1) and (6.2.2): 

^ = ^ cxp f + _ (g_2.84) 

^ t \ AKit t-£ij' ^ ' 



^ ^ / {{x-d,f^{y-d2f -^4.2e2)i _ cf£2l\ ^.85) 

^ t-£x ^ V 4K2(i -£x) t J ' ^ ^ 
, ^ c,{t- i,)ch^i/{e,-e,)^^ _ ^_^y4e,i/ie,-e,) (x' + - AclKiSi)i 

t 4:Klt ' ^ ■ ■ ) 
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e^g,_|L_), (e.2.88) 

X - 4)-ci.V(^.-^0-i/2 exp ( (^7^^);^ + ^^^^1 . (6.2.89) 



Case For two functions Pi, P2 in t, 



As Case 4, (6.2.9) and (6.2.11) imply 



C = yC(^i, ""), ?7 = y^(^i, v), u^-, v^-. (6.2.91) 



Moreover, (6.2.10) and (6.2.12) become 



-P'li + '^{Lu + L) + ^{sii' + eif )| = 0, (6.2.92) 

-f^2fl + ^{Vuu + r?„.) + ^(^2^ + £2??')^ = 0. (6.2.93) 
To solve the above system, we assume 

/Si = -y, /^2 = -y, Ci,C2eM. (6.2.94) 

Then (6.2.92) and (6.2.93) are equivalent to: 

-cil + Kiiiuu + |««) + (£if + eif )e = 0, (6.2.95) 

-C2?7 + K2(^«« + fj^v) + (^2!^ + ^2rf)f] = 0. (6.2.96) 

For simplicity, we assume ^ and fj are independent of i). If (£i,ei) = £i(l,d^) and 
(^2, £2) = £2(1, c^^) with d e R, we have the following solution: 

i = Msmu, fj^icosu, {ci,C2) ^ {(ffei - Ki,(ffe2 - K2) (6.2.97) 
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for i e R. When (£i,ei) = ei{l,-d^) and (£2, £2) = £2(1,-0?^) with d e M, we get the 
solution: 

i^Mcoshw, 77 = £sinhro, (01,62) ^ (d^fsi + Ki,(ffs2 + K2) (6.2.98) 
for £ e M. 

Theorem 6.2.6. For d,£ E M, we have the following solutions of the coupled two- 
dimensional cubic nonlinear Schrddinger equations (6.2.1) and (6.2.2): 

^ ^ d(.M./t) (£l±|! + ^.-dVsA . 

if (si, ei) = £1(1, d^) and (£2, 62) = £2(1, d'^); 

di cosh(x/t) fx^ + + rf2^2^^ \ /« o 1 ni ^ 

^ = ^ exp (^^-^ j (6.2.101) 

£sinh(a;/t) f j^ + y^ K2 + dH^e2 \ . /«o1^o^ 
^ = ^ exp (^^-^ ^ j z (6.2.102) 

w/ien (£1, ei) = £i(l, — (i^) and (£2, ^2) = £2(1, — c?^)- 

Remark 6.2.7. Applying the transformation in (6.2.3) and (6.2.4) with a — — 
0^2 = = to (6.2.99) and (6.2.100), we get a more general wave-like solution: 

(i£sin[(a;cos^ + l/sin^)/(6(t-ai))] / + Ki-dH^eA. .„„,„„s 

£cos[(xcos^ + ysin^)/(&(i-ai))] / a;^ + 1/2 ^2_ci2£2^2\. ..^.n^A 
(fi — TT ^ exp I - — + — — z (6.2.104) 



b{t - oi) \4.K2{t - ai) b^{t - ai) 

if (£i,ei) = £1(1,(^2) and (£2,^2) = £2(1, c?^), where ai,b,9 e R with 6 7^ 0. We can get 
more sophisticated wave- like solution if we apply the general forms of the transformations 
in (6.2.3)-(6.2.6). 

Finally, we assume £ie2 — £2ei 7^ 0. Again wc assume that and f] are independent of 
V. By the arguments in (6.2.19)-(6.2.30), we have: 

Theorem 6.2.8. Let d,£,m e M with < m < 1 and let 0^,02 e {1,-1}. // 
£162 — £261 7^ 0; we have the following solutions of the coupled two-dimensional cubic 
nonlinear Schrddinger equations (6.2.1) and (6.2.2): 



i, = ^ / 2('^i^2-e2.0 (x^ + y^.^ 2.105) 
X V £162 - £261 4Kit 
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ip= — 

X 



(72 2{e2Ki - eiK,2) (a;2 + 7/2)i 
exp ■ 



4:Kot 



eiK2 - e2Ki 



(£162 - 8261) (x'^ + y'^) 



e2Ki - eiK2 



exp 



exp 



2(ei«;2 


- e2«i) 


£1^2 - 


- £2^1 


2{e2Ki 




£1^2 - 





(£162 -£2ei)(a;2 + y2) 4^^^ 



tan — exp 



X 



tan — exp 



X' 



AKit t 



^K2t 



t 



2{eiK2 


- e2«i) 


£162 - 


- £2^1 


2{e2Ki 


- £1^2) 


£1^2 - 


- £2^1 



X 

sec — exp 



X 

sec — exp 



+ K2 
4«:2t i 



2(eiK2 - 


- e2Ki) 


£162 - 


£261 


2{£2Kl - 


- £i't2) 


ei€2 - 


- £2ei 


/2(ei«2 


- e2Ki) 


/ £162 - 


- £261 


/2(e2«:i 


- £ifi;2) 


£162 - 


- £261 



X 



coth — , exp 



X 



coth — exp 



4/^2^ i 



X 



csch — exp 



a; 



csch — exp 



4^1^ i 



+ y^ fi;2 



4fi;2t 



t 



^ = rnaij 2(e,^2- 62/.i) ^^/^|^^ |^ ^ (1 + m^)n. 



t 



£162 - £2^1 



AKit 



t 



ma2 \2{e2Ki- eiK2) , u\ ^ [ x^ + y'^ ^ {1 + iv?)k2 
</? = sn [x/t\m) exp | — : — h 



t 



£162 — £261 



t 



mai 1 2{e2Ki - eiK2) / /,, x fx^ + y^ ^ (1 - 2m^)«;i 
ip — 1 cn [x/t\m) exp ( — - — ; h 



£162 - £261 



AKit 



ma2 l2{eiK2 - £2^1) 
£1^2 — £2^1 



cn {x/t\m) exp 



x'^ + ^ {1 — 2m?)K2 



4:K2t 



t 



(7i 2{e2Ki - eiK2) J f u\ \ fx^ + y"^ , {m^-2)K{ 

lb — — \ dn (X t\m) exp — : 

^ t V £162 - £261 V / I ; PI 4^^^ ^ 
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'P=^\ —— —— dn {x/t\m) exp + i. (6.2.122) 



t y £162 — £2^1 V 4Kit t 



Remctrk 6.2.9. Since lim^_^i cn(x|m) — sech x, (6.2.119) and (6.2.120) yield the 
solution 

^ = ^./^SKH^M sech ^ exp ( 4^ - i, (6.2.123) 



t V £162 — £2^1 t \ AKit t 



^ ^ ^ pi^2-£2.i) ^^^^ x_ / _ ^ . . 2.124) 



i y £162 — £2^1 t \ 4^2^ t 

Applying the transformation in (6.2.3)- (6.2.4) with a — — a2 — az — Q and the 
transformation Sc,o in (6.2.5)-(6.2.6), we get a more general soliton-like solution: 



^ (Ti '2(e2K,i — €iK,2) ^ {x — 2ct) cos9 + ysinO 

b'^{t - oi) Y £162 - £2^1 b{t - ai) 

f(x — 2ctY + y'^ Ki c(x — ct) \ . 

X exp \ ' - ToTT^ + + « 6.2.125 

\ 4:Ki{t — ai) ¥{t — ai) Ki J 



a2 / 2(e2/vi - C1K2) , (:X' - 2d) cos ^ ij sin ( 
^ = -nr, r \ / sech 



6^(i-ai)y £162 - £261 h{t - ai) 

fix- 2ctY + K2 c(x -ct) \ . ^ ^ 

X exp \ ,/ ,^ - , + ^ ^ + ao U, 6.2.126 

\ 4«;2(^ - ai) ¥{t - oi) K2 J 

where a, ao, ai, fe, c, ^ e IR with b ^ 0. We can get more sophisticated soliton-like solution 
if we apply the general forms of the transformations in (6.2.3)-(6.2.6). 

6.3 Davey and Stewartson Equations 

Davey and Stewartson [DS] (1974) used the method of multiple scales to derive the fol- 
lowing system of nonlinear partial differential equations 

2iut + e^Uxx + Uyy — 2e2\u\'^u — 2uv — 0, (6.3.1) 

Vxx- (^i{vyy + 2{\u\'^)^^) = Q (6.3.2) 

that describe the long time evolution of three-dimensional packets of surface waves, where 
It is a complex- valued function, v is a real valued function and ei, €2 = ±1. The equations 
are called the Davey- Stew arts on I equations if ci = 1, and the Davey -Stew arts on II equa- 
tions when ei = —1. They were used to study the stability of the uniform Stokes wave 
train with respect to small disturbance. The soliton solutions of the Davey- Stewartson 
equations were first studied by Anker and Freeman [AF] (1978). Kir by and Dalrymple 
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[KD] (1983) obtained oblique envelope solutions of the equations in intermediate water 
depth. Omote [Om] (1988) found infinite- dimensional symmetry algebras and an infinite 
number of conserved quantities for the equations. 

Arkadiev, Pogrebkov and Polivanov [APPl] (1989) studied the solutions of the Davey- 
Stewartson II equations whose singularities form closed lines with string-like behavior. 
They [APP2] (1989) also applied the inverse scattering transform method to the Davey- 
Stewartson II equations. Gilson and Nimmo [GN] (1991) found dromion solutions and 
Malanyuk [Mtl, Mt2] (1991, 1994) obtained finite-gap solutions of the equations, van 
de Linden (1992) studied the solutions under a certain boundary condition. Clarkson 
and Hood [CH] (1994) obtained certain symmetry reductions of the equations to ordinary 
differential equations with no intervening steps and provided new exact solutions which 
are not obtainable by the Lie group approach. Guil and Manas [GM] (1995) found cer- 
tain solutions of the Davey-Stewartson I equations by deforming dromion. Manas and 
Santini [MS] (1997) studied a large class of solutions of the Davey-Stewartson II equa- 
tions by a Wronskian scheme. There are the other interesting works on solutions of the 
Davey-Stewartson equations (e.g., cf. [Vj]). It is obvious that the some of above so- 
lutions are equivalent to each other under the known symmetric transformations. It is 
time to study solutions of the Davey-Stewartson equations modulo the known symmetric 
transformations. 

In this section, we use the quadratic-argument approach to study exact solutions of the 
Davey-Stewartson equations modulo the most known symmetry transformations. This is 
a revision of our earlier preprint [XI 8]. 

By (6.1.2), (6.3.1) and (6.3.2), we take 

deg X — deg y — — deg u — ^deg t — — ^deg v (6.3.3) 

in order to make the nonzero terms in (6.3.1) and (6.3.2) having the same degree. More- 
over, the equation (6.3.1) and (6.3.2) are translation invariant because they do not contain 
variable coefficients. Thus the transformation 

Ta,b(u{t, X, y)) = hu{hH + a, hx, by), Ta,b(v(t, x, y)) = b'^v(bH + a, bx, by) (6.3.4) 

maps a solution of the Davey-Stewartson equations (6.3.1) and (6.3.2) to another solution, 
where a, 6 G M and b ^ 0. Let a, (5 and 7 be functions in t. The transformation u{t, x, y) 
ti(t, X + a,y + (5) and v{t, x, y) v{t, x -\- a,y + 13) changes (6.3.1) to 

2i{a'ux + P'uy -\- Uf) + eiUxx + Uyy — 2e2\ufu — 2uv — (6.3.5) 

and leaves (6.3.2) invariant, where the independent variables x is replaced by a; + a, the 
independent variables y is replaced hy y + (5 and the subindices denote the partial deriva- 
tives with respect to the original independent variables. Moreover, the transformation 
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u e-(':i"'^+/3'y+7)«^ and V V changes (6.3.1) to 

2[{{eia"x + ^"y) + i)u + iut] - (eio;'^ + ^''^)u - 2a'iu^ - 

+^i'U'xx + %y ~ 2e2\u\'^u — 2uv = (6.3.6) 

and leaves (6.3.2) invariant. Furthermore, the transformation 

u t-^ u and v t-^ v + e^a'' x + ^''y h 7' (6.3.7) 

changes (6.3.1) to 

2mt + t\Uxx + -Uj^y — 2e2|'Up'U — 2uv 

+ [eia'^ + + 27' - 2(eia"a; + ^" y)\u = (6.3.8) 
and keeps (6.3.2) invariant. Thus the transformation 

S^,^,Mt^ X, y)) = e-^^^"'-+^'y+^K{t, X + a, y + /3), (6.3.9) 

Sa,fs,j{v{t, X, y)) = v{t, x + a, y + /3) + eiQ;"a; + I5"y - - — h 7' (6.3.10) 

maps a solution of the Davey-Stewartson equations (6.3.1) and (6.3.2) to another solution. 
Write 

ii = ^(i,x,?/)e''^(*'^'f\ (6.3.11) 
where ^ and 4> are real functions in t, a;, y. Note 

= (6 + i^e'^ = (^, + ^^0.)e^^ = (^, + ^^0,)e^^ (6.3.12) 

lia... = {ixx - i(t>l + ^(2^x00. + i(t>xx))e''^ . Uyy = (^2,2, - i(t>l + i(2e2,</'j; + i(t>yy)y'^- (6-3.13) 

Then (6.3.1) is equivalent to 

2iit - 2C(pt + eiiCxx - C<Pl + i{'^ix(t>x + i(t>xx)) 

Hyy - ^<t>l + my4>y + ^4>yy) - '^€2^ - 2^V = 0, (6.3.14) 

equivalently, 

2^* + 2(eiex0x + ^y(l>y) + ^{ei(l)xx + = 0, (6.3.15) 

^{2<f>t + ei(g + (t>l) - ei^xx - ^yy + 262^' + = 0. (6.3.16) 
Moreover, (6.3.2) becomes 

Vxx - ei{vyy + 2(e')..) = 0. (6.3.17) 

Case 1. (f) — 0. 
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In this case, (6.3.15) becomes = 0. Moreover, (6.3.16) gives 

-eiU - ^yy + 262^' + '2^v = 0. (6.3.18) 

Fixing £1,^2 G , we denote 

w^lix + l2y- (6.3.19) 

Assume ^ = /(^) ^-nd v — g{vD) for some one- variable functions / and g. Then (6.3.17) 
and (6.3.18) become 

(£2 _ ^^^2y> _ 2e,ej{fY = 0, (6.3.20) 

-{eA + il)f" + 262 f + 2fg = 0. (6.3.21) 

Suppose 

£l - eiil ^ and Silj + il ^ ^ ^ (6.3.22) 



Then 



g = + + il) (6-3.23) 



ei^f - <.2 

is a solution of (6.3.20) with c G M. 

Substituting (6.3.23) into (6.3.21), we get 



-{eiil + il)f" + 2 ^^^''lf\/'^h ' + 2c{eA + ll)f = 0, (6.3.24) 
equivalently, 

_ /'4 
*2 •"'1 

If 



f + 2^^±^#4^/^ - 2c/ = 0. (6.3.25) 



62 = 1 and £2 = ±\/2 + eT£i, (6.3.26) 
then (6.3.25) becomes = 2c/. Assuming c = 2c\ with ci e M, we have the solution 

/ = aie^"^^ + 026-2"!^ and g = -f + 8c^/^ (6.3.27) 

Letting c = — 2cf with ci e M, we obtain another solution 

/ = oi sin 2ciOT and g = -f - 8c?£?. (6.3.28) 

Since = £ix + £211 — £i{x ± y/2 + ei y), we can take 2ci£i = 1 if we replace u by 
To,(2ciei)-^{u) and v by To,(2ci£i)-i(^)- Thus have 

/ = aie^±^^2/ + 026-^^^^^ and g ^ -f + 2; (6.3.29) 

/ = ai sin(a; ± V2+7^ y) and g = -f - 2. (6.3.30) 

Next we assume 

(2 + eie2)£? - 6211 + 0. (6.3.31) 
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Recall (6.1.18)-(6.1.23). Substituting ^ = f = k^{x) to (6.3.25) with k e R and ^ = 
1/x, tana;, sec a;, cotha;, cscha;, sn(a;|m), cn {x\m), dn(a;|m), we find the following solutions: 



, / , I , '^ejf , (2m^-l)(6i£^ + £i) 

In summary, we have: 

Theorem 6.3.1. If 62 = 1, we have the following solutions of the Davey-Stewartson 
equations (6.3.1) and (6.3.2): for 01,02 G M and oi 7^ 0, 

u = aie^±^2+iry ^ Q^g-xTV2+ir2/ ^ _^i2 ^ 2; (6.3.40) 

u = ai sin(a; ± -\/2 + ei y) and v = —u^ — 2. (6.3.41) 

£t ^ 4 anc/ (2 + 6162)^? 7^ 62^1. (6.3.42) 
T/ien we the following solutions of the Davey-Stewartson equations (6.3.1) and (6.3.2): 
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-Wp^|^5^3ec(^.. + «, „.-|^--«±ii; (6.3.45) 



£4 _ £4 2£2^j2 



~ f,f2 - ('5 2 • ^ ' 



£4 _ £4 

u = 'm\l j^-^^^^^j^^^—^cn{£ix + £2y\rn), (6.3.50) 



^ (2m2-l)(ei£? + £i) 



2ilu^ , (2 - m2)(ei£2 + £2) 



Remcirk 6.3.2. Since lim^_^idn {x\m) — sechx, (6.3.52) yields the solution 



-Wp^|5^-h(... + 4.)..= J^ + l^. (6.3.53) 
Applying Sa,/3,'y in (6.3.9) and (6.3.10), we get a more general solution 



u 



(2 + eie2)el - 



g-(6ia'x+^'y+7)iggcl^ (£i(a; + a)+ £2(2/ + /?)), (6.3.54) 



+llg±^ + ,.„>-. + ^>V-^-("')^ + OTVy. (6.3.55) 



where a, (3 and 7 are arbitrary functions of t. Taking a — ait, (3 — a2t and 7 = 
(eiof + a|)i/2, we have a solition solution 



u 



to ^ ^-{e,mx+a,y+{eiai+a^,)t/2)i sech(£iX+4y+(ai^l+a2£2)t), (6.3.56) 

[2 + 6162)11 — 62I2 
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sech \£ix + 4y + (ai^i + 024)^) + ^^7^, (6.3.57) 



e2il - (2 + e^e2)il 
where ai,a2 G R. 

Case 2. (f)^ e^x^ jit or jit. 

Suppose 0= e\x^ jit. Then (6.3.15) and (6.3.16) become 

it + f + = 0' (6-3-58) 

-^xixx - iyy + 262^^ + 2iv = 0. (6.3.59) 

By (6.1.40)-(6.1.43), we have 

^ = -^, ^ = (6.3.60) 

which satisfies (6.3.17). Moreover, (6.3.60) also holds when = y^/2t. 
Case 3. eix'^/2t + y72(i - d) with ci e M. 
In this case, (6.1.45) and (6.3.59) hold. By (6.1.46)-(6.1.49), 

2 

C = , = — — ^, a e (6.3.61 

Vi(^ - d) t{t-dy ^ ' 



In summary, we have: 

Theorem 6.3.3. For a, d e IR with d ^ 0, we have the following solutions of the 
Davey-Stewartson equations (6.3.1) and (6.3.2): 

w = — — , f; = —] (6.3.62) 

M = ^= — , V = ; (6.3.63) 

yt t 

u = , , V — — ; -. (6.3.64) 

^t{t - d) t{t-d) ^ ' 

Case 4. (f)^ {eix'^ + y^)/2t. 

In this case, (6.3.15) becomes (6.1.54). So 

i = jC{z,s), z=j,s = j, (6.3.65) 
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for some two-variable function ( by (6.1.55). Moreover, (6.3.16) becomes 

eiC. + Css ^ ^ 2Ct; = 0. (6.3.66) 



Assume 



V = ^ (6.3.67) 



for some two-variable functions 77. Then (6.3.66) becomes 

-eiCzz - Css + 2e2C' + 2Cr? = (6.3.68) 

and (6.3.17) becomes 

Vzz-ei{Vss + '2{C'),,)^0. (6.3.69) 
By the arguments in (6.3.17)-(6.3.39), we obtain: 

Theorem 6.3.4. If 62 = I, we have the following solutions of the Davey-Stewartson 
equations (6.3.1) and (6.3.2): for ai,a2 G M and ai 7^ 0, 

,(ei3;2+2/2)i/2t 



u 



t 



.(^^g(x±V2+ir2/)/t + ^^g(-a.TV2+ir2/)/t)^ (6.3.70) 



v^\[2- (aie(^±^^^)/* + a2e(-^T^^^)/*)']; (6.3.71) 

V 

sm , V ^ -— \2 + a^sm 1; (6.3.72) 

Let £1, £2 G such that 

£l ^ 4 and (2 + eies)^! 7^ e2il (6.3.73) 
Then we the following solutions of the Davey-Stewartson equations (6.3.1) and (6.3.2): 



{eix^W)il2t / _ M 



2^f(6i£f + £^) 

+ % V (2 + eie2)^?-e2^i' ^ ((2 + eiea)^? - e2£i)(4a: + %)2 ' 



" = (2 + e,e2)^f-e2^i 1 ^'•'•^'^ 

_ 2£f(6,£^+£i) + + 

^ - ((2 + 6,62)^f-62^i)t^ + ^^-^-^^^ 



"^^/ (2 + .,.,)£f-e2£i ^ 

2^?(6i£?+£2) 2^1^+% + il 

sec - — ^ , [0.6. 1 Q) 



{{2 + eie2)il-e2il)t^ t 2t^ 



(2 + eie2)£f - e2ll t T 



x.= . / ^ ^ — coth^^i:^!^, (6.3.79) 
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_ 2ilieA + il) ^^^^.ij^_eA+3, (6.3.80) 



((2 + 6162)11 - e2^i)t' t ^2 



" = ^l {2 + 6,62)il-62il -t ''''' ^'-^-''^ 



{i2 + 6i62)il-62il)f t 2^2 



"^"^^/ (2 + .,.,K2-e,£2 1 [-^n ' ^ ^ ^ ^ 



((2 + £162)^2 -e2^i)t2 V * / 



" = ^/ (2 + .,.2)^2_,^,2 ^ dn (^^l-j , (6.3.87) 

2£?(6i£? + il) _^^2 + % I \ ^ (2-m^)(ei£^ + £i) _ (g ^ gg) 



((2 + eie2)£?-e2£i)t2 V ^ / 2^2 



Remcirk 6.3.5. Since lim^^i dn {x\m) — sech x, (6.3.87) and (6.3.88) yield the 
solution 

" = i [2^ 6.62)11- 6211 -i ''"^ ^'-'-''^ 



{{2 + 6i62)il-62p2)t^ t 2t2 

Applying Sa^t,a2t,{exal+al)t/2 m (6.3.9) and (6.3.10), we get a solition-like solution 



u — 



p'l _ £'i ^{eix^+y'^)i/2t-{eiaix+a2y+{eia'f+al)t/2)i 



(2 + 6,62)ij - 62^2 t 

xsech ^i^ + ^2y+(aA + a2^2)t^ ^^ ^^^^ 



2ij{6-,el + £l) i^x + i2y + {ai£i + a2i2)t e.ij + il 

{{2 + 6i62)il-62il)t^'''''' t ^ 2^2 • 



Chapter 7 

Dynamic Convection in a Sea 



The rotation of the earth influences both the atmospheric and oceanic flows. In fact, 
the fast rotation and small aspect ratio are two main characteristics of the large scale 
atmospheric and oceanic flows. The small aspect ratio characteristic leads to the primitive 
equations, and the fast rotation leads to the quasi-geostropic equations (e.g., cf. [GC, 
LTWl, LTW2, Pj]). A main objective in chmate dynamics and in geophysical fluid 
dynamics is to understand and predict the periodic, quasi-periodic, aperiodic, and fully 
turbulent characteristics of the large scale atmospheric and oceanic flows (e.g., cf. [HMW, 
Le]). The general model of atmospheric and oceanic flows is very comphcated. In this 
chapter, we study a simplified model of dynamic convection in a sea due to Ovsiannikov 
(1967) (e.g., cf. Page 203 in [In3]). 

In Section 7.1, we present the equations for dynamic convection in a sea and the 
symmetry analysis on them. In Section 7.2, we use a new variable of moving line to solve 
the equations. An approach of using the product of cylindrical invariant function with 
z is introduced in Section 7.3. In Section 7.4, we reduce the three-dimensional (spacial) 
equations into a two-dimensional problem and then solve it with three different ansatzes 
(assumptions). This chapter is a revision of our earlier preprint [X17]. 

7.1 Equations and Symmetries 

The following equations 

+ + = 0, p^Vz, (7-1-1) 

Pt + up^^vpy^wpz^Q, (7.1.2) 

1 

Ut + uUx + vUy + wUz -\- V = (7.1.3) 

Vt + UVx + VVy + WVz — U — Py (7- 1-4) 

are used to describe the dynamic convection of a sea in geophysics, where v and w are 
components of velocity vector of relative motion of fluid in Cartesian coordinates (x, y, z). 
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p = p{x,y,z,t) is the density of fluid and p is the pressure (e.g., cf. Page 203 in [In3]). 
Ovsiannikov determined the Lie point symmetries of the above equations and found two 
very special solutions. 

Let us first do degree analysis. Denote 

degu — i, degx — ii, degy — i2, degx — i^. (7.1.5) 

To make the nonzero terms in (7.1.1)-(7.1.4) to have the same degree, we have to take 

deg Ux = deg Vy =^ deg v = i + £2 — (7.1.6) 

deg = deg =^ deg w ^ i + £3 - £1, (7.1.7) 

deg Ut = deg uu^ =^ deg t = ii — i, (7.1.8) 

deg Ut ^ degv 2£ - £1 ^ £ + £2 - £1 ^ £2 ^ £, (7.1.9) 

deg vt = deg ~ 2£ + £2 - 2£i = £ ^ £1 = £, (7.1.10) 

degp = degp^ =^ degp = degp - £3, (7.1.11) 

deg u = deg £ ^ degp - deg p - £2 ^ £ ^ £3 - £2 ^ £3 ^ 2£. (7.1.12) 
In summary, 

degM = degf = degx = degy = i, (7.1.13) 

deg w = deg 2; = 2£ = degp — deg p, degi = 0. (7.1.14) 

Moreover, the equations (7. 1.1)- (7. 1.4) are translation invariant because they do not con- 
tain variable coefficients. Thus the transformation 

Ta-M,b2{u{t,x,y,z)) ^ b];^u{t + a,bix,biy,blz), (7.1.15) 

Ta;bi,b2ivit^^^y^z)) = b];^v{t + a,bix,biy,blz), (7.1.16) 

Ta-MMi^it^^^V:^)) = bY'^w{t + a,bix,biy,blz), (7.1.17) 

Ta-M,b2{p{t: X: ^)) = ^2P(^ + O, biX, 61?/, bjz), (7.1.18) 

Ta-MMiPi^^^^y^^)) = b^%2Pit + a,bix,biy,blz) (7.1.19) 

is a symmetry of the equations (7.1.1)-(7.1.4). 

Let a be a function in t. Note that the transformation 

F{t,x,y, z) ^ F{t,x + a,y, z) with F = u,v,w,p,p (7.1.20) 

leaves (7.1.1) invariant and changes (7.1.2)-(7.1.4) to: 

a'p3: + pt + upx + vpy + wpz ^ 0, (7.1.21) 
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a'ux + Ut + uux + vuy + wuz -\-v — — (7.1.22) 

a'vx + Vt + uvx + vvy + wvz - u = ~~^Py^ (7.1.23) 

where the independent variable x is replaced hy x + a and the partial derivatives are with 
respect to the original variables. Thus the transformation 

F{t,x,y,z) ^ F{t,x -\- a,y,z) — 5u,F0i with F — u,v,w,p,p (7.1.24) 

leaves (7.1.1) and (7.1.2) invariant, and changes (7.1.3) and (7.1.4) to 

—a'' + Ut + uUx + vUy + wUz -\- V — — Px (7.1.25) 

1 

Vt + uVx + vVy + wVz — u + a' = — Py. (7.1.26) 

On the other hand, the transformation 

F(t,x,y, z) t-^ F(t,x,y, z + a''x — a'y) with F — u,v,w,p,p (7.1.27) 

leaves the second equation in (7.1.1) invariant and changes the first equation in (7.1.1), 
and (7.1.2)-(7.1.4) to: 

a"uz + Ux - a'vz + Vy + Wz = 0, (7.1.28) 
{a'' X — a''y)pz + Pt + 0-''upz + upx — olvpz + vpy + wpz = 0, (7.1.29) 
{a'''x — a!'y)uz -\-Ut-\- a''uUz + uUx — a'vUz + vUy + wUz -\-v — — Px — a'', (7.1.30) 

{a'' X — a''y)vz -\- Vt-\- a''uVz + uVx — a'vVz + vVy + wVz — u — — Py + a' . (7.1.31) 
Thus we have the following symmetry transformation of (7. 1.1)- (7. 1.4): 

'S'i,a(-^(i, 3:, y, -z)) = F(i, a; + a, y, z + Q;''a; — cc'y) — (5u_fq;' with F — u,v,p,p (7.1.32) 
and 

51, a{w{t, X, y, z)) — w{t, X + a,y, z + ol' x — a'y) — oc'u + a'v — a'' x -\- a''y. (7.1.33) 
Similarly, we have the symmetry transformation of (7.1.1)-(7.1.4): 

S2^a{F{t,x,y, z)) = F{t,x,y + a, z + a'x + a''y) — dy^pa' with F — u,v,p,p (7.1.34) 
and 

52, a{'w{t, X, y, z)) — w{t, X + a,y, z + a'x + a''y) — a'u — ol' v — ol' x — ol'' y. (7.1.35) 

Let ^ be another function in t. We have the following symmetry transformation of (7.1.1)- 
(7.1.4): 

Safi{F(t,x.,y,z)) = F{t,x,y.,z^a)—bw^pol\bp^pP> with F = u,v,w,p,p. (7.1.36) 

The above transformations transform one solution of the equations (7.1.1)-(7.1.4) into 
another solution. Applying the above transformations to any solution found in this chapter 
will yield another solution with four extra parameter functions. 
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7.2 Moving-Line Approach 

Let a and (3 be given functions in t. Denote the variable of moving line 

w ^ a'x + /3'y + z. (7-2.1) 
Suppose that f,g,h are functions in t,x,y,z that are hnear in x,y,z such that 

fx + gy + h,^0. (7.2.2) 

We assume 

u = <j){t,w) + f, v = ij{t,w)+g, (7.2.3) 

w^h-a'(j){t,w)- /3'ip{t,w), p^Q(t,w), (7.2.4) 

where 0, C, are two- variable functions to be determined. Note that the first equation 
in (7.1.1) naturally holds and p — Pz — C^w the second equation in (7.1.1). Moreover, 
(7.1.2)-(7.1.4) become 

C-t + C,^^{.a"x + 13" y + a' f + 13' g + /i) = 0, (7.2.5) 

ft + g + ff. + gfy + hf, + a' + <Pt+ if, - a'Qct> + (/, - 13' U + l)^' 

+(t>^{a"x + P"y + a'f + + /i) = 0, (7.2.6) 

gt- f + fgx + ggy + hg^ + ^' + + (s-^ - a's'z - 1)0 + (s'?/ - P'gz)^/^ 

+iP^{a"x + p"y + a'f + p'g + h)^0. (7.2.7) 
In order to solve the above system of partial differential equations, we assume 

a"x + I3"y + a'f + p'g + h^ --f'w = -7' (a'x + p'y + z) (7.2.8) 
for some function 7 in and 

ft + g + ffx + gfy + hfz + a' = 0, (7.2.9) 

gt-f + fgx + ggy + hg^ + ^' = 0. (7.2.10) 

Then (7.2.5)-(7.2.7) become 

C^t - = 0, (7.2.11) 

<Pt + if. - c^'f-M + Uy - P'fz + 1)^ - = 0, (7.2.12) 

i^t + {gx - oi'gz - 1)0 + {gy - I3'gz)i^ - I'wil^^ = 0. (7.2.13) 
According to (7.2.8), 

h = -a"x - I3"y - a'f - /3'g - iw. (7.2.14) 
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Substituting the above equation into (7.2.9) and (7.2.10), we have: 

ft + fif. - oc'h) + g{fy - p'f, + 1) - Ma"x + p"y + iw) + a' = 0, (7.2.15) 

gt + f{gx - a'gz - i) + g(gy - P'gz) - gz{a"x + + iw) + ^' = o. (7.2.16) 

Our hnearity assumption impUes that 

A=( " , ~ ^'{^ + ^ ^ (7.2.17) 

\ gx- agz-^ gy- p gz J 

is a matrix function in t. In order to solve the system (7.2.12) and (7.2.13), and the 
system (7.2.15) and (7.2.16), we need the commutativity of A with dA/dt. For simphcity, 
we assume 

/, - f3'f, + l^g,- a'g, -1 = 0. (7.2.18) 

So 

/, = 13' - 1, g, = a'g, + 1. (7.2.19) 
Moreover, (7.2.15) and (7.2.16) become 

ft + /(/. - «7.) - fz{c^"x + /3"y + j'w) + a' = 0, (7.2.20) 

gt + g{gy - P'gz) - gz{a"x + f3"y + iw) + ^' = o. (7.2.21) 

Write 

/ = a\x + (/3'a2 — l)y + + «3, (7.2.22) 

g = («% + l)x + + /32^ + /33 (7.2.23) 

by our hnearity assumption and (7.2.19), where ai and are functions in t. 

Now (7.2.20) is equivalent to the following system of ordinary differential equations: 

ct'i + ax{oLx - a'a2) - a2{a" + Vo;') = 0, (7.2.24) 

(/3'a2)' + (/3'«2 - l)(«i - «'«2) - «2(/3" + 7'/3') = 0, (7.2.25) 

0.2 + a2{ai - ola2 - 7') = 0, (7.2.26) 

+ ^3(0:1 — ol a'l) + a' = 0. (7.2.27) 
Observe that (7.2.25) - x (7.2.26) becomes 

-OLx + q;'q;2 = 0. (7.2.28) 

So (7.2.26) becomes 

ol^ - r^'a2 = ^ ^2 = 6ie^, 61 e M. (7.2.29) 
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According to (7.2.28), 

ai = 6iq;V. (7.2.30) 
With the data (7.2.29) and (7.2.30), (7.2.24) naturally holds. By (7.2.27), we take 

as = -a. (7.2.31) 

Note that (7.2.21) is equivalent to the following system of ordinary differential equa- 
tions: 

a'P'^ + (a'/32 + 1) (/3i - ^'^2) - «'/327' = 0, (7.2.32) 

/3[ + /3i(/3i - /3'I32) - m" + P'i) = 0, (7.2.33) 

^^ + ^2(A-/3'^2-y) = 0, (7.2.34) 

^3 + /53(^i- W+/S' = 0. (7.2.35) 

Similarly, we have: 

^i = M'e^ ^2 = ^26^ ^3 = ^ (7.2.36) 

with 62 e Moreover, (7.2.2) gives 7' = by (7.2.14), (7.2.28) and (7.2.36). Wc take 
7 = 0. Therefore, = '^{w) and ip = L{tu) by (7.2.12) and (7.2.13) for some one-variable 
functions $5 and t. Furthermore, we take ^ = a{zu) by (7.2.11) for another one-variable 
function a. In summary, we have: 

Theorem 7.2.1. Let a,p be functions in t and let 61,62 £ Suppose that ^, l 
and a are arbitrary one-variable functions. The following is a solution of the equations 



(7. 1.1)- (7. 1.4) of dynamic convection in a sea: 

u = bxa'x + (61^' - l)y + biz-a + ^{a'x + j3'y + z), (7.2.37) 

V = (62Q;' + l)x + b2P'y + b2Z + ^ + i{a'x + ^'y + z) , (7.2.38) 

w = -{a" + bra'^ + (62a;' + l)P')x - {/3" + a\bi/3' - 1) + 62/?'")?/ - {bia' + b2/3')z 

+aa' - pp' - a'Q(a'x + /3'y + z) - p'i{a'x + ^'y + z) , (7.2.39) 

p^(T{a'x + P'y + z), p^a'{a'x + /3'y + z). (7.2.40) 
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7.3 Approach of Cylindrical Product 

Let (7 be a fixed one- variable function and set the variable of cylindrical product: 

w ^ za{x^ + y^). (7.3.1) 
Suppose that / and g are functions in t, a;, z that are linear homogeneous in y and 

+ (7.3.2) 

(7 

where 7 is a function in t. Assume 

u — f + yip{t,zu), V — g — xip{t,zu), w — h, p — (l){t,zu) (7.3.3) 

where ip and are two-variable functions. Note 

ut = ft + y'4't, U:c = fx + 2xyza'^^, (7.3.4) 

fy + ip + 2y'^za'tjj^, + ycTTp^, (7.3.5) 

vt ^ gt - xi/jt, g^-i/j- 2x^z(t''iI)^, (7.3.6) 

Vy = gy- 2xyza'ip^, v^ = g^- xaip^. (7.3.7) 

Hence (7.1.3) becomes 

ut + uu^ + vuy + wu^ + v = ft + yi't+ if + yip){fx + 2xyza'ip^) 
+ {g - x'4)){fy + I + i) + 2y'^z(j'il)^) + yah^j^ 
= ft + ff. + g{l + fy)+x{g,-fy-l)ij-xij^ 

2xza' 

+y[A + {fx + 9y)i^ + (2(x/ + yg)a'z + /la)^^] = (7.3.8) 

(7 

and (7.1.4) gives 

vt + uvx + vvy + wvz - u = gt- xijjt + if + yi'){gx - l- i> - 2x'^za''ijj^) 
+ {g - xil)){gy - 2xyza'ilj^) - xahip^ 

= 9t + f{gx-i) + 9gy-y{'^ + fy- gx)'ip -yi^'^ 

-x[^pt + {fx + 9y)^ + {2{xf + y^)(7'z + ha)^P^\ = . (7.3.9) 
In order to solve the above system of differential equations, we assume 

f-cx'x-l^ g^^ + a'y, a{x' + y') = -^^ (7.3.10) 
for some function a int. According to (7.3.2), 

h=-- 2a' z. (7.3.11) 
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Now (7.3.8) becomes 

{a" + a'^ + 4-^ - ip'^)x + y[ijjt + 2a'tp + (7 - 4:a'vj)ip^] = 2xvj (7.3.12) 
and (7.3.9) yields 

{a" + a'^ + - ^^)y - x[ipt + 2a'ip + (7 - 4^'^)^^] = 2yw. (7.3.13) 
The above system is equivalent to 

a" + a'^ + 4-^ -i/j^^ 2w, (7.3.14) 

ipt + 2aV + (7 - 4a'w)^^ = 0. (7.3.15) 

By (7.3.14), we take 

^ = Va" + a'^ + 4-1 - 2v!j, (7.3.16) 
due to the skew-symmetry of {u,x) and {v,y). Substituting (7.3.16) into (7.3.15), we get 

a'" + 2a' a" + Aa'{a" + a'^ + 4"^ - 2w) - 2(7 - Aa'w) = 0, (7.3.17) 

equivalently, 

7 = 2q;'' + 3q;V + ^^^. (7.3.18) 
According to the second equation in (7.1.1), we have p — cr^^j,. Note 

Pt = = 2x(j'(0^ + w4>^^), (7.3.19) 

Py = 2ya'{4)^ + G70ro^), = aVwro- (7.3.20) 

So (7.1.2) becomes 

- 2a>^ + (7 - 4a't:?)0^^ = 0. (7.3.21) 
Modulo some S^^^ in (7.1.36), the above equation is equivalent to: 

<\>t + 2a> + (7 - Aclw)<\>^ = 0. (7.3.22) 

Set 

i) = e^'^i/j, 4) = e^'^cj). (7.3.23) 
Then (7.3.15) and (7.3.22) are equivalent to the equations: 

+ (7 - Aa'w)i)^ = 0, 0t + (7 - ^Oi'w)4)^ = 0, (7.3.24) 

respectively. So we have the solution 

= cj(^) ^ = e-2"» (^e^" Va" + a'^ + 4"! - 2117) (7.3.25) 
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for some one-variable function Q'. Thus we have: 



Theorem 7.3.1. Let a be any function in t and let Q be arbitrary one-variable func- 
tion. The following is a solution of the equations (7.1.1)-(7.1.4) of dynamic convection 
in a sea: 



u^a'x-^ + y^a" + a'' + -^- (7.3.26) 



X 1 2z 

v^a'y + -- x^a" + a" + -- (7.3.27) 

w = ( 2a'^ + 3a'a" + ^L±^ ) + y^) _ 2a' z, (7.3.28) 



p = e--^ ( e-,/a" + a'^ + \- ^) , (7-3.29) 



{x^ + y^)^a' + a^ + l- 



(7.3.30) 



Remark 7.3.2. Let Pi, (32,(33 and 7 be functions in t. Applying Si^is-^ in (7.1.32)- 
(7.1.33), S'2,/32 in (7.1. 34)-(7. 1.35) and in (7.1.36) to the above solution, we get a 
more general solution: 



4 (^ + /3^)2 + (^ + ^2)2 

+a'{x + (3i)-^—^-(3[, (7.3.31) 



y + (32 



^ 4 (a; + A)2 + (y + ^2)' 

W(?/ + /32) + ^^-/3^, (7.3.32) 

= (^2a" + 3a'a" + ^^^^^ {{x + Pif + {y + P^f) 
-2a' {z + (/?;' + P'^)x + (/3^' - + h) - Ps 

-iP',' + (3',)u + (/?; - /3^> - (/?;'' + + (/?;' - /3^")y, (7.3.33) 



4 (2; + ^,)2 + (^ + ^2)2 



[(x + A)2 + (1/ + /52)2] Ja" + + i - 



21 /^/' ^ ^,/2 ^ 1 _ 2(^+((/3;'+/30:.+(fl^'-/3();;+/33) 



(73.35) 



4 (a:+/3i)2+(2/+/32) 
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7.4 Dimensional Reduction 

Suppose that u,vX a-nd r) are functions in t,x,y. Assume 

w ^ C - {u^ + Vy)z, p^z + rj, (7-4.1) 

Then the equations (7.1.1)-(7.1.4) are equivalent to the following two-dimensional prob- 
lem: 

Ut + uu^ + vuy + v = -T]^, (7.4.2) 
Vt + uVx + vVy — u— —Tjy. (7.4.3) 
The compatibility rj^y — rjyx gives 

{Uy - V^)t + U{Uy - V^)^ + V{Uy " V ^) y + + Vy){Uy - V ^ + l) = Q . (7.4.4) 

Let be a function in x, y that is harmonic in x and y, i.e. 

^xx + ^yy = 0. (7.4.5) 

We assume 

u = -^xx, V = ^^y. (7.4.6) 
Then (7.4.4) naturally holds. Indeed, 

ut + uu, + vuy + v^ {i»,t + 2-'(t^L + €y) +^y),^ (7-4.7) 

+ uv, + vvy-u^ + 2-^(C + €y) + ^y)y ■ (7-4-8) 
By (7.4.2) and (7.4.3), we take 

V--^xt-^y-l{€x + €y)- (7-4-9) 

Hence we have the following easy result: 

Proposition 7.4.1. Let •& and C, he functions in t,x,y such that (7.4-5) holds. The 
following is a solution of the equations (7.1.1)-(7.1.4) of dynamic convection in a sea: 

u = -d^x, V = -dxy, w = C, (7.4.10) 

p = 1, p^,-^^^-^^- 1(^2^ + ^2^). (7.4.11) 

The above approach is the well-known rotation-free approach. We are more interested 
in the approaches that the rotation may not be zero. Let / and g be functions in t, x, y 
that are linear in x,y. Denote 

zu^x^ + y^. (7.4.12) 
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Consider 

f + y(p{t,w), V = g - x(p{t,w), (7.4.13) 
where ^ is a two- variable function to be determined. Then 

Ux = fx + '2xy(p^, Uy = fy + (j) + 2y^(j)^, (7.4.14) 

Vx = gx-(l>- 2x^0^, Uy = gy- 2xy(f)^. (7.4.15) 

Thus 

Ux + Vy = fx + gy, Uy - Vx = fy - gx + 2{w(j))^. (7.4.16) 
For simphcity, we assume 

a'x y X a'y , , „x 

for some functions a and /3 in t. Then (7.4.4) becomes 

a' a' 

{w(t))^t '^{'>^4')vjvo {'^(t))w = 0. (7.4.18) 

a a 

Hence 

w 

for some function 7 in t and one-variable function SJ. 
Now (7.4.12), (7.4.17) and (7.4.19) imply 

a^_y {^l±^{a^ (7.4.20) 
2q; 2 ' ^ ^ 

^_x a'y (7 + Q{aw))x (7 4 21) 

2 2q; zu 
By (7.4.13) and (7.4.17), we calculate 

Ut + uUx + vuy + 

^ ft + y(f)t + (/ + y^) (/. + 2xy0^) + (^ - x0) (/j, + + 2y^^) +g~x(j) 
^ ft + ffx + gify + 1) + #t + (/a;?/ - fyX + g - a;)0 2(/x gy)y(j)^ - xcjp' 

^^^5 + -\x-x<t>^ + y Ut - -M)-) ) ' (7-4.22) 

-|- Ml^a; + VVy — U 

gt - x(f)t + (/ + y(l)){gx - - 2x^0^) (5 - a;0)(5j, - 2x7/0^) - f - ycj) 
gt + /(s'x - 1) + ggy - x(t)t + (s^^y -gyx- f - y)(t> - 2{fx + gy)x(j)^ - ycf)^ 

( + -]y-x<p'-xU- -{w4>)^) \ . (7.4.23) 
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On the other hand, (7.4.19) says that 



(wcp)^ = ais(aw) = —. (7.4.24) 

aw vj 



Thus (7.4.2) and (7.4.3) yield 



3q;' —laoi' ^ l^ _ , I'v 



4Q!2 4 7 Tjj 



Sq;'^ — laol' 1 



^-Av- — -V<^--^v (7-4.26) 
w 



4q;2 4 
by (7.4.22) and (7.4.23). Hence 

/ 1.^ 2 4„^ +^W + T-arctan|. (7.4.27) 



Theorem 7.4.2. Let a, 7 &e any functions in t. Suppose that '^s is an arbitrary 
one-variable function and C is any function in t, x, y. The following is a solution of the 
equations (7.1.1)-(7.1.4) of dynamic convection in a sea: 



„ _ a: _ a'y _ {-f + '^{{x^ + y^)a))x 

"^"2 2a x^ + y^ ' ^^"^-^^^ 



a 

w^—z + C, P=l, (7.4.30) 
a 



1 /• (7 + ^(a^))^'^^ (3Q;'^-2aa")a"^ + l/ 2 2n / y 
P = / ^-^-^ ^ ^ + +yarctan^ 

2 J zu^ 8 X 

with zu — x'^ + y^. 



Next we assume 

u = e{t,x), V = (l){t,x) + ip{t,x)y, (7.4.32) 

where £, and t/j are functions in x to be determined. Substituting (7.4.32) into (7.4.4), 
we get 

(l>tx + Axy + £{(l>xx + i>xxy) + (0 + ^y)i>x + {^x + i>){(l>x + ^xy - 1) = 0, (7.4.33) 

equivalently, 

{(f)t + ecj)^ + H-e)x-i^ = ^, (7.4.34) 

(^^ + £^^ + ^2)^ = 0. (7.4.35) 
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For simplicity, we take 

= -a', (7.4.36) 

a function in t. 
Denote 

= + (7.4.37) 

Then (7.4.34) becomes 

(0t + £0, - «>). = 0. (7.4.38) 
To solve the above equation, we assume 

-^-#4 (7.4.39) 

for some functions /3 in and 'd vat and x. We have the following solution of (7.4.38): 

= e"$>(i?) ^ = e°$>(i?) + X ^ t; = e°$>(i?) + x - a'y (7.4.40) 
for another one- variable function 3". Moreover, 

e^-— — (7 4 41) 

Note 

(/3e-")' ^e-"(^,t9'(^9) + i?ti?,a"(^)) - ^t^,t 



Ut + MMa; + VUy + V 



i?,^5'(^?) (^.^'(^))2 



By (7.4.36), (7.4.40) and (7.4.41), 

0t + e(j)x + i)(j)- £ 

= e"(a'»(^) + dt^'m + (^^^7^ - ^) e^d,^\d) - a\e^^{d) + x) 
= ^-a'x. (7.4.43) 
Thus (7.4.32) (7.4.36) and (7.4.43) yield 

vt + uv^ + vvy-u = 04 + t/jty + £{(t>x + V'xZ/ - 1) + (0 + V'y)V' 

= 04 + + V0 - £ + (V't + ^V'x + 

= ^-a'x + {-a" + a^)y. (7.4.44) 
According to (7.4.2) and (7.4.3), 

/■/^ ^e-"(^.4^X^)+^AS^^(^)) , ^44^.-^4^.4 (^e-")^ ac^M^^^ 

+a xy -i3y + -rr^ ' IT ) ■ (7-4.45) 



2 V^.^>'(^) 
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Theorem 7.4.3. Let a, P be functions in t and let ^ be a one-variable function. 
Suppose that -& is a function in t,x, and C, is function in t,x,y. The following is a 
solution of the equations (7. 1.1)- (7. 1.4) of dynamic convection in a sea: 

^-[o^+ ^^^T^^yp + ^ )z + C, (7.4.47) 

+a'r,-py+^- _ - _j . (,4.48) 



Finally, we suppose that a, /3 are functions in t and f,g are functions in t,x,y that 
are linear homogeneous in x and y. Denote zu — ax -\- (3y. Assume 

f + P(j){t,zu), V ^ g - a(t){t,w). (7.4.49) 

Then 

Uy - ^ fy - gx + (ft^ + /3^)0z^, + Vy ^ f^ + gy. (7.4.50) 

Now (7.4.4) becomes 

fyt - 9xt + («' + /3')'0^ + (q;2 + ^^){(f>^t + {a'x + P'y + af + pg)(t>^^) 

+(fx + 9y)(fy - ff. + 1 + (a' + = 0. (7.4.51) 

In order to solve the above equation, we assume 

gx^ip, fy^ip-1, (7.4.52) 

a'x + P'y + af + (3g^0 (7.4.53) 
for some function (f in t. The equation (7.4.52) is equivalent to: 

a' + afx + ipP^O^f,^ -^l±li, (7.4.54) 

a 

+ Pgy + a{^-l)^O^gy^ _ P' + a{^ - 1) _ 

Thus 

a' + ifiP p' + a{<p-l) 

f = X + (99 - l)y, g = ^x y. (7.4.56) 
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Now (7.4.51) becomes 

'a' +^ P' + ajif-l) _ {a^ + ^y 
a P a^ + P 

Thus we have the following solution 



= _^f^e/('^^-'(^-^)+""^^^)'^*9'(^), (7.4.58) 
«^ + p2 

where is an arbitrary one-variable function. Note that (7.4.56) and (7.4.58) give 

Ut + UUx + VUy + V 

^ ft + p'4> + P4>t + {a'x + /3'y)^0^ + (/ + /30) (/, + aP4>^) 
+(^ -«</>)(/, + l + ^'0^) 

= /t + //. + g{fy + 1) + (^' + - «(/, + 1))0 + 

+(a'x + + a/ + /3^)/50^ 
a^/? /2(a/3'-a'/3) 



1^ e/M-H'P-i)+«-^/3v')<itcj'^^) 



^ |^ 2a^^ + (VP^)^ + 3a^^(^-a(y./3)^-W^ ^ ^ 
\ a /3 J 

Vf + UVx + VVy — u 

^ Qt- a'(p - a(j)t - {a'x + (3'y)a(j)^ + (/ + P<P){9x - 1 - 2q;^0^) 
+ (5- - a0)(fi'j/ - 2«/30„) 

^ 9t + f{gx - 1) + fi-fi-?/ - («' + "S'y - /^(s-x - 1))0 - Q!0t 

— (a'x + f3'y + af + f3g)a(f).^ 
a/32 /2{a/3' - a'/3) 



a^ + /3^ \ a2 + 62 
/3(((^ - l)a)' + PP" - - {{cp - l)ar - 3a/3'(^ - 1) 



a p 



By (7.4.2) and (7.4.3) 



f f3{{^ - + f3f3" - 2^'^ - ((99 - l)af - ?>a(5'{^ - 1) \ 

yl, ^^-'^ J 



/2a'^ + {^(3f + 3a'/3(^ - a((^/3)' - aa" 



a^ 



^ (^-i)K+M _ + ^(^^ + ^(^-1)) ]^^ 

a 5 
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Theorem 7.4.4. Let a, P, ip be functions in t and let Q be a one-variable function. 
Suppose that ( is a function in t, x, y. The following is a solution of the equations (7.1.1)- 
(7.1.4) of dynamic convection in a sea: 

u^{^-l)y- i^^l±l^ + ^^e/('^^-^(^-i)+"-^^^)'^*^J'(ax + Py), (7.4.62) 
a + 

v^^x- + ' ^^"^^ - ^l-.R^^-\^-^)^<^-^M'^^c,.^^ + py^^ (7.4.63) 

p a"' + p^ 

.= (^ + ^^±^). + C, P=l, (7.4.64) 

, y^ f P{{^ - l)ay + (5^" - 2P'^ - {{^ - l)af - 2,a(5'{v - 1) , 
P = ^ + y ^^-^^ 

_x^ /2q;'^ + {^ppf + 3a'^^ - a((/?^)' - aa!' ^ 



^ / ^ _ 2M-- a-/^) \ ^/M-(,-i)..-,,).c^(^^ ^ (7.4.65) 
o;^ + p^ \ a"^ + 0^ / 



Chapter 8 

Boussinesq Equations in Geophysics 



Boussinesq systems of nonlinear partial differential equations are fundamental equations 
in geophysical fluid dynamics. In this chapter, we use asymmetric ideas and moving 
frames to solve the two-dimensional Boussinesq equations with partial viscosity terms and 
the three-dimensional stratified rotating Boussinesq equations. We obtain new families 
of explicit exact solutions with multiple parameter functions. Many of them are the 
periodic, quasi-periodic, aperiodic solutions that may have practical significance. By 
Fourier expansion and some of our solutions, one can obtain discontinuous solutions. In 
addition, the symmetries of these equations are used to simplify our arguments. 

In Section 8.1, we solve the two-dimensional Boussinesq equations and obtain four 
families of explicit exact solutions. In Section 8.2, we give the symmetry analysis on the 
three-dimensional stratified rotating Boussinesq equations. In Section 8.3, we find the 
solutions of the three-dimensional equations that are linear in x and y. In Section 8.4, 
we obtain two families of explicit exact solutions under certain conditions on the variable 
z. In Section 8.5, we obtain a family of explicit exact solutions of the three-dimensional 
equations that are independent of x. The status can be changed by applying symmetry 
transformations. This chapter is a revision of our preprint [XI 6]. 

8.1 Two-Dimensional Equations 

The Boussinesq system for the incompressible fluid in is 

Ut -\- UUx + VUy — v/^U — —Px, Vt + UVx -\- VVy — v^v — 6 — —py, (8.1.1) 

et + u9^^ + v9y- kAO = 0, Ux + Vy = 0, (8.1.2) 

where {u, v) is the velocity vector field, p is the scalar pressure, 9 is the scalar temperature, 
u > is the viscosity and «; > is the thermal diffusivity. The above system is a simple 
model in atmospheric sciences (e.g., cf. [Ma]). Chae [Cd] proved the global regularity, 
and Hou and Li [HL] obtained the well-posedness of the above system. 
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Let us do the degree analysis. Note that A = d"^ + dy in this case. To make the 
nonzero terms to have the same degree, we have to take 

degx — degy = £ and deguux = degUxx degu — —£, (8.1.3) 

deg vvy = deg Vyy deg v = -£, deg ut = deg u^x =^ deg t = 2£, (8.1.4) 

degpo: = deguux =^ degp = —2i, degO = degvt = —3i. (8.1.5) 

Moreover, (8.1.1) and (8.1.2) are translation invariant because they do not contain variable 
coefficients. Thus the transformation 

Ta,b{u{t, X, y)) = bu{b^t + a, bx, by), Ta,b{v{t, x, y)) = bv{bH + a, bx, by), (8.1.6) 

Ta,b{p{t, X, y)) = b\bH + a, bx, by), Ta,b{0{t, x, y)) = b^e{bH + a, bx, by) (8.1.7) 

is a symmetry of the equations (8.1.1) and (8.1.2), where a, 6 G M with 6 7^ 0. By the 
arguments in (7.1. 20)-(7. 1.24), we have the following symmetry of the equations (8.1.1) 
and (8.1.2): 

Sa,/Sn{u{t, X, y)) = u{t, x + a,y + /3)-a', Sa,f)-^{e{t, x, y)) = 9(1, x + a,y + /3), (8.1.8) 

S^,0.,^{v{t, X, y)) = v{t, x + a,y + p)-P', (8.1.9) 
Sa,ii-^{p{t, X, y)) = p{t, X + a,y + P) + a"x + p"y + 7, (8.1.10) 

where a, j3 and 7 are arbitrary functions in t. 

According to the second equation in (8.1.2), we take the potential form: 

u^iy, V = -$,x (8.1.11) 
for some functions ^ in t, x, y. Then the two-dimensional Boussinesq equations become 

^yt + ^y^xy ~ Cx^yy ~ ^^Cy — ~Pxj ^xt + ^yCxx ~ ^xCxy ~ ^^Cx + ^ — Pyj (8.1.12) 

dt + iyOx - ixOy - kAO = 0. (8.1.13) 
By our assumption = Pyx, the compatible condition of the equations in (8.1.12) is 

(AO* + U^Ox - U^Oy - ^A'e + 0x^0. (8.1.14) 

Now we first solve the system (8.1.13) and (8.1.14). To do this, we impose some asym- 
metric conditions. 
Firs we assume 

e = e{t, y), e = <P{t, y) + xi^{t, y) (8.1.15) 
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for some functions £,0 and iJj in t,y. Then (8.1.13) becomes 

Et - IpEy - KEyy = 0. 

Moreover, (8.1.14) becomes 

(Pyyt + XIPyyt + ( ^J/ + X1Py)lPyy " '4'{4>yyy H" Xl^yyy) " ^{(Pyyyy + Xl^yyyy) = 0, 

equivalently, 

(pyyt + ~ '4"^^yyy ~ ^^yyyy ~ 0) 

V^j/j/t + '4'y'4'yy ~ '4''4'yyy ~ ^'4'yyyy — 0- 

The above two equations are equivalent to: 



+ 4>yiJy - ixpyy " l^<Pyyy = "l, 



i^yt + V'y - ^i^yy - ^'^yyy = «2 

for some functions ai and a2 in t to be determined. 
Observe that 

%Ij = Qvy~^ 

is a solution of (8.1.21) with a2 — 0. In order to solve (8.1.20), we assume 

oo 
m=l 

where 7^ are functions in t to be determined. Now (8.1.20) becomes 

00 

Eh7m - ^{rn + 2)(m + 3)(m + 4)7^+2]^"""' - 61/71^-' - 181/72^"' = ai, 
equivalently, 

71 = 72 = 0, CKi = -60i/73, 

m7^ - z/(m + 2)(m + 3)(m + 4)7^+2 = 0, m > 1. 

Thus ^ 

^^"^^^ - ^(2m + 2)(2m + 3)(2m + 4) " °' - ^' 

(2m + 1)7^1 _ 3607f^ 

72m+3 j,(2m + 3)(2m + 4)(2m + 5) i/"*(2m + 3)(2m + 5)! ' 

For simplicity, we redenote a = 73. Then 



°o (m) 2m+3 

= 360 y — , -. 

^ i/™(2m + 3)(2m + 5)! 

m=0 ^ ' ^ ' 
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To solve (8.1.16), we also assume 

oo 

£ = J]/3nl/", (8.1.30) 

n=0 

where /9„ are functions in t to be determined. Then (8.1.16) becomes 

oo 

6uP,y-' + - (n + 2){6u + {n + l)«)^„+2]y" = 0, (8.1.31) 

n=0 

that is, ^1 = and 

/3;-(n + 2)(6i/+(n + l)«;)/3„+2 = 0, n > 0. (8.1.32) 

Hence 

°^ pin) 2n 

where /3 is an arbitrary function in t. Moreover, (8.1.11), (8.1.20), (8.1.21) and (8.1.25) 
lead to 

Ut + uux + vuy — uAu 
= (l)yt + xipyt + {<py + a;^y)^y " ^/'(^yj/ + xt/^j/y ) " ^{(pyyy + a;^/^^^^) 

= Q;2a; + cci = — 60i/Q;. (8.1.34) 
Furthermore, (8.1.22) and (8.1.33) give 

Vt + UV^ + ■U'Uj, - VIS,{V) — 9 ^ —l/jt + l/^l/^y + V^yy " 

= -24^V'-/3-^ . ^ (8.1.35) 

By (8.1.15), (8.1.22) and (8.1.29), 

C = 6i/xy-^ + 360 y — ^- -. (8.1.36) 

;^pZ/"^(2m + 3)(2m + 5)! ^ ^ 

According (8.1.1) and (8.1.11), we have: 

Theorem 8.1.1. The following is a solution of the two-dimensional Boussinesq equa- 
tions (8.1.1)-(8.1.2): 

i/"^(2n + 5)! 

m=0 ^ ' 



^ - 360 ^ \ - 6^xy-^ v^-6uy-\ (8.1.37) 



oo 



^ 2"-n!(2n + 1) lir=i(6i^ + (2r - 1)«;) 
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and 9 is given in (8.1.33), where a and {3 are arbitrary functions in t. 

Remcirk 8.1.2. Let 7,71,72 be arbitrary functions in t. Applying the symmetry 
transformation S^^^^^.^^ in (8.1.8)-(8.1.10) to the above solution, we get a more general 
solution of the two-dimensional Boussinesq equations (8.1.1)-(8.1.2): 

^-^^^Y.^^^M^^ 6.(x + 70(^ + 72^-7;, (8.1.39) 

m=0 ^ "I" ^ 

^ = -6% + 72)"' -72, (8.1.40) 

I V /^^"Hy + 72)^" ...... 

'-^^h 2"-!n.".i(6.+ (2r-l).)' ^'■'■'^^ 

p = 60i/Q;(a; + 71) + 12i/^(y + 72)"^ + ^(y + 72) + 7i'x + 72'y + 7 

h 2"^'(2n + 1) n;=i(6^ + (2r - 1)/.) ■ ^ ■ ■ ^ 



Let c be a fixed real constant and let 7 be a fixed function in t. We define 

UV) - I , ^1(1/) = 2 , (8.1.43) 
Co(y) = sin7y, 77o(y) = cos7y. (8.1.44) 



Then 



r^l{y)^{-XfCAy) = c\ (8.1.45) 
9.(C.(y)) = 7^.(y), 9,(77.(y)) = -(-i)'^7C.(y) (8.1.46) 



and 



5.(Cr-(z/)) = l'vr]r{v\ dt{rir{y)) = -(-1) Vl/C.(?/), (8.1.47) 

where we treat 0° = 1 when c — r — 0. 
First we assume 

iP ^ Piy + P2Cr{y) (8.1.48) 
for some functions /3i and (^2 in t, where r = 0, 1. Then (8.1.21) becomes 

P'l + (M'Vr - {-irP2ll'yCr + Wl + hirirf 

+ {-iy(52^\(5,y + (52CrKr + (-1)V/327'V 

- + c'-ph^ + + [(/327)' + (-l)V/527' + 2/3i/327]^r 

+(-l)'-/327(/3i7 - i)yCr = «2, (8.1.49) 
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which is imphed by the following equations: 

P'l + c'^W + /3i = «2, /3i7 - 7 = 0, (8.1.50) 

(^27)' + (-1)V^27' + 2^1/027 = 0. (8.1.51) 

For convenience, we assume 

7 = ^ (8.1.52) 
for some increasing function aint. Thus we have 



^ 7 2o;' 



(8.1.53) 



by the second equation in (8.1.50). Now (8.1.51) becomes 

(M)' + (^(-l)Va' + /327 = 0. (8.1.54) 

Hence 

« V(q;')^ 
To solve (8.1.20), we assume 

(t> = Mr{y) (8.1.56) 
for some function /^s. Now (8.1.20) becomes 

-(-l)^[(/337)'Cr + Ml'yVr + /337Cr(/3l + hlVr) ' M^PlV + /32C)^r] ' l^Pzl^'C 

= -[(-l)''((/537)' + AM) + i^/537']Cr(2/) = «i (8.1.57) 
by (8.1.46), (8.1.47) and the second equation in (8.1.50), equivalently, cti = and 

{-If mi)' + PiM + = 0. (8.1.58) 
According to (8.1.52) and (8.1.53), 

(M)' + + /537 = 0. (8.1.59) 



Thus 



M = ' r-, =^ = , (8.1.60) 



where 62 is a real constant. 

In order to solve (8.1.16), we assume 



£ = 6e^i'f(2/), (8.1.61) 
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where 6 is a real constant and 71 is a function in t. Then (8.1.16) changes to 

6(7ir?.-(-l)'-7iy?/Cr) + (-l)^&7i7(Ay+^2C.)Cr-&«^7i7'(-(-l)'^r + 7iC) = 0, (8.1.62) 
which is imphed by 

7; + (-l)''«:7'7i = 0, {-lYf32 - «:77i = 0. (8.1.63) 
Then the first equation and (8.1.52) imply 

= 63e-(-^)''^° (8.1.64) 
for some constant 63. By the second equations in (8.1.63) and (8.1.55), we have: 



i/a 



i-iy ^'^ = fea^cv^e-^-^)'^'^". (8.1.65) 



For convenience, we take 

&i = {-iyKb3. (8.1.66) 

Then (8.1.65) is implied by 

^/g(-ir(.-«)a/2 ^ ^ (8.1.67) 
U u = K, (8.1.65) is implied by a = t. When ^ k, (8.1.65) becomes 



V — K 



[-ly. (8.1.68) 



Thus 

q; = ^t:^ln[(-l)''(z/-K)t/2 + co], cq G M. (8.1.69) 

V — K 

Suppose V ^ K. Then 7 = Va' = 1 and /3i = 0. By (8.1.48), (8.1.55), (8.1.56) and 
(8.1.60), 

= h2e-^-^y^%{y), V' = {-iyhve-^-^y^Xr{y) (8.1.70) 
Moreover, (8.1.15), (8.1.61) and (8.1.64) yield 

^-6exp(63e-(-i)'''^V(z/))- (8.1.71) 
Furthermore, (8.1.15) and (8.1.66) give 

^ = h2e-^-^y'^r)r{y) + {-lyhve-^-^y'^'xUy). (8.1.72) 
According to (8.1.11), 

u^iy^ {-iy[-h^e-^-'y^%{y) + hve-^-^y^'x-nMl (8.1.73) 

^ = = -(-l)'-63^^e-(-i)^'^*Cr(z/). (8.1.74) 
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Note 

ut + uu^ + vuy - uAu = blu^c'e-^-^^'^''*x, (8.1.75) 
vt + uvx + vvy — vAv — 9 — vvy — 6exp(63e~*-~^-* '^^r)r{y)). (8.1.76) 
By (8.1.1), we have 

p^bj exp(63e-(-^)^%(y))dy - ^bye-^-'r^''\c^x' + C{y)). (8.1.77) 



Theorem 8.1.3. Suppose k — v. For b, 62, ^3, c e M, we have the following solutions 
of the two-dimensional Boussinesq equations (8.1.1)-(8.1.2): (1) 

u = —[62(6^ - ce-y) - b3ux{ey + ce"^)], (8.1.78) 

V = h^ue'^^ey - ce-y), (8.1.79) 

e = 6exp(&3e''*(e^ + ce-^)/2) (8.1.80) 

and 

P = b J eMhe^^e^ + ce-y)/2)dy - hjiy^e^^'^cx^ + (e^ - 06'^^ /A); (8.1.81) 

(2) 

u = e~'^*[—b2 sin y + b^ux cosy], v = —b^ue''^^ siny, (8.1.82) 

e = 6exp(63e-''*cosy) (8.1.83) 

and 

P^bJ expibse-"^ cos y)dy - hlu^e'^^^x^ + cos'^ y). (8.1.84) 

Applying the symmetry transformations in (8.1.6)-(8.1.10) to the above solutions, we 
can get more general solutions the two-dimensional Boussinesq equations (8.1.1)-(8.1.2). 
Consider the case v ^ k. Then 

7^v/^^ ^ (8.1.85) 
^(_l).(^_«,)t/2 + co 

by (8.1.69). Moreover, 

A = - = .u w^^^'w^ T (8-1-86) 

7 A[{-iy{v-K)t/2 + co] ^ ' 

by (8.1.53), 



ft = ' , = (-iYhH.\(-\)'(v - K)f/2 + col^-ZI^-j+s/^ (8.1.87) 



,/^3 
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according to (8.1.55), (8.1.66) and (8.1.69), 



(33 = ^ !^ = hii-lYii^ - K)t/2 + co]2^/('^-'^)+^ (8.1.88) 



by (8.1.60), and 

71 = fcae-^-^)"'^'^ = bs[{-iyiu - K)t/2 + co]'"/^"-") (8.1.89) 
by (8.1.64). Thus (8.1.56) and (8.1.88) yield 

<f> = hii-lYiu - n)t/2 + Co]"'/^^-''^+\{y). (8.1.90) 

Furthermore, 

^ - i\i^^^-:^m + c,A + (-D'^^^K-DV - ^)t/2 + <*l-/<«-'«/^C,(.) (8.1.91) 

by (8.1.48), (8.1.86) and (8.1.87). 

According to (8.1.15), (8.1.61) and (8.1.89), 

e = 6exp {hii-lYiiy - K)t/2 + co]'''/('^-^)r/,(|/)). (8.1.92) 

By (8.1.15), 

e = 4[(-ir(^ - CO] ^ (-^)-^3.[(-^)> - -)^/^ + Co]-/(--)^3/.,,^(^) 

+62[(-l)'-(i^ - «:)t/2 + co]''^/('^-'^)+^r;.(2/). (8.1.93) 
Then (8.1.11) and (8.1.93) say that 

-(-l)'-62|(-l)'X<^--t)i/2 + c„]2-/<— ')+■/'(.(</), (8.1.94) 

" - 4K-lr(^l'^.";;/tc] ^ (-l)'"-!!-!)'!" - + e„]-'<-')-/^«.). (8.1.95) 
By (8.1.20) with ai = and (8.1.21) with as given in (8.1.49), we have 

Ut + uux + vuy — uAu 

= + Xl/Jyt + {(j)y + Xlljy)ijy " ( 0^/2/ + ^^V^^J/ ) " ( ^J/ + V^J/J/y ) 

= + "^02/2/ - + i'^yt + '^l^yi^y " V'V'j/y " '^'^yyy)x 

= (^i + C^^^'t' + /^Dx = blc'K^[(-lY(u - K)t/2 + co]^'^/('^-'^)+'x 

^W[{-iy{v-K)t/2 + cof ^ ' ' ' 



210 CHAPTER 8. BOUSSINESQ EQUATIONS IN GEOPHYSICS 

Moreover, (8.1.48), the second equation in (8.1.50) and (8.1.85)-(8.1.87) yield 

Vt + UVx + VVy — uA{v) — 6 ^ —Ipt + + ^"02/2/ " ^ 

= -{(3[y + P'.Cr + M'yrir) + {^y + + Mrir) - (-l)V^27'Cr - e 

= - ^[)y + W2 -02- (-i)V/327')Cr + W^i - i)yr]r + §dy{C) - d 

16[(-l)'-(z/-/t)t/2 + co]2 

+63«:(«: - i^)[(-l)^(^^ - ^)t/2 + col^'^/^^-^^+^/^C.l?/) 

- ^,)t/2 + co]^'^/('^-'^)+^9,C(y). (8.1.97) 
According to (8.1.11), we have 

3(^ - /^)^(0;^ + ?/^) _ M/,2[(_i).(^ _ ^)^/2 + co]^^/('^-'^)+\,2(t/) 

32[(-l)^(z/-fi;)t/2 + co]2 2 ^ ^ ^'^^^^ 

+ (-l)'-63«:(«: - i^)[(-l)''(^^ - «)V2 + Co]'^/(''-'')+^r;,(|/). (8.1.98) 



Theorem 8.1.4. Suppose n ^ v. For b,b2,b3,c,co E IR, we have the following solu- 
tions of the two-dimensional Boussinesq equations (8.1.1)-(8.1.2): (1) 

+ - (8 1 99) 

^4[(«-i.)V2 + co]' ^ ^ ^ 

^; = ^k[(«; - i.)f/2 + Co]2-/(«-)+3/2^(el//V(«-)*/2+co _ ce2//V(«-)*/2+co) 

+ 4[(.i%t+c„| - f"-^") 

^ = 6exp (2-^63[(/« - i/)t/2 + co]2«/(«-'^)(e2//\/(«-'^)*/2+co + ce^/V(''-^)*/2+co)) (8.1.101) 
anc? 

p = 6 y exp {2-%[{k - u)t/2 + co]2-/(— )(e^/V(«-)*/2+co + ce^'/VC^-Wco))^^ 
_M«;2[(^ _ ^)^/2 + co]4-/(«-)+3(ef/V(«-)*/2+co _ cef/V(«-)*/2+co) 

/)[(/« - i/)V2 + co]2''/(''-")+i(e^/V(«-'')*/2+co ^ ce^/V('^-)*/2+co-) 



&3 

_|,..[(. _ ^ e.]-/(-")«.' - 3^^;;:;i;;+g. ; (8.1.102, 
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(2) 



u 



[K — l')X 



^J{v - K)t/2 + Co 4[(i/ - K)t/2 + Co] 

-b2[{iy - K)t/2 + co]W(«-)+i/2 sin ^ =, (8.1.103) 

- K)t/2 + Co 

^ ^ (^-^2^ - bsK[{i^ - K)t/2 + co]2-/('^-'^)+3/2 sin ^ (8.1.104) 

4[(i/-«)i/2 + co] ' °J V(^-«)i/2 + co ^ ' 

e^bexp {bsiiiy - /t)t/2 + co]^"/^''"^^ cos , ^ =), (8.1.105) 

V(i^ - K)i/2 + Co 



p = & /exp(63[(^-Ac)V2 + co]^'-/('--)cos , \ =^=)dy 

J - K)t/2 + 

- K)t/2 + cor/^^-'''>+'x' - " + 



2 ' ' ' 32[(z/ - fi;)t/2 + Cq] 



^«'[(i/-«)i/2 + Co]^"/^''-'^)+'sin 



2 v/(z/ - n)t/2 + Co 

+63fi:(fi: - - K)t/2 + co]2''/("-'^)+i cos , ^ ■ (8.1.106) 

^{y - n)t/2 + Co 

Applying the symmetry transformations in (8.1.6)-(8.1.10) to the above solutions, we 
can get more general solutions the two-dimensional Boussinesq equations (8.1.1)-(8.1.2). 
Let 7 be a function in t. Denote the moving frame 

A" = x cos 7 + y sin 7, = y COS7 — xsin7. (8.1.107) 

Then 

dt{X) = iy, dt{y) = —i'X. (8.1.108) 
By the chain rule of taking partial derivatives, 

dx = cos 7 dx — sin 7 9;y, dy = sin 7 dx + cos 7 dy. (8.1.109) 
Solving the above system, we get 

9^- = COS7 + sin7 dy — —sin^ dx -\- cos^ dy. (8.1.110) 
Moreover, (8.1.107) and (8.1.110) imply 

dx{y)^Q, dy{X)^Q. (8.1.111) 

In particular, 

A = + = a| + , x^ + y^ = x^ + y\ (8.1.112) 
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We assume 

e = X) -^{x' + y'), 9 = i^it, X), (8.1.113) 
where (f) and ip are functions in t,X. Note 

iyd. - Ldy ={X- <P;,)dy - iyd^. (8.1.114) 

Then (8.1.13) becomes 

i^t - «te = (8.1.115) 

and (8.1.14) becomes 

-27" + (t)txx - v(t)xxxx + V'A- COS7 = (8.1.116) 

by (8.1.111) and (8.1.114). Modulo the transformation in (8.1.8)-(8.1.11), the above 
equation is equivalent to 

-27" A" + (t)tx - y(t>xxx + V'C0S7 = 0. (8.1.117) 
Note that (8.1.115) is a heat conduction equation. Assume v — k. We take its solution 

m 

ijj = J]a^(i,e"''^*'=°^2^'-*+"'-'^"°^'"-sin(a^Kisin26^ + a^A'sin6^ + 6^ + c^), (8.1.118) 

r=l 

where a^, K, Cr, dr with (a^, br) 7^ (0, 0) and dr 7^ 0. Then 

m 

^ = 9_^[^^^ga?Ktcos26.t+a.A^cos6. sin(a^Kt siu 26, + a.A'sinfc, + Cr)]. (8.1.119) 

r=l 

Moreover, (8.1.117) is implied by the following equation: 

m 
r=l 

X sin(a^fi;t sin26r + a^A'sin^r + Cr)] cos 7 = (8.1.120) 
by (8.1.119). Thus we have the following solution of (8.1.117): 

= -[^ d^^o:i.Uos2br+arXcosbr sm{alKtsm2br + arXsmbr + Cr)] I COS J dt 
r=l 

n 

+-f'X^ + ^4e"'''*"°^26.+a.A^cos6. sin(a^Ki sin 26, + d^X sinbs + c,), (8.1.121) 



where ds, bg, Cs, dg are real numbers. 

Suppose V ^ K. To make (8.1.117) solvable, we choose the following solution of 
(8.1.115): 

m 

^ = Y^ ardre''r^*+''^^ . (8.1.122) 



r=l 
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Now (8.1.117) is implied by the following equation: 

m 

2i/7 - j"X^ + (f)t- vckxx + d^e"'''*+"'-'^ cos 7 = 0. (8.1.123) 
We obtain the following solution of (8.1.117): 

n 

= + ^ ^^^alKtcosibs+asXco^k ^i^^alnt siu 26, + a, A' sin 6, + c,) 

m „ 

- ^ ci^e"''^*+"'-'^ / e"'^'^-'^)* C0S7 di. (8.1.124) 

Note 

= 0;fSin7 — 7'y, V = 7'2; — 0;fCOS7. (8.1.125) 

Moreover, 

ud^ + = -(t)xdy + 7'(a^t^y - 2/t^a;)- (8.1.126) 
By (8.1.117) and (8.1.126), we find 

Ut + UUx + VUy — i^Alt 

= i(t)x cos 7 + 0^"* sin 7 + 7'3^0a'A' sin 7 - 7' y + ^(pxdyiy) 

+^'{xdy - yd:c){(t)x) sin 7 - 7'^ - z/0a'A'A' sin 7 
= {<i)xt - J^4>xxx) sin 7 + 27 cos 7 - 7'^x - 7"?/ 
= (27'' A" — -0 cos 7) sin 7 + 2^'(j)x cos 7 — 7'^x — 7''^, 

= 7''(xsin27 — ycos27) + (27'0;f — ■0sin7) COS7 — 7'^x, (8.1.127) 

Vt + uvx + vvy — uAv — 9 
= 7'0;f sin 7 - 4)xt cos 7 - iy(t)xx cos 7 + V'x - -f'(f)xdy (x) 

-^ixdy - yd^){(t)x) cos 7 - 7'^?/ + v(t)xxx cos'y-ip 
= {^(t^xxx - (t^xt) cos 7 + 27'0;t' sin 7 - 7'^y + '-f"x - ^ 
= cos 7 — 27''^:') cos 7 + 2'~i'(j)x sin 7 — 7'^y + 7''a; — if) 

— — 7''(a;cos27 + ysin27) + (27'0;f — '0sin7) sin7 — 7'^y. (8.1.128) 



According to (8.1.1), 

+ 7''xy cos 27 + J ipdX sm-f-2y(j). (8.1.129) 



y -7"sin27 ^ , Y +7"sin27 2 , // 
P= n X H 7, 



Theorem 8.1.5. Let 7 be any function in t and denote X — XCOS7 + y sin7. Take 
{a^, Cr, (i^, Qs, 6,, c,, (i, | r = 1, m; s = 1, n) C M. (8.1.130) 
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If u = K, we have the following solutions of the two-dimensional Boussinesq equations 
(8.1.1)-(8.1.2): 

n 

s=l 
m 

X J cos-fdt + 2-f'X}smj-j'y, (8.1.131) 

n 

V = -{Y,asdse^'^'''^^'^'-^^'^''^'^'sm{dlKtsm2k^ 

s=l 
m 

ardre^^^^^^'^'^^'-^"'^^'^^^^ sm{alKt sin 26^ + sin hr + hr + c^)] 

r=l 

X j cos7dt + 27'A'}cos7 + 7'a;, (8.1.132) 
9 = ^ in (8.1.118), and 



/lit 
cos 7) d.e"''^* '^"^ 26.+a.^ COS K sin{alKt sin 26, + a, A' sin 6, + c,)] 
r=l 

7'^ — 27'' sin 27 9 7'^ + 7'' sin 27 , ^ 
+^ 5 -X + 13 -y + Yxy cos 27 - i^X^ 

n 

-27'^4e'^''^*^°^'^^+"^'^'=°^^^ sin(a^«;tsin26, + a,A'sin6, + c,). (8.1.133) 



s=l 



When V ^ K, we have the following solutions of the two-dimensional Boussinesq equa- 
tions (8.1.1)-(8.1.2): 

n 

u = {^a,c^V'''*'°'^^^+"^'^'°'^^sin(a^Ktsin26, + a,A'sin6, + 6, + c,) 

s=l 

m „ 

+27' A' - a,d,e"'''*+"'-^ / e"'^'^-'^)* cos 7 dt} sin 7 - 7'y, (8.1.134) 



ft 

^; = -{J] -aJ^^alKtco.2b,+a,Xc^.K sin(a^Ki sin 26, + dsX sin 6, + 6, + c,) 

s=l 

m „ 

+27' A" - J] ardre''>'+''^^ j e"'('^-'^)*cos7 d0cos7 + 7'x, (8.1.135) 
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9 = ip tn (8.1.122), and 

- y sin 27 2,7'^ + 7" sin 27 2 , ,/ ^ 0/2^2 
p = a; H 1/ + 7 xi/ cos 27 — 27 A 

n 

-27' ^ J^ga2«tcos2b,+a.^cos6. sin(^2^^ ^-^ 26, + a, A" sin 6, + c,) 

s=l 

+ ^d,e"''^*+"'-'^(27' / e"'('^-'^)*cos7di + sin7). (8.1.136) 

Remcirk 8.1.6. By Fourier expansion, we can use the above solution to obtain the 
one depending on two piecewise continuous functions of X. Applying the symmetry 
transformations in (8.1.6)-(8.1.10) to the above solution, we can get more general solutions 
of the two-dimensional Boussinesq equations (8.1.1)-(8.1.2). 

8.2 Three-Dimensional Equations and Symmetry 

Another slightly simplified version of the system of primitive equations in geophysics is 
the three-dimensional stratified rotating Boussinesq system (e.g., cf. [LTW], [Pj]): 



ut vuy wuz - —V = a{Au -px), (8.2.1) 

Ho 

vt + uvx + vvy -\- wvz + -^u = a{Av - Py), (8.2.2) 

Wt + uWx + vWy -\- wWz — (tRT — (t{Aw — Pz), (8.2.3) 

Tt + uTx + vTy + wT, = AT + w, (8.2.4) 

Ux + Vy + Wz ^ 0, (8.2.5) 



where {u, v, w) is the velocity vector filed, T is the temperature function, p is the pressure 
function, a is the Prandtle number, R is the thermal Rayleigh number and Rq is the Rossby 
number. Moreover, the vector {l/Ro){—v, u, 0) represents the Coriohs force and the term 
w in (8.2.4) is derived using stratification. So the above equations are the extensions 
of Navier-Stokes equations by adding the Coriohs force and the stratified temperature 
equation. Due to the Coriohs force, the two-dimensional system (8.1.1) and (8.1.2) is not 
a special case of the above three-dimensional system. Hsia, Ma and Wang [HMW] studied 
the bifurcation and periodic solutions of the above system (8.2.1)-(8.2.5). 

After the degree analysis, we find that the three-dimensional stratified rotating Boussi- 
nesq system is not dilation invariant. It is translation invariant. Let a be a function in t. 
The transformation 

F(i, X, y, 2;) 1-^ F(i, X -|- a, y, z) — 5„^i?Q;' for F — u,v,w,T,p (8.2.6) 
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leaves (8.2.3)-(8.2.5) invariant and changes (8.2.1) and (8.2.2) to 

—a'' + Ut + uux + vuy + wuz — —V = a{Au — Px), (8.2.7) 

and 

1 a' 

vt + uvx + vvy + wvz + —u - — = a{/^v - Py), (8.2.8) 

where the independent variable x is replaced hy x + a and the partial derivatives are with 
respect to the original variables. Thus the transformation 

Si^a{F{t,x,y,z)) = F{t,x + a,y,z) - 5u,F0i' + 5p^Fcr~^io("x + a'y/ Ro) (8.2.9) 

for F — u,v,w,T,p, is a symmetry of the system (8.2.1)-(8.2.5). Similarly, we have the 
following symmetry of the system (8.2.1)- (8.2.5): 

S2,a{F{t,x,y,z)) = F{t,x,y + a,z) - 6v,Fa + 5p^Fcr'\ci"y - a'x/Ro) (8.2.10) 

for F — u,v, w, T,p. 

Note that the transformation 

F{t,x,y, z) ^ F{t,x,y, z + a) — Su,,f(^' for F — u,v,w,T,p (8.2.11) 

leaves (8.2.1), (8.2.2) and (8.2.5) invariant, and changes (8.2.3) and (8.2.4) to 

—a'' + Wt + uWx + vWy + wWz — (tRT — ^(Aw — p^), (8.2.12) 

and 

Tt + uTx + vTy + wTz = + w -a', (8.2.13) 

where the independent variable x is replaced by x + a and the partial derivatives are with 
respect to the original variables. Hence the transformation 

S3,a{F{t, X, y, z)) = F{t, x,y,z + a) - 5w,FOt + 5p^F{cf~^ot" - a/R)z - ST,FCt (8.2.14) 

for F — u,v,w,T,p, is a symmetry of the system (8.2.1)-(8.2.5) . Obviously, the trans- 
formation 

S4,aiFit, X, y, z)) = F{t, X, y, z) + 5p,F0i' (8.2.15) 

for F = u,v, w, T,p, is a symmetry of the system. 
For convenience of computation, we denote 

$1 = Ut + uUx + vUy + wUz - -^v - a{uxx + Uyy + Uzz), (8.2.16) 

1 

$2 = ^"4 + UVx + VVy + WVz + —U - a{Vxx + Vyy 4- Vzz), (8.2.17) 

Rq 
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^3 = Wf + UWx + VWy + WWz — (jRT — a{Wxx + Wyy + Wzz)- (8.2.18) 

Then the equations (8.2.1)-(8.2.3) become 

<^i + (jpx = 0, '^>2 + <JPy = 0, $3 + CTp^ = 0. (8.2.19) 

Our strategy is to solve the following compatibility conditions: 

a,($i) = a,(*2), a,($i) = a,($3), d,{^2) = a,(*3). (8.2.20) 

8.3 Asymmetric Approach I 

Starting from this section, we use asymmetric methods to solve the stratified rotating 
Boussinesq equations (8.2.1)-(8.2.5). 
First we assume 

u ^ (l)z(t,z)x + <;(t,z)y + ijL(t,z), v ^ T(t, z)x + 'ijj:,(t, z)y + e(t, z), (8.3.1) 

w ^ -4){t,z) -ij{t,z), T ^'d{t,z) + z, (8.3.2) 
where 0, q, r, and e are functions of t, z to be determined. Then 

$1 = (ptzX + <.ty + fJ't + fpz {(pzX + <^y + n) + {<i - 1/ Rq) {tx + ^^y + e) 
-{(f) + ijj) {4>zzX + <;zy + Hz) - cr{(f>zzzX + (izzV + IJ-zz) 

= [(t)tz + + t(? - I/-R0) - (l>zz{(f> + "0) - 

+h + <i(t>z + V'z(^ - 1/-R0) - <iz{(l> + V') - cr^zzjy 

+lit + + (^ - l/^o)£^ - /X^(0 + ^) - (T/X^^, (8.3.3) 

$2 = TtX + i)tzy + et + i)z{rx + il)^y + e) + {T + l/Ro){(t)^x + <,y + n) 
-(0 + V')(t2X + V^^^y + e^) - (t{t^^x + -0222^/ + £^^) 
= [V'te + + ^(-r + I/-R0) - (0 + i^)i^zz - cri/^zzzly 

+ [Tt + Tlp^ + {t + l/Ro)(t)z - (0 + iI^)Tz - (TT^z\x 

+£* + e^l^, + (r + l/i?o)/^ -(</> + ^)£z - CTS,,, (8.3.4) 

^3 = - + (0 + V')(0. + ^z) - (7R{d + ^) + (7(0^^ + V'..). (8.3.5) 
Thus (8.2.20) is equivalent to the following system of partial differential equations: 

(t>tz + 4>l + t{s - I/-R0) - (t>zz{.(t> + ^) - '^(t>zzz = ai, (8.3.6) 

?t + + ^z(? - 1/^0) - ^2(0 + ^) - CF^zz = Oi, (8.3.7) 

/xt + 11(f);, + (^ - l/i?o)£ - l^z{(l> + -0) - cr/^zz = Q;2, (8.3.8) 
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+ + ^(r + l/Ro) - (0 + V^)^.. - a^... = (8.3.9) 

n + TiPz + (r + l/i?o)0z -(</> + - ar,, = a, (8.3.10) 

£t + sij, + (r + l/i?o)/^ - (0 + ^)£. - ae,, = ^2 (8.3.11) 

for some a, cti, q;2, are functions in t. 

Let 7^ 6 and c be fixed real constants. We define 

Ci(^) = ^ , Vi{z) = ^ , (8.3.12) 



Then 



We assume 



^0(2;) = sin 62;, Vo{z) = cosbz. (8.3.13) 
V'riz) + i-iyCiz) = (8.3.14) 



= 6-SiCr(^), ^ = &-'(72Cr(^) + IsvAz)), (8.3.15) 

^ = 74(72?7r(^) - (-l)'^73Cr(^)), T = 75717^^ (z) , 7475 = 1, (8.3.16) 

where 7^ are functions in t to be determined. Moreover, (8.3.6) becomes 

(7; + (-l)''6V7i - -fa5/Ro)Vr{z) + (71 + 72)7ic'' = ai, (8.3.17) 
which is imphed by 

Oil = (71 + 72)7ic', (8.3.18) 

7; + (-l)'^6V7i - 7175/^0 = 0. (8.3.19) 
On the other hand, (8.3.10) becomes 

[(7175)' + 71/^0 + (-l)"&V7i75]r^^ + 7175(71 + 72)c" = a, (8.3.20) 

which gives 

a = 7175(71 + 72)c'', (8.3.21) 

(7175)' + (-l)''&V7i75 + 71/^0 = 0. (8.3.22) 
Solving (8.3.19) and (8.3.22) for 71 and 7175, we get 

71 = he-(-'r'''^' sin ^, 7175 = he-^-'r^'^' cos ^, (8.3.23) 
rto -n-O 

where 61 is a real constant. In particular, we take 

75 = cot (8.3.24) 
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Observe that (8.3.7) becomes 

[(7274)' + (-l)'"^^ 0-7274 - l2/Ro]r]r + 74(7172 + 72 + {-'^Yll)c 

-(-1)1(7374)' + (-1)''&V7274 - lz/Ro]C,r = Oi 

and (8.3.9) becomes 

[72 + (-1)'&'^72 + 7274/i?0]^r + (7172 + 72 + (-l)''73)c'' 

-(-1)^73 + (-1)^&V73 + 7374/i?o]C = A, 
equivalently, 

a = 74(7172 + 72 + (-l)''7,3)c1 
^i = (7i72 + 72 + (-ir73K, 
(7274)' + (-l)''^^ 0-7274 - 72/-R0 = 0, 

72 + (-1)''&V72 + 7274/^0 = 0, 
(7374)' + (-1)''6V7274 - 73/ Ro = 0, 
7^ + (-l)'-6V73 + 7374/i?o = 0. 
Solving (8.3.29)-(8.3.32) under the assumption 7475 = 1, we obtain 

7274 = 62e-(-^)^^^^* sin ^, 72 = he'^-^r'^''^' cos ± 

7374 = 63e-(-^)'"^^^* sin ^, 73 = bae-^"^)^^^'^* cos ^. 
In particular, we have: 

74 = tan — . 

Kq 

According to (8.3.21) and (8.3.27), 

7175(71 + 72)c'' = 74(7172 + 72 + (-l)''73)c''- 
Multiplying 74 to the above equation and dividing by , we have 

71(71 + 72) = 7174(7274) + (7274)^ + (-1)''(7374)^- 
By (8.3.23) and (8.3.33)-(8.3.35), the above equation is equivalent to 

bj sin^ ^ + sin = 6162 tan ^ sin^ 4~ + (^2 + (-^Ybl) sin^ 

Ro 2 Kq Kq Kq 

which can be rewritten as 

2t t 2t 
-6162 cos — tan — + (62 - &i + i-'^ybl) sin — = 0. 

Rq Rq Rq 
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Thus 

6162 = 0, bl-bl + {-lybl = 0. (8.3.40) 

So 

r = 0, 62 = 0, 61 = 63 (8.3.41) 

or 

r = l, 61 = 0, 62 = 63- (8.3.42) 
Assume r = and 61 7^ 0. Then 

= 6-^6ie-^'^* sin 6^ sin -0 = 6-^616"^'^* cos 6^ cos (8.3.43) 

^ = -6ie~^'''*sin6z sin-^, r = 616"''''"* cos6z cos-^. (8.3.44) 

Rq Rq 

Moreover, we take /i — e = -d = 0. So (8.2.4), (8.3.8) and (8.3.11) naturally hold. Observe 

$1 = 71^(0; + 752/) = 6^e-2^'"* (x sin + 2/ cos ) sin (8.3.45) 

by (8.3.3), (8.3.6)-(8.3.8), (8.3.18) and (8.3.21). Similarly 

$2 = 616"^'''^* ( X sin + y cos ^ ) cos (8.3.46) 
V Ro i^Q J 



According to (8.3.5), 

$3 

By (8.2.19), we have 



b-'R^%e-'"'^ - b-'ble-^'"^' cos {bz-^ 

Rq 



sin ( 6^ - ) - Raz. (8.3.47) 



Rz^ 6ie-^'-* / t \ bje-^""''' , fr t 

P — h -77; cos OZ — — COS oz 

^ 2 6Vi?o V ^0/ 2(762 V ^0 

^y'^ cos^ 4~ + ^i^^ -^ + ^y ^1 • (8.3.48) 



2(7 y Rq Rq Rq 

Suppose r — 1 and 62 7^ 0. Then 



= r = /x = £ = i? = O, = 6-^626^"+''''^* cos 4", = 62e''"+*'"*sin4-. (8.3.49) 
Moreover, 

$1 = $2 = 0, $3 = b-%RQ\^'+^'''' sin ^ + 6-^6^e'(^^+''''^*) cos^ ^ - i?(7z. (8.3.50) 

ito Ro 



According to (8.2.19), 



Rz'' 626^^+^''^* , t 62e2(^^+'''-*) 2 * 



p= -7; sin — cos — . (8.3.51) 

^ 2 b^aRQ Rq 262(7 Rq ^ ' 
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by (8.3.1) and (8.3.2), we get: 

Theorem 8.3.1. Let b, bi, 62 £ 1^ with 6 7^ 0. We have the following solutions of the 
three-dimensional stratified rotating Boussinesq equations (8.2.1)-(8.2.5): (1) 

u = bie~^^''^{x cosbz — ysinbz) sin — , v = bie~'^^'^^{x cos bz — ysinbz) cos (8.3.52) 

Rq Rq 

w = -b-^bie-'"^"^ cos (^bz - ^-^ , T = z (8.3.53) 
and p is given in (8.3.48); (2) 



Ro J 



u = 62e*^+^'"*2/ sin 4-, v = 626''"+^' cos ^, (8.3.54) 
Rq Rq 

w = -b-^b2e^'+^^''* cos ^ T^z (8.3.55) 

Rq 

and p is given in (8.3.51). 

Next we assume cf) — q — — t — Then 

1 1 

Ht - —e - aii^z = a2, St + —1^ - ae^^ = /32, - ^zz = 0. (8.3.56) 

Solving them, we get: 

Theorem 8.3.2. Let as,bs,Cs,ds,ar,br,Cr,dr,aj,bj,Cj,dj be real numbers. We have 
the following solutions of the three-dimensional stratified rotating Boussinesq equations 
(8.2.1)-(8.2.5): 

m 

u = cos-^ y d,e'^''^*'=°^'^»+"^^'^°^''^sin(a^(7tsin26, + a,zsin6, + c,) 

+ sin — V 4e"'''*^°"^^'-+"'-^'=°'^'- sinidlat sin 2br + Kz sin 6^ + c^), (8.3.57) 

r=l 
, m 

V = -sin— V 46"'^*'=°^'^^+"=^'^°^^^ sin (a^cri sin 26, + a,^ sin 6, + c,) 

+ cos — V d^e^>tcos2br+arzcosbr ^[^(^alat SIR 2br + UrZ sin br + Cr), (8.3.58) 

r=l 



w 



k 

= 0, T^Z + Y^ ~^,^,^a]tcos2h,+a,zcosh ^-^^-2^ ^-^ ^bj + CijZ sin bj + bj + Cj), (8.3.59) 



Rz^ „v^. ... 



p = ^ ^ J.ga]tcos26,+a,.cos6, sm(a5i sin 26,- + a,zsin6,- + c,). (8.3.60) 



Remark 8.3.3. By Fourier expansion, we can use the above solution to obtain the 
one depending on three arbitrary piecewise continuous functions of z. 
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8.4 Asymmetric Approach II 

In this section, we solve the stratified rotating Boussinesq equations (8.2.1)-(8.2.5) under 
the assumption 

Uz = Vz = Wzz = = 0. (8.4.1) 
Let 7 be a function in t and we use the moving frame in (8.1.107). Assume 

M = /(t,A')sin7-7'|/, v = -f{t,X)cos^ + ix, (8.4.2) 

w^(t){t,X), T^'ilj{t,A:) + z, (8.4.3) 

for some functions /, (6 and ip in t and X. 

Using (8.1.108)-(8.1.112) and (8.2.16)-(8.2.18), we get 

ud, + vdy = -fdy + i{xdy - yd,) (8.4.4) 

and 

^1 = -(V + i/Ro)x - i'y + /tsin7 + (27' + l/i?o)/cos7 - a/^^sin7, (8.4.5) 

*2 = -(7" + l'/Ro)y + i'x - ft COS7 + (27' + l/i?o)/sin7 + afxx cos 7, (8.4.6) 

$3 = 0t - (y(t>xx - (tR(^ + z) . (8.4.7) 

By (8.2.20), we have 

-27" + fxt - (Jfxxx = 0, (8.4.8) 

(t>t - (y(t>xx - <jRtp = 0. (8.4.9) 

Moreover, (8.2.4) becomes 

^l^t-^xx = 0. (8.4.10) 

Solving (8.4.8), we have: 

m 

/ = 27';^- ^ ^Q^.^^.ga2Ktcos26,+a,^cos6, sm{a^jKtsin2bj + a^X siubj + bj + Cj), (8.4.11) 

where aj,bj,Cj,dj are arbitrary real numbers. Moreover, (8.4.9) and (8.4.10) yield 

n 

(j) = Y^ d^e^^rtcos2br+arXcosbr gin^flS^ 26^ + o^A' sin k + c^) + aRti:, (8.4.12) 



r=l 

k 



J,e"'*"°^'^^+»^'^'=°^'^» sin(a^i sin 26, + a^X sin 6, + c,) (8.4.13) 
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if cr = 1, and 

n 

(j) = J2 d.e^r'Tt cos2br+arXcosbr ^^(a^at siii 26, + o.A' sin br + Cr) 



r=l 

k 



y- j^ga2tcos26,+a,A;cos6, sin(a2^ gin 26, + cisXsmhs + c,), (8.4.14) 

s=l 

k 

i) ^ J^a2j^ga2tcos26,+a,^cos63 sin(5^t sin 26, + 5,A'sin6, + 26, + c,) (8.4.15) 

when cr 7^ 1, where dr,br, Cr, dr, ds,bs, Cs, dg are arbitrary real numbers. 
Now 

$1 = (V sin 27 - 7'^ - i/Ro)x — 7''ycos27 + (27' + l/i?o)/cos7, (8.4.16) 

$2 = -(7"sin27 + 7'2 + 77i?o)2/-7"2;cos27+ (27' + l/i?o)/sin7 (8.4.17) 
and $3 = -aRz. Thanks to (8.2.19), we have 

p = +^V-^0 ^y^2 ^ ^^^.ga|Ktcos26,+a,.Ycos6, sm{a^.Kt Sm2bj + ttjX Smbj + Cj)] 

2 2(7 (T 

Theorem 8.4.1. Let (is &e real numbers and let 7 be 

any function in t. Denote X = XCOS7 + ysin'-f. We have the following solutions of the 
three-dimensional stratified rotating Boussinesq equations (8.2.1)-(8.2.5): 

m 

u = [J2 aj.rf^.e'^''^*^°^26,+a,-^cos6, sin^a^Kt sin 26^- + ajX sin bj + bj + Cj) 

+27' A'] sin 7 - 7'y, (8.4.19) 

m 

^; = [- ^ ^ .^^.ga|.tcos26,+a,^cos6, gin^^S^^ ^-^ ^bj + UjX sin 6j + bj + Cj) 

+27'A']cos7 + 7'a;, (8.4.20) 
p is given in (8.4-18); 

n 

W ^ d^e^'rtco.2br+arX co.br ^^^(^^2^ gj^ 36, + drX siu br + Cr) 

r=l 

k 

+(7i?t ^,6"'*"°'^^^+"^-^"°'^^ sin(a^isin26, + a,A'sin6, + c,), (8.4.21) 

s=l 
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k 

1 ^2 + 



T^z + J2 46"'*'=°^^''^+"^'^"°^''^ sin(a^i sin 26, + a.A'sin 6, + c,) (8.4.22) 

s=l 

if a — 1, and 

n 

J2 (i;e"'"*"°^2^^+"'^'^'=°^^^ sm{dlat sin 26, + UrX sin K + c,) 



n 

W = 

r=l 



+ ^ — J^ga2tcos26,+a.^cos6. sin(a^i sin 26, + a,A'sin6, + c,), (8.4.23) 

s=l 

k 

T^z + ^a2j^ga2tcos2fe,+a.^cos6. sin(a2^ gin 26, + a,A'sin6, + 26, + c,) (8.4.24) 



s=l 



when a 1. 



Remcirk 8.4.2. By Fourier expansion, we can use the above solution to obtain the 
one depending on three arbitrary piecewise continuous functions of X. 

Next we set 

zu^x'^ + y^. (8.4.25) 

We assume 

u — y(l){t,zu), V — —x(f){t,zu), (8.4.26) 

w = ij{t,w), T = ^{t,w) + z (8.4.27) 
where 4>,ip and -d are functions in t,w. Note that (8.2.16)-(8.2.18) give 

$1 = #t + ^'Z' - a^'/'' - 4:ay{uj(i))^^, (8.4.28) 

$2 = -xcPt + |-0 - 1/0' + 4ax(t^0)^^, (8.4.29) 
/to 

$3 = V't - crR{^ + z)- Aa{wi^^)^. (8.4.30) 

According to (8.2.20), 

[w{(t)t - Aa{w4>)^^)]^ = 0, (8.4.31) 

d^i^l^t - <7R^ - Mwij^)^] = dy[ijjt - <JR§ - 4a{wij^)^] = 0, (8.4.32) 

a' 

(t>t-Aa{wct))^^^-, (8.4.33) 
w 

iJt - <JR^ - 4.a{wil}^)^ = (5' (8.4.34) 

for some functions a and j3 m.t. 
Write 

oo 

(/, = ^ ajw^, (8.4.35) 
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where aj are functions in t to be determined. Then (8.4.33) becomes 

OO / 

J2 - Mj + 2)(j + l)a,+i)zu^ = -, (8.4.36) 
j=-i 

equivalently, 

a'_i = a', 4a{j + 2){j + l)aj+i = a'j for j > 0. (8.4.37) 
We take q;_i = a and redenote ckq = 7- The above second equation imphes 

ryU) 

a. = ,. for j > 0. (8.4.38) 

So 

Observe that (8.2.4) becomes 

- ^{^K)^ = (8.4.40) 
by (8.4.25)-(8.4.27). The arguments in the above show 

OO (r) r 

^ = V (8441) 

^r!(r + l)!(4a)'-' ^ ' 



r=0 



where 71 is an arbitrary function in t. Substituting (8.4.41) into (8.4.34), we get 



- 4a(^^.). = ^' + 4ai^E ^,(/;^^(^^). - (8.4.42) 
Write 

00 

= (8.4.43) 
where are functions in f to be determined. Then (8.4.42) becomes 

00 00 (r) J. 

E(/3; - 4.(r + 2)(r + l)^,.,)-^ = ^' + ^^-^E Hfr + lW4a)- ' 

r-=0 r-=0 '^■^ ' 

equivalently, 

8(7^1 - AaR-i, (8.4.45) 

= ir-^ ^T7 TT - 7 ' , for r > 1. (8.4.46) 

4(T(r + 2)(r + 1) (r + 2)!(r + 1)!(4(7)'- " ^ ' 

Thus 

= -fo J^—— - ^.^^ ^.^ ^ ^ for r > 1. (8.4.47) 

r!(r+ 11(4(7 '^ (r + 1)! r - l)!(4(7)'-i " ^ ' 
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So 

<^ 'o(r) n(r) A^V^i^-^h^r 



r=l 

Now (8.4.28), (8.4.29) and (8.4.33) give 



(8.4.48) 



$1 = lii^ + ^0 - (8.4.49) 

/to 

$2 = -— + (8.4.50) 

Moreover, 

$3 = - ai?^ (8.4.51) 

by (8.4.30) and (8.4.34). Thanks to (8.2.19), we have 

Rz^ a' y 13' alnix^ + y^) 1 ^ t^^'^x^ + 

p = 1 arctan z — > 

o _ ri_7-) _p ,^1^ 



(T a: a 2ai?o ai?o ^ [(j + l)!]'(4(j)i 



2 



Q;7ln(x2 + y2) « ~ yj)(^2^^2),- 



1 - ^0l)^(..)(^2^^2y.+..+l 

2<T (ji +i2 + l)ji!i2!(ji + l)!(j2 + l)!(4a)^i+^V ^ " " ^ 

By (8.4.25)-(8.4.27), (8.4.39), (8.4.41), and (8.4.48), we have: 

Theorem 8.4.3 Let ct, /3, /^o, 7, 7i be any functions in t. We have the following solu- 
tions of the three-dimensional stratified rotating Boussinesq equations (8.2.1)-(8.2.5): 

••- -^f f^^ + y'y , (8.4.54) 



, v (/3r-/3^-^-4ai?7r^)(^^H-|/^)- 
^^^•^^^ r!(r + l)!(4a)^ ' (^■^■^^^ 



r = ^ + V^f-^^-±^ (8.4.56) 
^r!(r + l)!(4a)'- ^ ' 



and p is given in (8.4-52). 
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8.5 Asymmetric Approach III 

In this section, we solve (8.2.1)-(8.2.5) under the assumption — — Tj. 
Let c be a real constant. Set 

VD — y cos c + 2; sin c. 

Suppose 

u = f{t,w), V — (j){t,zu)smc, 
w = — zxj) cos c, T = ip{t, w) + 
where /, (f) and -0 are functions in t and w. According to (8.2.16)-(8.2.18), 

^ X x sine , 

^1 = It- (^Jzovo - 



By (8.2.20), 



Rq 

$2 = (0t - (^(l)vjm) sine + 

$3 = ((70^^ - 0t) COS C - (Tit!(V' + -z). 



f _ f _ i, _ n 

Jzut ^Jzawza j-> v'tj? — 

sin c 

(0t - (^(Pz^zu)zu + -B-f^ + (^Ri^vj COS C = 0. 

/to 

For simplicity, we take 

r r sine 

- = 0, 

/to 

sine 

0t - cr0tJ7tj7 + / + (^Rw cos e = 0. 

-rtQ 

Denote 

/ \ _ / cos ^ - sin ^ \ / / 



Then (8.5.9) and (8.5.10) become 

f f T?i ■ ^^^^^ n 

/t - - crRw COS e sm — — = 0, 

^ ^ ^ Sill c 

0t — (70^^ + (7i?'0 COS e COS — - — = 0. 

Ro 

On the other hand, (8.2.4) becomes 

A - i^vjvj = 0. 

Assume a — 1. We have the following solution: 

m 

0; = Q^.^^.ga|tcos26,+a,^cos&, g-^ <2hj + OjOT siu 6j + hj + e^). 
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m 



f = -i?i?o cot c COS V a^.(i^.eS'*^°«26,+a^^cos6,- 2^ g-^^ 26^- + ajw sin 6^- + bj + Cj) 

n 

+ ^ a^cl^e"'*"°'^^'^+"'-^"°'^'- sin(a^ism2^ + a^rosinfo^ + 6^ + c^), (8.5.16) 



4> = -RR^ cot c sin V a^.(i^.eS'*^°^26,+a,^cos6, ^-^^ 2^ ^-^ 26^- + a.-w sin 6^ + 6,- + 9) 

k 

+ ^a,4e"'*"°'^^^+"^^"°'^^sin(a^tsin26, + a,rosin6, + 6, + c,), (8.5.17) 

where are arbitrary real numbers. According to (8.5.11), 

sin 
Rq 

n 

- > a 

Ro 



/ = -RRo cot c cos — 1^ a^(ije"?*"°'^^^+"^-^"°'^^- sin(ojt sin 26^' + a^zu sin + 6^- + 9 



+ cos ^ ^^^"^ga2tcos2S.+a..^cosS. ^-^^^2^ ^-^ + a.ZU sin 6, + 6, + C,) 



+ sin y a,4e"'*"°^26.+a.t^cos6. sin(a2i sin26, + a,ti7sin6, + 6, + c,), (8.5.18) 

^0 



= - sin V a,ci,e"'* '^"^ '^'■+»'^^ '^^ sin(a^t sin 26, + a,ro sin 6, + 6, + c,) 



r=l 



+ cos^^ V- ~^J^ga2tcos26,+a.t^cos6. sin(a^t sin 26, + a,tusin6, + 6, + c,). (8.5.19) 
Suppose cr 7^ 1. We take the following solution of (8.5.14): 

m 

= ^ a,(i,e"?*+"^^, (8.5.20) 

where aj,rfj are real constants. Substituting 

/ = a^.e"l*+"^^, = /3je"^'*+"^^, if} = ajdje^'^'^"^^ (8.5.21) 
into (8.5.12) and (8.5.13), we get 

t/ sm c 

a'- + a^(l — (T)aj — aRujdj cose sin — - — = 0, (8.5.22) 

Rq 

t sm c 

(3j + a|(l — (T)/3j + aRajdj cos c cos — - — = 0. (8.5.23) 

Ro 
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We have the solutions 



a|(l - a) sin ^ - R^^ sin c cos ^ 
Oil = aRttjdj cos c 



aj(l -(7)2 + i?-2sin2c 



tsinc 



a2(l - a) cos ^ + i?o ^ sin c sin ^ 



/3j = —aRttjdj cos c 



Thus we have the following solutions of (8.5.12) and (8.5.13): 



cosc 



a]{l - a) sin - i?o ^ sine cos 



t sin c 



^^^^ Gjfd/j^G 



at cos 26,.+ar.CT cos i 



(8.5.24) 

(8.5.25) 



4(1 -a)2 + i?-^sin2c 
sin(a^crt sin26r + arC^JsinS^ + 6^ + Cr), (8.5.26) 



= aR ajdjc"'- 



cose 



H+ajVj 



a2((7 - 1) cos ^ - i?o ^ sin c sin ^] 



a^irt cos cos 63 



0^(1 - (7)2 + g-^2^ 



sin(a^(Ti sin 26s + Os^sin&s + 6s + Cs), (8.5.27) 



where a^, c^, dr, dg, bs, Cs, dg are arbitrary real numbers. 
According to (8.5.11), 



t sin c ^ ^ 

/ = cos > ttrdrC ' 



at cos 26,. +ari^ cos 6r 



sin(a^(7i sin 26^ + sin ft^ + &r + Cr) 



r=l 



+ Sin J] ~^J^ga?(Ttcos263+a3t^cos63 sin(a^(7i Siu 2&s + Os^ Siu 6s + + Cs) 



i?0 



^ 2i?o(4(l - (t)2 + 2 g.^2 



(8.5.28) 



. isinc ir-^. J -5 
= — sm — > ttrdre ' 



at cos 26r+ar-ro cos 



it!n 



sinfci^crt sin 26^ + cirC^^ sin hr + hr + Cr, 



T = \ 



+ COS V a^4e"'"*'^°^'^^+"^^"°^^^ sin(a^atsin26s + Ss^sin^s + 6s + Cs) 

J^^aH(c^-l)e"^'*^"^'^cosc 

By (8.5.4)-(8.5.6), (8.5.9) and (8.5.10), *i = 0, 

cos e 



$9 



-/ — aRxp sin e cos c. 







(8.5.30) 
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COS c 

$3 = ( / - crRijj sin c ) sin c - aRz. (8.5.31) 

Ro 



Thanks to (8.2.19), 

R cos^ c 2t sin c 



m 

'^I'^'^l^^'^ \^ 1 a?t cos 26,+o,ro cos • / 2j. • ol, i -1,1 \ 

p — — : COS — — > djC ^ ^ ^ sm{adsm2bi + ajzusmbj + Ci) 

cos c t sin c " 



cos -— 4e'^'*"°^2^'-+"'-^"°^'''- sin(a2t sin 26^ + a^tu sin br + c^) 



r=l 

_ C^ Sin V J^ga^t cos2(,.+a.^cos6, ^^^(-2^ ^-^ ^bs + a^W Sin b, + C,) 

-Ro -Rq ^ 

s=l 

m „ 

+i?sin c J] (^^.e«|*^°«26^+«^-^'^°«''^ sin(a5i sin 2bj + a^w sin 6^- + Cj) + -z^ (8.5.32) 



if (7 = 1, and 



^ _ ^ cos y dre^>' 2^'^+"'-'^ ^-mialat sin 2&, + a,ca sin % + c,) 

(Ti?o ^0 ^ r- r r r-y 



COS c ^.^ y j^ga2atcos26.+a.^cos6. sin(a2^t gin 2&, + a,tz7 sin Is + c,) 



(7i?o -Rq , 

s=l 

E"" d,-it!e"?*"'""^'^ sin 2c cos c „ , „2, , „ „ i? n 

— -f^- 5 ^ + iisinc > (i,e''^*+''^^ + -z^ 8.5.33 
.^^ 2i?2(4(l - af + i^o^ sin^ c) ^ ^ 2 ^ ^ 

when a 7^ 1. 

In summary, we have: 

Theorem 8.5.1. Lei br,Cr,dr,as,bs,Cs,ds,c be arbitrary real numbers. 

Denote w — ycosx + 2; sine. We have the following solutions of the three-dimensional 
stratified rotating Boussinesq equations (8.2.1)-(8.2.5): 

u — f, v — (f)smc, w — —(f) cose, T — ip + z, (8.5.34) 

where (1) a = 1, f is given in (8.5.18), is given in (8.5.19), ip is given in (8.5.15) and 
p is given in (8.5.32); (2) o ^ \, f is given in (8.5.28), (p is given in (8.5.29), ip is given 
in (8.5.20) and p is given in (8.5.33). 



Remcirk 8.5.2. By Fourier expansion, we can use the above solution to obtain the 
one depending on three arbitrary piecewise continuous functions of vo. 



Chapter 9 

Navier-Stokes Equations 



In this chapter, we introduce a method of imposing asymmetric conditions on the veloc- 
ity vector with respect to independent spacial variables and a method of moving frame 
for solving the three dimensional Navier-Stokes equations. Seven families of non-steady 
rotating asymmetric solutions with various parameters are obtained. In particular, one 
family of solutions blow up on a moving plane, which may be used to study abrupt high- 
speed rotating flows. Using Fourier expansion and two families of our solutions, one can 
obtain discontinuous solutions that may be useful in study of shock waves. Another fam- 
ily of solutions are partially cylindrical invariant, containing two parameter functions in 
t, which may be used to describe incompressible fluid in a nozzle. Most of our solutions 
are globally analytic with respect to spacial variables. The results are due to our work 
[XI 2]. Cao [Cb3] applied our approaches to the magnetohydrodynamic equations of in- 
compressible viscous fluids with finite electrical conductivity, which describe the motion 
of viscous electrically conducting fluids in a magnetic field. 



9.1 Background and Symmetry 

The most fundamental differential equations in the motion of incompressible viscous fluid 
are the Navier-Stokes equations: 

Ut + UUx -\- VUy + WUz + ^Px = ^{Uxx + Uyy -\- Uzz), (9.1.1) 

Vt + uvx + vvy + wvz + ^Py = I'ivxx + Vyy + v^^), (9.1.2) 

Wt + UWx + VWy + WWz + ^Pz = T^iWxx + Wyy + Wzz), (9.1.3) 

Ux + Vy + Wz = 0, (9.1.4) 

where (u, v, w) stands for the velocity vector of the fluid, p stands for the pressure of the 
fluid, p is the density constant and u is the coefficient constant of the kinematic viscosity. 
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Assuming nullity of certain components of the tensor of momentum flow density, Lan- 
dau [LI] (1944) found an exact solution of the Navier-Stokes equations (9.1.1)-(9.1.4), 
which describes axially symmetrical jet discharging from a thin pipe into unbounded 
space. Moreover, Kapitanskii [Kl] (1978) found certain cylindrical invariant solutions 
of the equations and Yakimov [Y] (1984) obtained exact solutions with a singularity of 
the type of a vortex filament situated on a half line. Furthermore, Gryn [Gv] (1991) 
obtained certain exact solution describing flows between porous walls in the presence of 
injection and suction at identical rates. Brutyan and Karapivskii [BK] (1992) got ex- 
act solutions describing the evolution of a vortex structure in a generalized shear flow. 
Leipnik [Lr] (1996) obtained exact solutions by recursive series of diffusive quotients. In 
addition, Polyanin [Pa] (2001) used the method of generalized separation of variables to 
flnd certain exact solutions and Vyskrebtsov [Vv] (2001) studied self-similar solutions for 
an axisymmetric flow of a viscous incompressible flow. There also are other works on 
exact solutions on the Navier-Stokes equations (e.g., cf. [Bv, Pv, Shi, Sh2]). 

A 3 X 3 real matrix A is called orthogonal if A^A = AJ^ = I^, where the up-index 
"T" denotes the transpose of matrix. To show that the Navier-Stokes are invariant under 
the orthogonal transformation, we need to rewrite the Navier-Stokes equations in terms 
of matrices and column vectors (which are also viewed as special matrices) . Denote 




(9.1.5) 




(9.1.6) 



Note iFV = 



udx + vdy + wdyj. Then (9.1.1)-(9.1.3) become 



ut + {ifV){u) + -V(p) = iyA{u) 



P 



(9.1.7) 



and (9.1.4) changes to 



V^u = 0. 



(9.1.8) 



For a 3 X 3 orthogonal matrix A — (0^,5)3x3, we define 



T^iuit, x^)) = Au{t, f^A), TA{p{t, ^)) = p{t, f^A). 



(9.1.9) 



Note that for any function f{t, x) in t, x, 




(9.1.10) 
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equivalently, 

s 

d,M{t,x'^A)) = J]a,,J,,(i,f^>l) for r e M. (9.1.11) 

A(/(t,f^A)) 

= (V^V)(/(t,f^A)) = V^[V(/(t,f^A))] = V^pv(/))(t,f^A)] 

= [V^^^(^V(/))](t,f^^) = [V^V(/)](i,f^^) = A(/)(i,f^A). (9.1.12) 

Now 

9,(7:4(^)) + {TA{u)fV{TAm + ^V(7:4(p)) 
= dAAuit, x^A)) + M'^(i, f^A)A^V(AM(i, x^A)) + -V(p(i, f^A)) 
= Aut{t,x^A) + [(M^(t,f'^^)/l^/lV)(/lM)](t,f'^^) + -^AV{p){t,x^A) 
= ^^it(i,f^>l) + [(^I^(i,f^^)V)(A^/)](i,f^^)) + -AV{p){t,x^A) 

P 

= Airt(i, x'^A) + A{if{t, x'^A)W){u){t, x^A) + -AW{p){t, x'^A) 



P 

A ut{t, x^A) + {iF{t, x^A)V){u){t, x^A) + -V(p)(i, x^ A) 



(9.1.13) 



P 

pA{{Ta{u))) = i^A{Au{t,x^A)) = i^AA{u{t,x^A) = A[i^A{u){t,x'^A))] (9.1.14) 
by (9.1.12), and 

V^(7:4(^)) = V^{Au{t,x^A)) = AV^iuit,x^A)) 

= AA^{V^u){t,x^A)^{V^u){t,x'^A). (9.1.15) 

If [u{t,x,y, z),p{t,x,y, z)] is a solution of the Navier-Stokes equations (9.1.1)-(9.1.4), 
then 

ut(t,x'^A) + (M^(t,f^A)V)(«)(t,f^A) + ^V{p){t,x^A) = uA{u){t,x'^A) (9.1.16) 

and 

{W^u){t,x'^A)^0. (9.1.17) 

Thus 

dtiTAiu)) + (T^(«))^V(T^(«))) + -V(T^(p)) = i^A{{Ta{u))) (9.1.18) 

P 

by (9.1.13) and (9.1.14). Moreover, (9.1.15) imphes 



^^{Ta{u)) = 0. (9.1.19) 
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Therefore, [Ta{u) , Ta{p)] is also a solution of the the Navier-Stokes equations (9.1.1)- 
(9.1.4), that is, T4 is a symmetry of the equations. 

Let us do the degree analysis. Due to the term A{u) in (9.1.1), we assume 

degx — degy — deg z — ii. (9.1.20) 

Moreover, to make the nonzero terms in (9.1.4) to have the same degree, we have to take 

degu — degv — degw ~ £2- (9.1.21) 

Note that in (9.1.1), 

deg ut = deg = deg = deg A{u). (9.1.22) 

Thus 

deg t = 2^1 = -deg p, £2 = -£i. (9.1.23) 

Moreover, the Navier-Stokcs equations arc translation invariant because they do not con- 
tain variable coefficients. Hence the transformation 

Ta,b{u{t, X, y, z)) = hu{hH + a, bx, by, bz), (9.1.24) 

r„,,(p(t, X, y, z)) = bMb^t + a, bx, by, bz) (9.1.25) 

keeps the Navier-Stokes equations invariant for a, 6 e R with 6 7^ 0, that is, Ta^b maps a 
solution of (9.1.1)-(9.1.4) to another solution. 

Let q; be a function in t. Note that the transformation 

u{t,x,y,z) ^ u{t,x + a,y,z), p{t,x,y, z) p{t,x + a,y, z) (9.1.26) 
changes the equation (9.1.7) to 

„t . + «-(V(«). V(.). V(.)) + iv-W ^ .A(#) (9.1.2T) 

and keeps (9.1.4) invariant, where the independent variable x is replaced by a; + a and 
the partial derivatives are with respect to the original variables. On the other hand, the 
transformation 

■u^(i, X, y, z) !->■ ■u^(t, X, y, z) — (a', 0, 0), p(t, x, y, z) >->■ p(t, x, y, z) + pa'' x (9.1.28) 
changes the equation (9.1.7) to 

< + u^{V{u), V{v), V{w)) - a'ul + -V'^{p) = uA{if) (9.1.29) 
by (9.1.1)-(9.1.3) and keeps (9.1.4) invariant. Thus the transformation 

Ti,^{if{t, X, y, z)) = if{t, x + a,y,z)- {a', 0, 0), (9.1.30) 
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Ti,a{p{t, X, y, z)) = p{t, x + a,y,z)+ pa"x (9.1.31) 

is a symmetry of the Navier-Stokes equations. Symmetrically, we have that the transfor- 
mation 

Tai,a2,a3-A^'^it: ^> ^)) = x + ai,y + a2,z + as) - {a[, a'^, ctg), (9.1.32) 

Ta,,a2,as;i3{p{t, X, y, z)) = p{t, x + ai,y + a2,z + as) + p{a['x + a'^y + a'^ z) + /3 (9.1.33) 
is a symmetry of the Navier-Stokes equations for any functions ai, Q!2, cts and /3 in t. 

9.2 Asymmetric Approaches 

In this section, we will solve the incompressible Navier-Stokes equations (9.1.1)-(9.1.4) by 
imposing asymmetric assumptions on -u, v and w. 
For convenience of computation, we denote 

^1 = lit + UUx + VUy WUz — v{Uxx Uyy Uzz), (9.2.1) 
^2 = ^'t + UVx + OTy + tyt-z - y{Vxx + ^"2/2/ + Vzz), (9.2.2) 

^3 = + + VWy - Z/(Wa;a; + W yy + ) . (9.2.3) 

Then the Navier-Stokes equations become 

*i + -Px = 0, $2 + -Py = 0, $3 + -P. = (9.2.4) 

p p p 

and itj;-|-i'y-|-'u;2 = 0. Our strategy is first to solve the following compatibility conditions: 
dyi^i) = 9,($2), 9,($i) = 9,($3), 9,($2) = 9,($3) (9.2.5) 

and then find p via (9.2.4). 

Let us first look for simplest non-steady solutions of the Navier-Stokes equations (in- 
deed, the corresponding Euler equations) that are not rotation free. This will help the 



reader to better understand our later approaches. Assume 

u = 7ix - aiy — OL-iZ, v = aix + 72^ - asz, w = a2X + asy + 732;, (9.2.6) 

where aj and 7^ are functions in t such that 71 -|- 72 + 73 = 0. Then 

^1 = (71 + 7i - ci^i - c^l)^ ~ - «i73 + Q!2Q!3)z/ + {aia^ - ol^ + Q;272)^, (9.2.7) 

$2 = («'i - ai73 - OL20L2)x (72 + 72 - «i - "3)1/ - («3 + "i"2 ^ a37i)^, (9.2.8) 

*3 = {0I2 + OLxa-A - a2^2)x (oig - aia2 - a3ji)y + (73 + - al - al)z. (9.2.9) 
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Furthermore, 



Note 



for some real constant. Moreover, 







=^ 73 


0'. 

yJC 1 




= 5, ($3) 


^ 72 






= ^.(*3) 


^ 71 


_ ^ 
as 


7i + 72 + 73 = ~ 


a[ _^ ^2 


+ — = 
as 





$1 = (a^j'ttg ^ — a\ — al)x — a2asy + aia^z, 

$2 = — q;2Q;3X + {a'2a2^ — af — al)y — aia2Z, 
$3 = a^a^x — a\a2y + {a'-^a^^ — a\ — a^z. 



(9.2.10) 
(9.2.11) 
(9.2.12) 

(9.2.13) 

(9.2.14) 

(9.2.15) 
(9.2.16) 



Pu 2,2 /' -1\ 2 I / 2 I 2 /' -1\ 2 I / 2 I 2 /' 21 

p — —[{a-^-\-a2 — a^a^ )x -\- ya-^^ -\- a^ — a2 a2 )y + (ctg + <^3 ~ )^ \ 



By (9.2.4), 
2' 

+p(Q;2Q;3xy - q;iQ;3X2; + aia2yz), 
after replacing p by some To,o,o;;5(p) if necessary (cf. (9.1.32) and (9.1.33)). 



(9.2.17) 



Proposition 9.2.1. Let cti, a2 and a^ he functions in t such that aia2as — c for 
some real constant c. Then we have the following solution of the Navier-Stokes equations 
(9.1.1)-(9.14): 



(9.2.18) 



as a2 tti 

u — — X — aiy — a2Z, v = aix H y — asz, w = a2X + asy H z 

as a2 ai 

and p is given in (9.2.17). 
Next we assume 

^ = -2^y> w^ip{t,z), 

where /3 is a function in is a function of t, z and v is so written just for computational 
convenience by our earlier experience. According to (9.1.4), 

?/' 

X 



(9.2.19) 



u^f{t,y,z)+ -V'^) 



(9.2.20) 



for some function / of t, y, z. Then 



^1 = ft + f(^-^-i^.^-§^yfy + ^f.-l^{fyy + f..) 

13' 13"' - 13'' 



2/3' 



+ 



2/3'^ 



z 



X, 



(9.2.21) 
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(3/3'" - 2/3'/3"> 



4/3' 



/2 



Thus (9.2.5) is equivalent to the following equations: 

r 



f f3" \ (3" 



0, 



r 



,2 /S" 



with T — dy, dz- The above two equations are equivalent to 



f 13" 



I 

2/3 



iVfy + ^fz - J^ifyy + fzz) = n, 



(9.2.22) 

(9.2.23) 
(9.2.24) 

(9.2.25) 
(9.2.26) 



for some functions Ti and T2 in t. 

We solve (9.2.26) first. The idea is to linearize it. Note that 

i) = e^^^^\ e-^^ sin z, e"^ cos .J^'z 



(9.2.27) 
(9.2.28) 



can simplify the expression 

-■^zt + y^zzz 

for any increasing function 7 in t such that 7' ^ . The nonlinear term — ■0'022 hints 
us to use 

^0 = e"'^(eie^^ - ese"^^), 6 = sin(v9^), (9-2.29) 
(0 = e^'^e^e^' + £26"^^), (i = e""^ cos( ^7^), (9.2.30) 
where ei, 62 G R. In fact, 



Assume 



-0 = A^r + A*-2, 

where r = 0, 1 and A, /i are functions in t to be determined. We calculate 
V'. = Av^Cr- + /^, = (-!)'• Ay^., 0... = (-1)'^A7"/'C„ 

= {-lyx^HCr + 7"^er/2Vy) + (a'v7+ A772v7)Cr. 

Substituting (9.2.33) and (9.2.34) into (9.2.26), we find 



(9.2.31) 
(9.2.32) 



(9.2.33) 
(9.2.34) 



-(-l)'-A7'Xr/2 - (AVY + A772Vy)C. = r2. 



(9.2.35) 
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equivalently 



AV(C'-(-irC^)+/^'-/3V/3' = r2 
by the terms that are independent of spacial variables, 

_(_l)-A/.7'-(-irA772 = 

by the coefficients of z^r and 

2A/iyy - f3"X^/^/P' - (A' + At'VSa/Y) = 
by the coefficients of (r- According to (9.2.37), 



1_ 

"2y 



Substituting it into (9.2.38), we get 



-/3"Xyf///3' - x'y/i - 3A772 = ^ A 



So 



and 



It 

7 z 



27' 



T2 = ,xn K + 



47'^ ' 2/3'7' 



by (9.2.36). According to (9.2.21), (9.2.25) and (9.2.26), 



$1 = Ti + 



+ 



Substituting (9.2.41) into (9.2.25), we find 



(9.2.36) 



(9.2.37) 



(9.2.38) 



(9.2.39) 



(9.2.40) 



(9.2.41) 



(9.2.42) 



X. (9.2.43) 



/t + f — + — 1 / + i^^"^ - —yfv - —Zf, - l^ifyy + /..) = Tl. (9.2.44) 

277 P'Vl^ 2/3' ^ 27' VJyy^J^^y 1 V J 



We assume 



/ 



^/(^. -Kr 



4Wi ' 

where g{t^ w) is a two-variable function to be determined. We calculate 



Stir 



\fWi V2/5' ^ 27' j ^ ^ ^^'27' 



i'zgir , (-l)V7'c/Cr , P"y9zuC 



fy 



9wCr 



2/y 



+ 



2/9'\/y ' 



(9.2.45) 

(9.2.46) 
(9.2.47) 
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/„^ti*^. (9.2.48) 



Substituting (9.2.46)-(9.2.48) into (9.2.44), we get 



9tCr , {{-lyer-Og i^VWg^Ur 

^ ... 7=^ = ^i- (9.2.49) 



Case i. = a e M. 
In this case 

by (9.2.49) 

Case 2. r — — €2 and ei = 1. 

In this case, Ti = and 

gt - ^P'g^^ = (9.2.51) 

by (6.2.49). So 

g = g'^{(a+ci)^/3)+(a+ci)ro (9.2.52) 

is a complex solution of (9.2.51) for any a, c e IR. Thus we have real solutions 

^u{a^-c^)(S+a^ sin(2aci//3 + czu), e'^('^'-'=')^+"^ cos(2aci//3 + czu). (9.2.53) 
In particular, any linear combination 

gZ.(a2-c2)/3+a^^^^ sin(2aci/^ + cw) + C2 cos{2acup + czu)) 
= fee''(«'-^')/3+«^sin(2acz//3 + cro + e) (9.2.54) 



of them is a solution of (9.2.51), where Ci, C2 G M and & = ^/C[TC|, Ci/b = cos^. By 
superposition principle, we have more general solution: 

n 

g^Yl 6,e'^("'-'=')^+"^^ sin(2a,c,i/^ + c,ro + 9^) (9.2.55) 

s=l 

for as,hs,Cs,Os G IR such that hg 7^ 0, (0^,05) 7^ (0,0). Recall = \/Wy. Thanks to 
(9.2.45), 

f = -|= 6,e'^(«^-'^^)^+«^^^ sin(2a,c,i/^ + v^y + 0,). (9.2.56) 
VP T 
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Next we calculate the pressure p via (9.2.4). First we assume g = a and r = 1. In this 
case, 



Denote 



e-^^cos(x/y^) 



/3'7' 47' 

Then 4 = -0- According to (9.2.4), (9.2.22), (9.2.43) and (9.2.50), 



I / 7 , e-^-^x (3^"'-2^'^'V^ 



pa; 



2/5'/5'" - 



-21/7 



/2 



4^' 



/2 



+ 



(/3Y)2 4y2 2/3'y 



Consider the case 51 = a and r = 0. We have 
Denote 



e'^T(eie^^ - e2e-^^^) 7"^ 



^V7 



/3 



2y 



yv 
4y ' 



According to (9.2.4), (9.2.22), (9.2.43) and (9.2.56) 

P 



. , ^2 Ae.t^e^^-^x (3/3"'-2/3'/3"V' 
pk^.-y-^. + ^_ 



2p'p"'-p"^ 461626^"^' y^ 



(9.2.57) 
(9.2.58) 



(9.2.59) 



(9.2.60) 



(9.2.61) 



(9.2.62) 



4^/2 (^Y)2 4y2 ■ 

Suppose r = = 62 and €1 — 1. Then the pressure is the corresponding special case 
of (9.2.62): 



px 



T-^* 



2/3' f3"' - f3"^ 7"' /3"7 



4/3 



/2 



+ 



with 



e^^e^^ i'z 



^'yff 27 



4y2 2/3Y 

7. 



/3'7' 4^' 



(9.2.63) 



(9.2.64) 



Theorem 9.2.2. Let a, /3 and 7 &e any functions in t. For any 7^ a, ei, 62 € we 
/lave t/ie following solutions of the Navier Stokes equations (9.1.1)-(9.1.4)-' 



_ ae-'^^cos(Vy^) f f3" 7" e"^^ cos( Vy^) ' 



(9.2.65) 
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V — —TTTr.V-: w — -== — — , (9.2.66 

2^' (5'^ 27" ^ > 



and p is given in (9.2.59); 

V — — V, w — 1= — , (9.2.68 

andp is given in (9.2.62). 

For as,bs,Cs,9s G M wi/i s G l,n such that bg 7^ 0, {as,Cs) ^ (0,0), we have the 
following solutions of the Navier Stokes equations (9.1.1)-(9.1.4).' 



u — 



7^ _ e'^^e^ 
2^ ^ 2y /3'7 



+ + (9-2.69) 



V = -^1/, w = = - ^ (9.2.70) 

2/5 /^'a/t^ 27' ^ ^ 

anc?p is given in (9.2.63). 

Remark 9.2.3. We can use Fourier expansion to solve the system (9.2.51) for 
g{t, \^y) with given g{0, a/ /3'(0)y). In this way, we can obtain discontinuous solutions of 
the Navier-Stokes equations (9.1.1)-(9.1.4), which may be useful in studying shock waves. 

For ^ e R, we denote the rotation 

/lO 0\ /^"^ 
A= cos^ sin^ , = i cos9 -sm9 . (9.2.71) 

\ - sin ^ cos ^ / \ sin ^ cos 9 J 

Applying Ta in (9.1.9) to the above first solution, we get 

ae~'^'^ cos{^/Y{y sin ^ + 2; cos 9)) 

7" e-^cos(Vy(ysing + zcosg))) \ 

+ 27' ^'7 r' ^ ^ ^ ^ 



u = 



sin^ 



e '''''sin(V7'(ysin^ + zcos^)) 7''(ysin^ + zcos^) 

JTT^ 2y 

-^(l/cos^-^sin^)cos^, (9.2.73) 
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w — 



e sin(V7'(y sin ^ + 2; cos 6*)) 7''(y sm6' + z cos( 



27' 



COS^ 



/5" 



+-^{y cos9 — zsinO) sm9 



(9.2.74) 



and 



p = p[i'ipz{t,ysm9 + zcos9) — 



y sin ^ + z cos 9) 



— ipt{t, y sin 9 + z cos 9) 



e-^^^x (3/3"^ - 2/3'p"')(ycos9- zsin9y . 



2 



8^' 



/2 



4/3' 



72 



(/3Y)2 4y2 2/3'7' 



Set 



Consider 



2 I 2 



u — y(l){t,zu), V — —x(l){t,zu), w — il){t,zu), 
where (p and are functions in t,zu. Then (9.2.1)-(9.2.3) give 

^1 = y0t - - Ayv{w(t))^^, 

$2 = -x(t)t - y(t)^ + 4xi/(ro0)^^, 

Note that dy{^i) — 9^ ($2) becomes 



Set 



Then (9.2.81) becomes 



Suppose that 



{'UJ(t))^t - 4i^((ot0)^^ + T^{'UJ(t))vjijjvj) = 0. 



= (tI70)z 



0t - 4i/(0^ + = 0. 



= ^ amit)zu'^, 

m=0 

where a^(i) are functions in t to be determined. Then (9.2.83) becomes 

00 00 
J2 a^w"" = 4z/ J] m\mru'^-\ 



9.2.75) 

9.2.76) 
9.2.77) 

9.2.78) 

9.2.79) 
9.2.80) 

9.2.81) 

9.2.82) 
9.2.83) 

9.2.84) 



9.2.85) 



m=0 



m=0 
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equivalently, 



(4z/)'»(m!)2 

Write a{t) = ao{t). We have 



(m) 

for m e N. (9.2.86) 



By (9.2.82), we get 



for a function /3 in t. 
Note 



m=0 V / V / 



= + y , „ — (9.2.88) 



= /3'ti7-i + y „ (9.2.89) 



oo 



^ (4i/)'"m!(m + 1)!' 

^(m)^m-l 



4i/(ro0)^^ = 4i/0^ = y _ — — : 

4i/ r" ^ m — 1 !m! 

m=l \ ' ^ ' 



(9.2.90) 



Thus 



Therefore, 



and 



0* - 4z/(tu</.)^^ = /3'w-\ (9.2.91) 

$, = ^^-x02 (9.2.92) 

*2 = -^3^-#'- (9-2.93) 

On the other hand. Equations dz{^i) — dx{^3) and 82(^2) — ^2/(^3) a-re imphed by 
the following differential equation: 

A-Mi;^ + wi;^^) = Q (9.2.94) 

(cf. (9.2.80)). Similarly, we have the solution: 



where 7 is a smooth function in t. With this ip, $3 = 0. By (9.2.4), (9.2.76), (9.2.77), 
(9.2.88), (9.2.92), (9.2.93) and (9.2.95), we obtain: 

Theorem 9.2.4. Let a, 7 be any smooth functions in t and let P be any differentiable 
function in t. We have the following solution of the Navier-Stokes equations (9.1.1)- 
(9.1.4): 

I3y ^ a("^)(a;2 + y2)m 



u 



(A,Am^\(^ ^^\V (9.2.96) 



+ fr^i (4i^)"'^K^ + 1)!' 
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, ^ (9.2.97) 

^ZLz/Wmll^-m -1-1^1' ^ ^ 



m=0 

oo 
n 



p = p^' arctan - + p > — — — ^ -f-^; — -— . (9.2.99) 

^ X ^ ^ 2(m + n + l)m!(m+ l)!n!(n+ l)!(4t/)'"+" ^ ^ 



Remark 9.2.5. When a and 7 arc polynomials in t, the summations in the above 
theorem are finite. Let 71,72,73 and '& be functions in t. For ^ G M, we the matrices in 
(9.2.71). Recall the transformations in (9.1.9) and (9.1.32)-(9.1.33). Applying T^Tyj ^^2,73:1? 
to the above solution, we get the following solution of the Navier-Stokes equations with 
six parameter functions in t: 



u — -u cos — 2; sm 6* + 72 > 7—^ tt r; 

(4z/)™m!(m + 1)! 

/3{y cos 9 — 2;sin^ + 72) 



{x + 7i)^ + {y cos 9 — z sin 9 + 72)^ 



7;, (9.2.100) 



~ [(x + 7i)2 + (y cos e - z sin 9 + 72)^]' 



m=0 



(4i/)"»m!(m + 1)! 



f^x no' 
^{x + ^,y + {ycos9-zsm9 + ^2y ~ 

+ sm. V7^")[(^ + 7r)- + (.cos.-.sin. + 7.)T^ (9.2.101) 



n=0 



^ _ a("*)[(a; + 7i)2 + (i/cos^-^sin^ + 72)2]™ 



m=0 



(4z/)™m!(m + 1)! 



^ (x + 7i)2 + (ycos9-z sin ^ + 72)2 ~ ^'"^ ^ 

+COS. y:^^"^[^-+^-)^+/^-",-^---^"^+^-)^^ (9.2.102) 

^ (4i/)"(n!)2 ^ ^ 



n=0 



_ ^ a(™)a(")[(,T + 7i)2 + (|/cos^-^ sin ^ + 72)2]™+"+! 
^ ~ P 2^ 2(m + n + l)m!(m + l)!n!(n + l)!(4i/)'"+'* 

^, ■ycos^ — 2;sin^ + 72 , ,/ ,/ ,/ , „ , „, 

arctan + p{i^x + i^y + i^z) + ^. (9.2.103) 
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9.3 Moving- Frame Approach I 

Let a, ^ be given differentiable functions in t. Denote 

cos a sin a cos /3 sin a sin (3 
T = j —sin a cos a cos ^ cos a sin /3 | (9.3.1) 
— sin 5 cos B 



and 



Then 



and 



a' j3' sin a 

Q = \ -a' /3'cosa I . (9.3.2) 
sin a —/3' cos a 

cos a — sin q; 

_ _ j sin a cos ^ cos a cos ^ — sin^ | (9.3.3) 
sin a sin /3 cos a sin P cos / 

^ (T) = QT. (9.3.4) 





( ^\ 








y 




n 




K z j 







dt 

Define the moving frames: 

U \ / u{t,x,y,z) 

V =T v{t,x,y,z) I, A'=|3;|=T||/|. (9.3.5) 
W) \w{t,x,y,z) 

={d;,,dy,dz). (9.3.6) 

V = T^V. (9.3.7) 



Set 



Then 



Thus 

A = + + = v^v = (v^T)(T^v) = v'^v = + + a|, (9.3.8) 

Recall the notion in (9.1.5). The equation (9.3.7) yields 

u^ + vy + w,^ V^u = ( V^T) (T-^W) = V^U ^Ux + Vy + Wz (9.3.9) 

and 

M^V = (T^W)^(T^V) = W^TT^V = W^V. (9.3.10) 
According to (9.3.3) and (9.3.5), 

U ^Tu{t,x'^) = Tu{t,X^T), p{t,x) =p{t,X^T). (9.3.11) 

By (9.3.3) and (9.3.4), we get 

dt{X) = j^iVx = QTf = QX, (9.3.12) 
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dt{U) = ^{i:)u + i:ut = QTu + Tut = QU + Tuf (9.3.13) 
at 

On the other hand, 

dt{U) ^Ut + {dt{X^)V){U) ^Ut + {X^Q^V){U). (9.3.14) 

Thus 

Tut =Ut + {X^Q'^V){U) - QU. (9.3.15) 
Multiplying T to (9.1.7) from the left side, we get 

Tut + (m^V)(Tm) + ^TV(p) = t/A(TM), (9.3.16) 

which is equivalent to 

Ut + iX^Q'^VMU) -QU + iU^VMU) + -V(p) = vMU) (9.3.17) 

P 

by (9.3.7)-(9.3.9) and (9.3.15). Moreover, (9.1.8), (9.3.5) and (9.3.7) imply 

(V^T)(T-iW) = ~ V^W = 0. (9.3.18) 

Next we want to find the analogue of (9.2.4). According to (9.3.2), (9.3.8) and (9.3.17), 
we denote 

Ri=Ut + a'iyUx - XUy - V) + /3'{ZUx - XUz - W) sin a 

+/3'{ZUy - yUz) cos a + UUx + VUy + WUz - i^A{U), (9.3.19) 
R2^Vt + a'{yVx - XVy +U)+ p'iZVx - XVz) sin a 

+P'{ZVy - yVz - W) cos a + UVx + VVy + WVz - i^A(V), (9.3.20) 

R^ = Wt + a'iyWx - XWy) + P\ZWx - XWz + U) sin a 

+l3'{ZWy - yWz + V)cosa + UWx + VWy + WWz - t/A(>V), (9.3.21) 
Then the Navier-Stokes equations (9.1.1)-(9.1.4) become 

^1 + -Px = 0, i?2 + -Py = 0, R3 + -p^ = 0, (9.3.22) 
P P P 

Ux + Vy + Wz^O (9.3.23) 

by (9.3.17) and (9.3.18). Instead of solving the equations in (9.3.21), we will first solve 
the following compatibility equations: 

dy{Ri) = dx{R2), dz{Ri) = ^^(i^a), dz{R2) = dy{Rs) (9.3.24) 
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for U, V, W, and then find p from the equations via (9.3.22). 

Let /, g, h be functions of t, X, y, Z that are hnear in A', 3^, Z and fx ^ 9y ^ = 0. 
Assume 

U = j + ^vX-^, V = g + 6iyyX-^, W = h. (9.3.25) 
Then (9.3.19)-(9.3.21) become 

Ri = ft + fh + fyg + fzh + 6ufxX-' + a'{yfx-Xfy-g) 
+/3'{Zfx - Xfz - h) sina + (5'{Zfy - yfz) cos a 

-6z/(/ - yfy + 2a':V^ + 13' Z sin a) A'-^ - ASv'^X'^, (9.3.26) 

= + fg;^ +99y + 9zh + a'{y9x - ^9y + /) + ^\2,g^ - Xg^) sin a 
-6ug^X-^ + 6u(g + /S'Z cos a + ygy)X-^ 

+P'(Zg^ - g^y - h) cos a - I2vy{f + a'y + ^' Z sin a) A'-^ (9.3.27) 

= /^t + //^A" + ghy + + a'{yhx - Xhy) 

+[5'{Zhx - Xhz + f)sma + l3'{Zhy ~ yhz + g) cos a 

+6iy{h^ + P' sin a) A""^ + 6u{hy + cos a)3^A-l (9.3.28) 

By the coefficients of X~'^ in dy{Ri) — dx{R2)-, we take 

f ^^X-a'y- 13' Z sin a, (9.3.29) 

where 7 is a functions in t. Moreover, the coefficients of X~^ and the coefficients of X~'^ 
in dy{Ri) = dx{R2) imply 

g = a'X + -fy - /3'Zcosa. (9.3.30) 

Furthermore, dy{Ri) = dx{R2) does not contain X~^. 

According to the coefficients of X~^ in dz{R2) = dylRs), we find hy = —f3' cos a. 
Moreover, the coefficients of in dz{Ri) = dx{Rz) force = — /S'sino;. The condition 
fx + 9y + hz = imphes hz = —2j. For simphcity, we take 

-(/3'Xsma + l3'ycosa + 2-fZ). (9.3.31) 

With the above /, g and h, we have: 

= {'j' + -a'^ + 3p'^sin^a)X + 12ua'yX-^ -A8u^X-^ 

+ {3/3'^ sin a cos a - a" - 2a'-f)y + (4/3'7 - /3")Z sin a, (9.3.32) 

i?2 = (7' + 7^ - a'^ + 3/3'^ cos^ a)3^ - 12z/a'A'-^ 

+{a" + 2a' + 3/3'^ sin a cos a) A + (4/3'7 - /3")Z cos a, (9.3.33) 
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i?3 = (472 - 27' - f3'^)Z + (4/3'7 - P") {X sin a + 3^ cos a) . (9.3.34) 
Thanks to (9.3.32)- (9.3.34), (9.3.24) is now equivalent to 



—a — 2q; 7 = Q! + 2q; 7 =^ 7 = 

lot 

Thus 

a!' 

U = -—X - a'y - ^'Zsina + ^vX' 
2a 

a" 

V^a'X- —y - ^'Z cos a + ^vyX' 
2a' 



a" 



W = —Z - (5'X sin a - 13' y cos 



a 



a 



,1 ' 


(9.3.35) 


■1 


(9.3.36) 


-2 


(9.3.37) 




(9.3.38) 



by (9.3.25), (9.3.29)-(9.3.31) and (9.3.35). Moreover, (9.3.24) and (9.3.32)-(9.3.34) imply 

. {2a' a'" + Aa'^ - ?>a"\x^ + y^) , , ^„ , ^ „ ^, , 
8a'2 



p = ■ ^ '-^ + (/3' +2Q;"/37Q;')^(A'sinQ; + :VcoSQ;) 

_3/^-(^sin. + ycos«)' + 12.(3.;f- - a'yX-^) + '"'^'^ " ""')^^. (9.3.39) 
2 2(3;' 

Note T-^W by (9.3.5). Thus (9.3.3) yields 

u = - 6i/J^A'~^^ ( sin a - A' cos a) - a'{X sin a + cos a) , (9.3.40) 

V = [GuyX ^ — - — I (A* sin a + COS a) COS /3 + a' (A* COS a — 3^ sin a) COS /3 

-P'Z COS /3 + (^P'X sin a + /3'3^ cos a - ^Z^ sin /3, (9.3.41) 

w = ( ei/J^A""^ — ) (A'sina + J^coso;) sin^ + q;'(A'cosq; — J^sina) sin^ 

-^'^ sin ^ + (^^Z - p'X sin a - p'y cos cos p. (9.3.42) 

According to (9.3.5), X — Tu. So (9.3.1) gives 

J^sino; — Afcoso; = — x, A'sin a + J^cos a = ycos/S + 2; sin/3, (9.3.43) 

X^ + y^^x'^ + {y cos /3 + z sin /3)^. (9.3.44) 
Therefore, we have the following theorem: 

Theorem 9.3.1. Let a and /3 be functions in t with a' ^ 0. We have the following 
solution of the Navier-Stokes equations (9.1.1)-(9.1.4): 

6ra[(y cos ^ + z sin (5) cos a — x sin a] a''x 



u 



[(y cos^ + 2;sin^) sina + xcosa]^ 2a 



^ - a'(ycos/3 + zsin/3), (9.3.45) 



9.3. MOVING-FRAME APPROACH I 



249 



6u\(y cos B + z sin f3) cosa — X sin a](y cos (3 + z sin B) cos B , 

V = 7- — ■ ■ ^ ^ haxcos/^ 

[{y cos p + z sm p) sm a + x cos aj^ 

sin 2^ + {a" /2a') (sin^ /3 - cos 2f3)]y - [f3' cos 2f3 + (3« 74a') sin 2/3]^, (9.3.46) 

6i/[(wcos/3 + ^sin/9) cosa — xsinaKi/cos/S + 2;sin/3) sin/3 , . ^ 
w = — p7 : — -— tt: \-axsmp 

[[y cos p + z sm p) sm a + x cos ay 

-[/3'cos2/3 + (3a'74a')sin2/3]|/+ [(a72«')(cos2/9 + cos2/3) -/3'sin2/3]^ (9.3.47) 

and 

V2v^v + ol\{x^ — {y cos P + zsin ^Y) sin 2a — 2x{y cos ^ + 2; sin /3) cos 2q;]] 



2[{y cos ^ + 2; sin ^) sin a + x cos ct]^ 
(2a^a^'' + 4a^^ - 3a"^)[x^ + {ycosp + z sin ^)^] 

+ (/3'72 + a"/37a ) [{z'^ - y'^) sin 2(5 + 2yz cos 2/3] 
3/3'^ (y cosP + z sin /3)2 (q;'/3'^ - a'") {z cos(5-y sin /3)2 



r/ie aftove solution blows up on the following rotating plane: 

{{x, y, z) eR^ \ {y cos ^ + 2; sin ^) sin a + x cos a = 0}. (9.3.49) 



Applying the symmetry transformation in (9.1.32) and (9.1.33) to the above solution, 
we can get a solutions with six parameter functions and blowing up on a more general 
moving plane. Next let / be a function in t,y,Z such that dy{f) — d^if) — 0, and let 
4>, ip be functions in t, X. Suppose that 7 is a function in t. Assume 

u^f-2ix, v^(t) + iy, w^^jj + iz. (9.3.50) 

Then 

Ri^ft- 2/^^ - a'i^l'y + Xfy + 0) - /3'(3yZ + Xfz + V') sin a 

+f3'{Zfy - yfz) cosa - 2i{f - 2i X) + /y(0 + 7'^^) + + I'Z), (9.3.51) 

i?2 = 0, + ^"y + ol{y^x - ^I'X + f)+ p'Z(t)x sin a - cos a 

+(/ - 2iX)(t>x + 7'0 + i'^y - ^<l>xx, (9.3.52) 

R3 = Vt + /^ + a'3^V';(^ + ^'(-ZV';(^-37'A' + /)sinQ;-i/fc 

COS a + {f- 2iX)^x + 7'(V' + Y ^) ■ (9.3.53) 
Now (9.3.24) becomes 

(t>tX + {Oi'y + ^'^ sin a + /)0;^;^ - ^'^x cos a - 27' (^'0;^,);^ 

+7>^ - i^^A-A-A- = /ty - P'fz cos a - ify, (9.3.54) 
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Ax + {oi'y + P'Z sin a + f)il}xx - v^xxx + ^'4>x cos a 

-2{iXiJx)x + I'll^x = ftz + 13' fy cos a- i fz, (9.3.55) 

o^'fz + sin a + fz)(t>x = {a' + /y) + fy sin a. (9.3.56) 
By (9.3.54) and (9.3.55), we take 

/ = -a'y - ^'Z sin a. (9.3.57) 

Note that (9.3.56) is implied by (9.3.57). Integrating (9.3.54) and (9.3.55), we obtain 

IP'^ sin a cos a + a'j' - a"]X + (9.3.58) 

- 27' A'V'A- + tV - i^V'A-A- + ^'(t> COS q; 
= - p' sin a)' + q;'^' cos a -7'^' sin a] A' + ^2, (9.3.59) 

where ^1 and ^2 are arbitrary functions in t. To solve the above problem, we write 

= 7=7ln/x' (9.3.60) 

cosa 4 



and set 



•V( )( - ), (9.3.61) 



■0 y ^ y sin (/? cos </? y y y ' 

71 \ _ / i / cos V? - sin \ / V^'^ tan a + ^ 



72 y J W \ sinV' cos<^ y \ _((^'tana)'-aV' + 4^tana 



Then (9.3.58) and (9.3.59) are equivalent to: 



dt. (9.3.62) 



// 

k-^X4)x-Hxx^ii^/J^'X + ^\, (9.3.63) 
// 

A - l^'^V'^ - ^V^-^^ = 72V^'^ + <^2, (9.3.64) 

where ipi and (/92 are arbitrary functions in t. Note the first two terms in the above 
equations motivate us to write 



= 0(t, -to) + 7iro + 991, = ■?/'(t, -to) + 72C<7 + 9^2, w = \Jix'X. (9.3.65) 
Then the above equations become equations: 

0t - = 0, V't - '^IJ'''>Pzu^ = 0. (9.3.66) 
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Thus we have the foUowing solution: 

m 

4) = J2 a,ci^e"'^'*"°^2'''-+»'^^'^°^^'^ sm{alufism2br + a,u7sin6, + 6, + c,), (9.3.67) 



r=l 
n 



^ = ^s^J^ea^/.cos263+a.^cos6. sm{alu pL siu 2b s + aswsinbs + + c,), (9.3.68) 

s=l 

where bj., bg, Cj., Cg, dr and dg are real constants. Therefore, 

m 

4> = J]a,d,e"''''^'^°^''''-+»'-^'^'^°^'''-sin(a>/xsin26, + a,v^A'sin6, + 6, + c,) 

r=l 

+ (pi, (9.3.69) 



V' = ^^^^^ga2,.^cos26.+a.V^7.1^cos6. sin(^2^^ g-^ + a, ^A^'A' sin k + k + C.) 

+72v^A' + (^2- (9.3.70) 
According to (9.3.61), we have 

m 

(j) = ^^^a^d^e"''^^"°^2^'-+»'-^'^'=°^'''-sin(a>//sin26^ + a^V^A'sin6^ + 6^ + c^) 

" r=l 

n 

^sm^ a^J^e"'^'^"°^2^^+"^^'^'=°^^^ sin(a2z//i sin 26, + ds^/iJX sin 6, + 6, + c,) 
V A*' 1 

* ' s=l 

+ V^(7iCOS</7 + 72sin(/7)A' + (7i, (9.3.71) 

m 

= - ^ ^ a.d.e"''^'^ 2br+arVJi/x COS 6. sin(a2i,^ sin 26, + a, v^A' sin 6, + 6, + c,) 



cos 9? 



n 



^ ^ ^^^"^ga?z.Mcos26,+a.V^^cosb3 sin(a2i//x siu 26, + cig^X siu 6, + 6, + c,) 



* s=l 



+ V^(72COS</?-7isin(/?)A' + (72, (9.3.72) 



where cxi and (T2 are arbitrary functions in t. By (9.3.50), (9.3.57), (9.3.60), (9.3.71) and 
(9.3.72), 



W = -q;':V - (p'Z tan a - ^ , (9.3.73) 



m 

C0S(/9 



V = V a,ci,e»''^'^ 2br+arV7x cos 6. sin(Q2^^ ^-^ 26, + a, Va*' A' sin 6, + 6, + c,) 

n 

+ J] ^^J^ga>^cos2S.+a.V^^cos6. 31^(02^,^ gin 26, + dg^/Ji/X siu 6, + 6, + C,) 

+ v//^(7i cos 99 + 72 sin 93) + -—- + ai, (9.3.74) 

4// 
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m 

W = - Yl Ort^r-e"''''' 2br+arVWX cos 6. sin(a2^^ + ^^A' sin br + K + Cr) 
n 



a"Z 

+ (72 COS </? — 7i sin (f)X + +^ + a2. (9.3.75) 
To find the pressure p, we recalculate 

= (^'^3; - 2^V) tan a - 2a'(f) - a"y - {ip" tan a + a'ip'{l + sec^ a))Z 

^^"{a'y + ^'Ztana) ^ ^ ^ (3/^- 2^V0Af ^ ^^ ^^^^ 



2//' V 7- / 



a y + a^ + {ipX-aZ)ipUna — , 



R3 — K ; (/? tan a + (T9 

tan^ a - {ip" tan a + a'ip'{l + sec^ (9.3.78) 



by (9.3.51)-(9.3.53), (9.3.57)-(9.3.60), (9.3.71) and (9. .72). Thanks to (9.3.22), we have 

IJ,"{a'y + p'Ztana)A: 



p = p{{a' y+ {if' tana + a'(p'{l + sec^ a)) Z)X + 



-a^y - (72^ + — I ^ a -ip tan ^ I + 

^(3/^ -V/') (3^2 + ^2) a'cos^- V?' sin tana 

H h a Z — (/? A (/? j/tana + 2 ^= 

32/x'2 

m 

X 

r=l 

a' sin (f + (f' cos </? tan a 



^ d^e''>^''°'^^-+''^^^''°'^^ sm{aluii sin 26, + a, V^A" sin 6, + c,) 

r=l 

+2{a'ai + (^'cT2 tan a)X + 2- 



n 

X J2 4e"''^'^"°^2^^+"^^'^'=°^^^ sin(a2i//x sin 26, + a.^A* sin 6, + c,) 
+ -y/7[7i(Q;'cos(/7 — (p' simp tana) + 72(0;' sin </? + </?'cos</? tanQ;)]A'2.} (9.3.79) 
By (9.3.3), (9.3.5) and (9.3.73)-(9.3.75), we get: 

Theorem 9.3.2. Let a, (p, /j,, ai, he functions in t with fi' > 0. Take real constants 
{r,as,br,bs,Cr,Cs,dr,ds I i = l,...,m;s = l,...,n}. Denote P = J ip' sec a dt and define 
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7i)72 by (9.3.62). Take the notations X,y,Z given in (9.3.1) and (9.3.5). We have the 
following solution of the Navier-Stokes equations (9.1.1)-(9.1.4).' 

' // y \ rn 



\ fit, 

^, , ^ \ rCOS (/? , „2 

, , J/ + 03 Z tan a cos a — > ardrC 

n 

X sin(a>/xsin26^ + a^V^A'sin6^ + 6^ + c^) + ^ ^^J^ga2^Mcos2b.+a.vVArcosJ 



X sin(agi//xsin 26s + (is\/ fJ-'X sin 63 + 65 + c^) 

''y 

+ -s/Jj/ {ji COS (p + ^2 sin If) X + -— + cTi] sin a, (9.3.80) 

4// 



//A' , \ . /(J^coso; cos/3 - Zsin^) 
; = a y — (fi Z tan o; sm o; cos p H ; 

^ cos^ cusn cos.j + sm^ sm/3 «2^^,„,26.+a.V^;tcos6. 

" r=l 

2 , _ /TTt^ ^- I, , I, , , \ , ^^^V' COS a cos^ — cos(/7 sin^ 



X sin(a^i//x sin 26^ + y /^'A' sin 6^ + 6^ + c^) + 



n 

J2 dsdse^'"^'^'''^'^^'^^"'''^' sin(a>/^sin26, + a, sin 6, + 6^ + c,) 



+ y //'[7i(cos(/7 cosa cos ^5 + sine/? sin/3) + 72(sin (/? cos a cos ^ — cost/? sin^)]A' 
+(Ti cosa cos^ — (72 sin/3, (9.3.81) 

ji'' X f . \ . . /i,''(3^cosQ; sin/3 + Zcos/3) 



w — \ — a'y — if'Z tan oc \ sin a sin /3 + 



4//' 

, cos if cos g Sin^ - sin cos/3 ^ ^ ^a2^Mcos2b.+a.V^A;cos6. 

2 r~7 1^ 7 7 , sin </? cos a sin ^ + cos </? cos / 
X sin(a^z//i sm 26^ + a^y [xX sm 6^ + 6^ + c^j H -p= 



X ^ ^^J^e'i>Mcos26,+a.V^^cosb. ginj^^a^^ 26s + Viw''^ sin 6^ + 6^ + c^) 

+ V^[7i(cosv9 cosa sin ^5 — sine/? cos /3) + 72 (sin 9? cosa sin^ + cos</7 cos^)]A' 
+(71 cos (a; sin /3 + (72 cos /3, (9.3.82) 

anc?p is given in (9.3.79). 

Remark 9.3.3. We can use Fourier expansion to solve the system (9.3.66) for 
0(t, ^X) and ^(t, ^/Jj/X) with given 0(0, ^/x'(O)A') and ^"(0, y/?(0)A'). In this way, we 
can obtain discontinuous solutions of the Navier-Stokes equations (9.1.1)-(9.1.4), which 
may be useful in studying shock waves. 
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9.4 Moving- Frame Approach II 

Motivated from the first solution in Theorem 9.2.2, we will solve the equations (9.3.17) 
and (9.3.18) by sin, cos, sinh and cosh functions. 
First we rewrite (9.3.19)-(9.3.21): 

Ri=Ut + {a'y + /3'Z sin a + U)Ux + (V - a'X + P'Z cos a)Uy 

+ (>V - /3'{Xsma + ycosa))Uz - a'V - /3'Wsma - uA{U), (9.4.1) 

i?2 = Vt + {a'y + 13' Z sin a + U)Vx + {V- a' X + /3'Z cos a)Vy 

+ ( W - (3'{X sin a + 3^ cos a))Vz + a'U - /3'W cos a - i/A(V), (9.4.2) 

i?3 = Wt + (a'y + p'Z sin a + U)Wx + (V - a'X + /3'Z cos a)Wy 

+ (Vy - /3'{X sin a + y cos a))Wz + /3'{U sin a + V cos a) - uA{W). (9.4.3) 

Let Q!i, 7 be functions in t. Set 



Co^smh{aiy + piZ), Co^cosh{aiy + piZ), (f)o^smh-fX, (9.4.4) 



Suppose that / and h are functions in t, y, Z. Moreover, a and r are functions in t. 
According to (9.3.29)-(9.3.31), we assume 



\; = a'X- /3'Z cos a + / + a'y^ri^s, >V = /3'{X sina + y cos a) + h + T-^^ri^s- (9-4.8) 
By (9.4.1)-(9.4.3), we have 

R^ = -{a^a + M'CAs - («ia + p^T)[{-ir{a'^y + P',Z%(t>s + i^Cri^s] 

-{fyt + hzt)X + {{fy + hz)X + (aicr + MCAs){fy + hz + l{a^(T + MCM 

—a'{f + a'X — P'Z cos a + — (3'{(3'{X sin a + ^ cos a) -\-h-\- ^T^r'4>s) sin a 

-(/ + 7^^r^s)(a + {Jyy + hyz)X + (-l)'ai(aia + /3it%<Ps) -{h + irCr^s) 

x{P'sma + ifyz + hzz)X + {-lY/3^{a^a + Ar)^.^.) + HMfy + M-^ 

+ (aia + /3,t) [{-lyiaj + Pf) + (-1) V]Cr0s} - - (/?' sin a)'Z 

= {(7(/y + hz) - i)XCrA - i-lYHy + P[Z + «i/ + miMio^KJ + At) 

+{(ai(J + Ar)[(-l)V72 + (-l)V(a? + A^) + /y + /i^] - (ai(7 + TA)'}Cr0. 

-7{2((Ta' + T/3' sin a) + [(7(/yy + /ly^) + T{fyz + /i^^)] A'le.V. - {fyt + /i^t)'^ 

+ (/y + hzfX - f{a' + (/yy + hyz)X) - h{/3' sin a + {fyz + hzz)X) 

—a'{f + a X — Z cos a) — /3'{/3'{X sin a + 3^ cos a) + h) sin a — ol'y 

-(/?' sin a)'Z + z/Ai (/y + hz)X + 7(ai(7 + At)^^,^'., (9.4.9) 



■?/^o = cosh7A', ^1 = sin(Q;i3^ + /3iZ), Ci = cos(ai3^ + /SiZ), 
01 = sin7A:', = C0S7A:', Ai = 9^ + c?^. 



(9.4.5) 
(9.4.6) 



U = -q;'3^ - p'Z sin a - (/y + /i^) A' - {a^a + AT)Cr0. 



(9.4.7) 
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-a'[a'y + /3' Z sin a +{fy + hz)X + {aia + /3iT)Cr(l)s]-/3'[/3'{Xsma + y cos a) 
+h + -fT^r^s] COS a - [{fy + hz)X + (oiicr + ^it)C0.](q;' + {-iy-i''a^r(t>s) 
+(/ + ^(^^Mify + ai-faCrtps) + {h + -fr^Mifz - P' cos a + pi-faCrips) 
-u[A,{f) + Mi-lfial + P',) + i-iy^'Mr^s 

= a"A: + ft + wHy + P[Z + aif + PihXri^s + (-1)^(7' - 7(/y + hz))X^r<Ps 
+HcTfy + rh - ua[{-inal + ^1) + (-l)V] - 2r/3'cos«] + (7^)'}^.^. 
-2a'{aia + I3it)CAs - {P'cosa)'Z - a'[a'y + ^'Zsma + 2{fy + hz)X] 

sina + y cos a) + h] cos a + ffy + h(fz - ^' cos a) - uAi{f) 
+j^a{aia + M&Cr, (9.4.10) 

i?3 = W sin + iP' cos + + (r7)'er.^^s + r^[{a[y + ^[Z)Cri^, 
+ (-l)V'^'er0s] - [{fy + Z^^)^ + {aia + /3ir)Cr0s](/3' sina + (-l)V7'er0s) 

+ (/ + aj^ri^s){/3' COSa + hy + aiTjCri^s) + {h + TJ^ri^s){hz + /3iT-fCri^s) 

-/3\ay + 13' Z sin a + (/y + hz)X + (aicr + /3ir)Cr0s) sin a + /^'(a'A' - 13' Z cos a 

+f + 'JliM cos a - y[A^{h) + 7t((-1)'-(q;? + ^l) + (-1)^7')]^^^'. 

= ^T{a',y + + ai/ + mCri^s + {(t7)' - v^T[{-ir{al + ^i^) + (-1) V] 

+-i{2^' a cosa + (ihy + Thz)}iri^s - {ocia + piT)C,r(l>sS^na + {-iy-iT{i 

-lUy + + {(3' sin + (/?' cos a)'y + ht - 13' {fy + hz)X sin a 

+/(/?' cos a + hy) + hhz - P'{a'y + P' Z sin a + (/j; + /i^) A") sin a + /^^'-^ 

— cos oi-\- f) cos a — uAi{h) + j^T{aia + MCrCr- (9.4.11) 

By the coefficients of ^^^s in tfie equation dy{Ri) = dx{R2)-, we fiave 

fa = {-ir+'+^a^{a^a + ^r), [(7(/yy + hyz) + T(/y2 + /i^^)]^ = 0. (9.4.12) 

Moreover, tlie coefficients of C,r4's in the equation dy{Ri) = dx{R2) suggest 

(/y + My = 0, (9.4.13) 

which implies the second equation in (9.4.12). According the coefficients of ^r'Ps in the 
equation dy{Ri) — dx{R2), we get 

al3ihy = Tai{fz- 213' cos a). (9.4.14) 

Furthermore, the coefficients of CrV's in the equation dy{Ri) — dx{R2) yield 

ai/^'sina- (9.4.15) 
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Symmetrically, we have (9.4.15), 

7V = (-lY+'+'Pi(a,a + M, (fy + hz)z = (9.4.16) 

and 

raifz = cr/3i {hy + 2/3' cos a) (9.4.17) 
(cf. (9.4.7) and (9.4.8)). By the first equation in (9.4.12) and (9.4.16), we have 

api = rai. (9.4.18) 

Then (9.4.14) is implied by (9.4.17) and (9.4.18). Note that the equations of the coeffi- 
cients iri^s, Cri^s, irft^s a^d Cr^s in ^^^(-^2) = dy{Rz) are implied by (9.4.15), (9.4.17) and 
(9.4.18). 

According to (9.4.13) and the second equation in (9.4.16), 

fy + hz^lu (9.4.19) 

a function in t. Under the conditions in (9.4.15), the first equation in (9.4.16), and 
(9.4.17)-(9.4.19), dy{Ri) = dx{R2) becomes 

a'hz - P'hy sin a = a", (9.4.20) 

dz{Ri) — dxiRa) is equivalent to 

(3'hz sin a + a'hy = (3''ji sin a — {(3' sin a)' — 2a' (5' cos a (9.4.21) 

and dz{R2) — dy{R^) says 

{fh + hfz)z = ifhy + hhz)y + 2/3'7i cos a. (9.4.22) 

By (9.4.17) and (9.4.19)-(9.4.21), we assume that fy, fz, hy and hz are functions in t. 
Then (9.4.22) can be written as 

{fy + hz)fz = {fy + hz)hy + 2/3'7i cos a, (9.4.23) 
which is implied by (9.4.17) and (9.4.19). Solving (9.4.20) and (9.4.21), we get 

a'P'^i sin a — {a'/S' sin a)' — 2a''^^' cos a 
a'^ + sin^ a 



~ ,2 , a/2 • 2 ' (9.4.24) 



a' a" + ^'^7i sin^ a - (^' sin a) {f3' sin a)' - a'p''^ sin 2q; 
q;'^ + P'^ sin^ a 

Moreover, 

7iq;'^ — a' a'' + (/?' sin a) {(3' sin a)' + a'^'^ sin 2q; 
q;'2 + sin^ a 



Lt Lt -r /J J'l 13111 Lt — Oil! UtJ\^fJ Oil! U; ^ — CI /J 13111 ^Lt / ^ \ 

^2 ^ -/2 , fl/2„- 2 _ ■ (9.4.25) 



= -,/2^./2,, (9-4-26) 
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by (9.4.19) and (9.4.25), and 

a'/3'^i sin a — {a' 13' sin a)' + 2/3'^ sin^ a cos a . . 

jz = ,2 , o,2 ■ 2 (9.4.27) 

a' + p' sm a 

by (9.4.17) and (9.4.24). With the above data, we take 

f = fyy + fzZ, h = hyy + hzZ. (9.4.28) 
Furthermore, (9.4.18) and the first equation in (9.4.16) yield r + s + 1 e 2Z, 



ai = (pa', = ±(pya'^ + /S'^sin^a, (9.4.29) 

f3i — (ff3' sina, a — /la' , t — ii(3' sin a. (9.4.30) 

In particular, a, 71, (f and /i are arbitrary functions in t. Thanks to (9.3.22) and (9.4.9)- 
(9.4.11), the pressure 

P = Pin^V'^iW - TTO'^Cr^s - {{fa'yy+ {(p/3' s'mayz + (p{a' f + (3'hs'ma))Cri's] 
+ (-l)>-^[(7/x)' - 7/x<^V"']CrV'. + 2/x(a'' + sin^ a)^,^, + 2{a' f + sin a)X 
a'^ + sin^ a + 7i - 72 /n/„„„„l^.^ 1. 



+ [(^'sina)' - a' /3' cos a]XZ - ±7VV~'(0' + C) 



+ sin 2a + a"^ Xy + [(/?' cos a)' + ol sin a - fzt - fyfz - hyhz]yZ 
^ P"-hzt-pz-h% ^, ^ a" + p"cosa-fyt-f^-hl, ^^,^^ ^^^^^^ 

By (9.3.3) and (9.3.5), we have the following theorem: 

Theorem 9.4.1. Let a,P,'ji,(p and fi be arbitrary functions in t such that (/? 7^ 
and a'^ + sin^ a ^ 0. The notations X,y and Z are defined in (9.3.5) via (9.3.1), 
and ai, (3i and'j are given in (9.4-29) and (9.4-30). Moreover, fy, fz, hy, hz and f,h are 
given in (9.4.24)-(9.4-28). We have the following solution of the Navier-Stokes equations 
(9.1.1)-(9.1.4): (1) 

u — — Q;'(A'sinQ; + J^coso;) — (/ + ^Q;'7sinh(Q;iJ^ + ^iZ) COS7A') sina 

^ + sin^ a) cosh(ai3^ + (3iZ) sin 7A') COS a, (9.4.32) 

V — {f cos a — /3'Z) cos /3 — {a' sin a cos /3 + /3' cos a sin /3)y 

— {'yiX + Lpfi{a''^ + P'"^ siri^ a) cosh(aiy + f3iZ) sin 7A') sin a cos/? — sin ^ 
-|-(a'cosa cos /3 — sin a sin/3)(A' + 7/xsinh(ai3^ + /3iZ) C0S7A'), (9.4.33) 

w — (/?' cos a cos /3 — a' sin a sin /3)y + (/ cos a — /3'Z) sin /3 

— (71^" + (^/x(q;'^ + sin^ a) cosh(Q;i3^ + /SiZ) sin 7A:') sin a sin /3 + /i cos /3 
+{a' cos a sm/3 + /3' sin a cos /3) {X + -fi^ sinh(Q;i3^ + /3iZ) cos -fX) (9.4.34) 
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p = p{-ffi^-^[{-f' - 77i)A'cosh(ai3^ + /3iZ) sin-fX - {{^ayy + (v9/3'sina)'Z 
+ip{a' f + P'h sin a)) smh{aiy + PiZ) C0S7A'] - (^-^[(7^)' - 7^(^V"^] 
X cosh(Q;i:V + ^iZ) cos-fX + 2pL{a'^ + /3'^ sin"^ a)smh{aiy + piZ) sin-fX 
+2(a'f + p'h sin a)X + [{p' cos a)' + a'p' sin a - fzt - fyfz - hyhz\yZ 

-X^ + [(/?' sin a)' — a P' cos a]XZ 



Q;^' + /3^'sin^Qi + 7; -7i^ 



+ sin 2a + a" j A'J^ - -7VV"'(sin' -fX + sinh2(ai + 

P'^ - hzt - fl - hi p a'^ + /3'^ cos a -fyt-fl- hi 
— ^Z^ + — ^-^ ^y^}; (9.4.35) 



= — q;'(A' sina + 3^cosq;) — (/ + /iQ;'7 sin(ai3^ + cosh 7^") sin a 

-(71 A" + (pn{a'^ + ^''^ sin^ a) cos(ai3^ + sinh ^X) cos a, (9.4.36) 

= (/ cos a — /3'Z) cos P — (a sin a cos /3 + /3' cos a sin /3)y 

-{-fiX + ipfx{a''^ + P'^ sin^ a) cos{aiy + piZ) sinh7A') sin a cos /3 — h sin P 
+(q;'cosq; cos^ — ^'sina sin^)(A' + 7//sin(Q;iy + ^iZ) cosh7A'), (9.4.37) 

— {/3' cos a cos /3 — a' sin a sin /9)3^ + (/ cos a — (5' Z) sin (5 

— {^iX + ip^{a''^ + P''^s\'P?a)cos{aiy + PiZ) sinh 7A:') sin a sin /3 + /i cos /3 
+(«' cos a sin /3 + sin a cos /3) (A" + 7/^ sin(Q!i3^ + /3iZ) cosh 7^) (9.4.38) 

p = p{7//^-^[(7' - 77i)A'cos(q;i:V + ^i2) sinh7A' - {{ipa')'y + {ipP'sina)'Z 
+ip(a'f + I3'h sin a)) sin(aiy + PiZ) cosh7A'] + (/?~^[(7At)' - 7At(^V~^] 
X cos{aiy + piZ) cosh7A' + 2//(Q;'^ + ^'^sin^a)sin(Q;iJ^ + ^iZ) sinh7A' 
+2(a7 + P'hsina)X + [(/3'cosa)' + a'/3'sina - /^t - fyfz - hyhz]yZ 

+ sin 2a + a"^ - ^7W"^(sinh2 ^ sin2(ai3; + /3iZ)) 

0'^ - hzt - fz - hi o Q;'^ + /3'^cosQ;-/yt-/a -/i?; 
^\ ^Z^ + — ■'-^ ^y^}. (9.4.39) 



Let 7i, 72 be functions in t and let a, 6, c be real numbers. Denote 

00 = - ae-^i^-^^^, = sin(7i:V + 72^), 



(9.4.40) 
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^0 = eTiy+T2^ + ae-'^'^-^'^, i^i = cos(7i3^ + 72Z), (9.4.41) 
^0 = i,e^iy+722 _ ^^-^,y-j^z^ ^ csin(7i:^ + 72Z + b), (9.4.42) 

(0 = 6e^^^+^2^ + Ci = ccos(7i3^ + 72^ + 6). (9.4.43) 

Suppose that a, r are functions in t and f,k,h are functions in t, X ,y, Z such that /i and 
are hnear in X,Y,Z and 

f;, + ky + hz^O. (9.4.44) 

Motivated from the above solution, we consider the solution of the form: 

U = -a'y - p'Z sina + f- (^f + 72 ) (rCr^^ + ajjjrX^) , (9.4.45) 

V^a'X- P'Z cos a + A; + 71 {r^r + 2a(f)rX), (9.4.46) 
W ^ l3'(Xsma + y cos a) + h + 72(rCr + 2a0,A') . (9.4.47) 
For convenience of computation, we denote 

7 = 7? + 72, r = f-hX Ai=a^ + a|. (9.4.48) 

Now (9.4.1) becomes 

= -a"y - {/3' sin ayz + ft - (-l)'-7(7i:^ + 72^) {r^r^ + ^4>rX^) 
+((-l)V7V - {-iT)')CrX + (/ - 7(rC.A' + ai^rX'^Wx - iHr + 2(7V'.;i')) 
+(A: + iMr + 2a(/.,A'))[/y - 2a' - {-ly-f-f^ir^rX + ac/.^A'^)] - z/Ai(/) 

+ (/i + 72(rer + 2a(l)rX))[fz - 2/3' sin a - {^iy-i-i2{TirX + CT0,A'2)] + 2z/7aV'r 
—a'{a'X — P' Z cos a) — (3''^{X sin a + 3^ cos a) sin a + ((— 1)''z/7^(t — (70")')-?/'^^'^ 
= -(a'^ + sin^ a)X - {a" + 2"^/?'^ sin 2a)y + («'/?' cos a - (/?' sin a)')^ 
+7^[T^(46(^o,r- + C(5i,r)cA' + 3aT{25o,r{ab + c) + 5i^rCC0sb)X'^ + 2(7^(4a5o,r- + (^i,r)'^^] 
-(-l)''7(7i:^ + 72^^ + k^i + h-i2){TirX + <7<t>rX'') + //^ + A;(/y - 2a') 
+h(fz - 2P'sma) + ((-1)^7^ - (7a)' - 3jaf;,)'ijjrX^ + v{2^aiPr - Mf)) 
-irfXr - [{{it)' + 27r/;, - (-1)^7^)0. + 27a/>,]A' + ft 

+ {Mfy - 2«') + Mh - 2(]'sma)){T^r + 2act>rX). (9.4.49) 
To solve (9.3.24), we assume 

i^y + 7^Z + A;7i + /i72 = (9.4.50) 

and 

(_1)V7V - (7a)' - 37ct/^ = 0, (9.4.51) 
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Moreover, (9.4.2) and (9.4.3) become 

i?2 = a"X - (P'cosayZ + ((tit)' - (-l)V77ir)e. + 2((7ia)' - (-l)V77iC7)0,A' 
+kt + il[y + 72^)7i(TCr + 2a^rX) + (/ - ^{rCrX + a^,A'2))(2a' + k;^ + 27ia0,) 

sin a + 3^ cos a) cos a 

-Q;'(a'3^ + /3'Z sin a) + (/i + 72 (r^^ + 2a(prX)){kz - 2/3' cos a + 7172 (r^ + 2(jV^^A')) 

= (a" - 2-^/3'^ sin 2a + fx(2a' + kx))X - (a'^ + /3'^ cos^ a)y + kt + kky 

+[T(7iA;y + 72(A;z - 2^' cos a)) + (7ir)' - (-l)V77iT]^r - ((^'cosa)' + a^'sina)^ 

+7(7(2(771 0^ - 2q;' - kx)'4^rX'^ + /*(2q;' + A;;^ + 271 (7(/)^) + 77i-r^^rCr 

+/i(/c^ - 2/3' cos a) + {277iar{,z/', + 2 [(71(1)' - (T7i(/i2 + (-1) ' '^7) 

+l2<j{kz - 2(3' cos «))](/., - 7T(2a' + kx)C,r}X, (9.4.52) 

i?3 = (^'sinQ;)'A' + (/3'cOSQ;)':^ + (72T)'er + 2(72(7) - {-lYv^2l{Tir + 2(7(/),A') 
+ (7i:^ + 72^)72(TCr + 2(7^'.^') + (/ - 7(tC.;1' + (7i^rX'')){2^' Sin a + /l;^ + 272(70,) 

+{k + 7i(t^, + 2(7(/),A'))(2/3'cosa + hy + 7172 (r^ + 2(7^^, A') - 13''^ Z + /i^ 
+a'/3'(A' cos a - 3^ sin a) + (/i + 72(r^,. + 2a^rX)){hz + 72 Kr + 2ct^,A')) 
= [(/?' sin (3;)' + a (3' cos (3; + fx{2(3' sin + hx)]X + [(/?' cos c^)' — c^'/?' sin a]y 
+[(72t)' + (71(2/3' cos a + hy) + 72/i2 - (-l)V772)T]er + {2'y'y2ra^r^r + 2[(72(J)' 
-72(7(A;y + (-1) V7) + 71(7(2/3' cos a + /iy)](/), - 7t(2^' sin a + hx)Cr}X 
+f*{2p' sin a + hx + 272(70,) + A;(2^' cos a + hy) + ht + hhz + 772T^Cr-Cr- 
+7(7(272(70, - 2^' sin a - hx)^^^ - (9.4.53) 

by (9.4.50). 

Thanks to the coefficients of A"^ in dz{R2) — ^^(-Ra), we have: 



72(2a' + A;;t) = 7i(2/3'sina + /t;t). 



(9.4.54) 



According to (9.4.50), 



kx^i + hx^2 = 0, 7i + 71 /cy + 72/iy = 0, 72 + 71 /cz + 72/12 = 0. 



(9.4.55) 



Solving (9.4.54) and the first equation in (9.4.55), we obtain 



/ca- = 27 ^72(/3'7isinQ; - q;'72). 



hx = —27 ^7i(/3'7i sin — q;'72). 



(9.4.56) 



Moreover, the coefficients of X in dz{R2) — dy{R3) give 



7^72 - 7i72 + li'y2{ky - hz) + 72^2 - llhy - 2j(3' cos (3; = 



(9.4.57) 
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by (9.4.50). According to (9.4.55), the above equation can be rewritten as 

kz-hy^ 2/3' cos a. (9.4.58) 

Furthermore, (9.4.54) and the coefficients of in dz{R2) = dylR^) show that / is a 
function of t and 71 3^ + 72^ by the method of characteristics in Section 4.1. According 
to the coefficients of X in dy{Ri) = dx{R2) and dz{Ri) = d^iRs), we take 

/* = ip-&^ + (TW(t)r + ai, (9.4.59) 

where tp and a\ are functions in t, and 

^ = 7i + 72Z, = hie^ - cie-^, i^i = Ci sin(^ + 61) (9.4.60) 

for 61, ci e M. 
Note 

2(T(7i/:y + l2fz)(i>r = 2'yafl<Pr- (9.4.61) 

Denote 

^ bie'^ + cie'^ , i?i = ciC0s(ro + 6i). (9.4.62) 

Then 

/; = (^1^, + (7(0, + WilJr), fl^ = (-l)''(<^^r- + <7^0r) + 2(7^'.. (9.4.63) 

Moreover. 

dy{2^afl(t>r - 2^ar^r) 
= 277ia[/;^0, + fli^r - (flA + (-1)7*0.)] 

= 277i(t[((— !)''(</?'»?, + crw(l)r) + 2aipr)<Pr ~ {~^y{f''^r + crw(l)r + Q;i)0r] 

477ia^0,V^, - (-1)''2qi77io-0,. (9.4.64) 

Similarly, 

dzi2^aa(j)r - 27^/*^,) = 4772^20,^, - {-iy2ai^^2CT4>r- (9.4.65) 
Now the coefficients of X in dy{Ri) — dx{R2) give 

-(-l)''7i[((7r)' + 27r/;t - {-iypi\)ir + 2ai7a0,] 

-47i(t(7iq;' + 72/?' sin a)^, = -27C7(2a' + fc^^)^, (9.4.66) 

by (9.4.49), (9.4.52) and (9.4.64). According to (9.4.49), (9.4.53) and (9.4.65), the coeffi- 
cients of A" in dx{Ri) — dx{Rz) imply 

-(-l)^72[((7r)' + 27r/;, - (-l)V7V)e. + 2ai7a0,] 

-472(7(710;' + 72/3' sin a)'il^r = -27(t(2/3' sin a + /iA-)'0r-. (9.4.67) 
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Observe that (9.4.56) yields 

71 sin a — — 271 (71 a' + 72/^' sin a) , (9.4.68) 

7(2^' sin a + hx) — 2/3'^sma — 2^i{/3'^i sin a — q;'72) = 272(72/5'sinci; + 710;'). (9.4.69) 
Thus (9.4.66) and (9.4.67) are imphed by 

((7t)' + 27t/^ - (-1)V7V)^, + 2aa'J(l>r = (9.4.70) 

As (9.4.64) and (9.4.65), Expressions (9.4.40)-(9.4.43) and (9.4.59)-(9.4.62) give 

'yrdyir^^r - rCr) = lliT{2a^rA - i-iya.^r + Cra), (9.4.71) 

irdziflir - rCr) = ll2T{2aCrA " (-l)'^^!^. + Cr<^), (9-4.72) 

where 

Co = ~ Co0o — 2{ab — c), Ci — ^iipi — zetai(f)i — csin6. (9.4.73) 
Moreover, 

kfy + hfz = (7ifc + 72/i)/; = -b[y + 72^)/; = -dt{^)fi (9-4.74) 
by (6.4.55). On the other hand, 

W*) = ft* + dt{w)fl. (9.4.75) 

Thus the coefficients of X*^ in dy{Ri) = dx{R2) give 

[{fx - {-iri^)v + V'¥r + {{fx - (-l)V7)a + a')zxj^,. a^irQy 
— 2a'' — {2a' + kx)hz + kxt + {hx + 2(5' s\iia)hy — Cr'ji'yaT 

+2[(7ia)' - ^ia{hz + (-1)^7) + -f2ahy](f)r (9.4.76) 

and the coefficients of in dx{Ri) = dx{Ri) yield 

[{fx - {-iriy)v + V')'&r + {{fx - (-1)V7)(7 + <T')w(t>r - (X^ItQz 

= 2{^' sin a)' + - {hx + 2;5' sin a)ky + (A;;^ + 2q;')/c2 - c^727<7t 

+2[(72(7)' - 72a(/cy + (-1)^7) + ^iakz\(l)r (9.4.77) 

by (9.4.44), (9.4.49), (9.4.52), (9.4.53), (9.4.58), (9.4.68), (9.4.69) and (9.4.71)-(9.4.74). 
Thus we have: 

2a" - {2a' + kx)hz + kxt + {hx + 2/3' sin a)hy - Cr^faar = (9.4.78) 



9.4. MOVING-FRAME APPROACH II 263 
and 

2{/3' sin a)' + hxt - {hx + 2^' sin a)ky + {kx + 2a')kz - c,.727(7t = 0. (9.4.79) 
For simplicity, we only consider two special cases a follows. 
Case 1. '&r = Cr, cr = 0, 7i = a'li and 72 = (3'iisma, where /i. is a function in t. 
In this case, 

kx^hx^O (9.4.80) 
by (9.4.56). Moreover, (9.4.78) and (9.4.79) becomes 

a'hz — P' sin ahy — a'' , a'kz — P' sin a ky — —(/S' sin a)'. (9.4.81) 

Furthermore, (9.4.55) becomes 

a' ky + (3' sin a hy = —a' — a' — , (9.4.82) 

A* 

a'kz + sin a hz ^ -{P' sin a)' - sin a. (9.4.83) 

A* 

Adding (9.4.82) to the first equation in (9.4.81), we get 

a'{ky + hz) = -a'^ ~ a'/;^ = ^ = ^ (9.4.84) 

^x n n 



by (9.4.44). Note 



hz = -Z;^ - /ly = - A;y. (9.4.85) 



Substituting (9.4.85) into the first equation (9.4.81), we have 



hy = _ ^i-'ky + ^;') + -'^\ (9.4.86) 
^ P'ljisma ^ ' 



In addition, the second equation in (9.4.81) yields 

kz = ^'^-^^^y-^^'^^^<-)\ (9.4.87) 
a' 

Note that (9.4.85)-(9.4.87) satisfy (9.4.82) and (9.4.83). 
According to (9.4.58), 

^'sina /cy - (/3'sinQ;)' ^{a'ky + a") + a'/j,' , a qq\ 

; 1 — — : = 2p COS a. (9.4.88) 

a' p'li sm a 

Thus 

/x(q;'^ + sin^ a)A;y - /x(/3' sin q;)'/3' sin a + ^a'a" + a'^' = q;'/3' V sin 2q; (9.4.89) 
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IJ,[a'{/3''^ sin 2a — a'') + (/?' sin a)' 13' sin a] — a'^jd' 
^{a'^ + /3'^ sin^a) 

By (9.4.87), 

sin 2a — a'') — a'n']/3' sin a — na'{(3' sin a)' 
//(a'^ + ^'^sin^ a) 

Moreover, 

/3'[(/xq;'' + a'/j,') sin a + 2yUQ;'^ cos a] + na'{/3' sin a 

In addition, (9.4.85) gives 

q;'(^'^ sin 2q; - a") + (/?' sin a)'/3' sin q; + ^'^ sin^ a 
^ a'^ + ^'^sin^a " ^^-^"^^^ 

In particular, k = kyy + kzZ and h = hyy + hzZ are determined by (9.4.90)-(9.4.93). 
Now (9.4.70) is equivalent to 

(7t)' + 2-frfx - (-1)V7V = 0. (9.4.94) 

According to (9.4.84), the above equation can be written as 

(7r)' + — (7r) - (-l)V7(7r) = 0. (9.4.95) 
A* 



fjj^ui oiii ^Lt — ct J -r \fy Dili u: J fy Diii lxj — lx jjh ic\ a c\r\\ 

^ ~ ../„,/2 I o,2 ^-2 „ \ ■ (9.4.90) 



^2 = ../-/2 , 0/2 •„2,.A ■ (9.4.91) 



„ u \[ aa -T a Li bin a -t z,u,a cus « uu; i /j sin u; j . , „ > 

hy^kz-2/3'cosa^- —'^ ^ — ^ — . ^ — ^ . (9.4.92) 



So 



7r = At exp((-l)V / 7^^) = At exp[(-l)V / //(a'^ + sin^ a)(it]. (9.4.96) 



Hence 

exp[(-l) V / + /3'2 gj^2 ^^^^1 

Note that (9.4.76) and (9.4.77) are imphed by 



_ -^j J H' T Dill n;u,cj 

4/'^,/2 , 0/2 •^2,_ N ■ (^y.4.yg 



(/a" - (-l)'7z/)v:? + v?' - ai7r = (9.4.98) 

_ jpifi' - i-lYfi^a" + sin^ a)]^ + /x^^ 
' exp[(-l)v///2(a'2 + ^/2g.^2^)^^] ■ -^^J 

It can be verified that the equation for the coefficients of in dz{R2) — dy{Rs) is imphed 
by (9.4.55), (9.4.58) and the assumption that a — 0, 71 = a'pL and 72 = p'/isma. 

According to (9.4.45)-(9.4.47), (9.4.59), (9.4.90)-(9.4.93), (9.4.97) and (9.4.99), we 
have 



^ a'y - P'Z sin a + [v? - /i"^ exp[(-l)V / i/ia'^ + sin^ a)dt\]Cr 

J 

[nil' - (-1) V("'' + sin' a)]^ + A^V . 
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V^a'A:- P'Z cosa + k+ exp[(-l)V / ^^^^ + /3-%in^ 

Vy = /3'(A'sina + 3^cosa) + /i+^-^^^ ' -^^2 9 . —■ (9-4.102) 

fj,-^[a' + p' sin a) 

Observe that /* = (p(r + and so 

fUr - fXr = f{{-iyCr " Cr) " «lC. = -(46^0,. + c5i,rW " «lCr- (9.4.103) 

Hence 

Ri = (/i'//^ ~ "^'^ ~ /5'^sin^a)A' + (a'' + 2a'^'/;U — 2~"^/3'^sin2Q;)3^ 
+ (q;'/3' cos q; + (/3'sina)' + 2f3'fi' sin a/ fj,)Z 

+7t(46(5o,,. + c(5i,^)c(7tA' - y') - 27t^^/// (9.4.104) 

by (9.4.49), (9.4.55), (9.4.74), (9.4.75) and (9.4.103). Moreover, (9.4.52), (9.4.53), (9.4.55) 
and (9.4.58) yield 

i?2 = («'' — 2^"'^/3'^ sin 2q; + 2a;';u'//i)A' + (/^yt — Q;'^ — cos^ q;)3^ + 
+7i(r' — {—iy'i"jT)^r + {{kz — f3' cos a)' — a' P' sma)Z 

+2a'f* + -f-fir'^irCr - 2a'-iTC,rX + kky + /i/iy, (9.4.105) 

i?3 = [(/3'sina)' + a'^'cosQ; + 2^ysina//i]A'+ [(/ly + /3'cosQ;)'-Q;'/3'sina]3^ 
+72(r' - (-l)V7r)e. - 2(5'-it sina Cr^ + {hzt - P'^)Z 

+2/3' sin af* + kkz + /i/i^ + 772r'erCr- (9.4.106) 

By (9.3.3), (9.3.5), (9.3.22), (9.4.100)-(9.4.102) and (9.4.104)-(9.4.106), we have the 
following theorem: 

Theorem 9.4.2. Let a, /3, v?, ^ he arbitrary functions in t such that jj,{a''^ + /3''^ sin^ a) ^ 
0, and let b, c be arbitrary real constants. Define the moving frame X, y and Z by (9.3.1) 
and (9.3.5), and 

^0 = ^gMaW^sina) _^g-MaW2sina)^ ^ c sin[At(Q;':^ + ^'Z sin a) + 6] , (9.4.107) 

= ^gM{a'y+/3'Zsina) ^^g-Ma'y+/3'2sina)^ ^ C COs[//(q;'J^ + sin ft) + 6] . (9.4.108) 

Moreover, k = A;;y3^ + kzZ and h = hyy + hzZ are defined by (9.4.90)-(9.4.93). For 
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0,1, we have the following solution of the Navier-Stokes equations (9.1.1)-(9.1.4)-' 
-- (^^X - a'y +[ip- exp[(-l)V j ij^{a'^ + sin^ a)dt\]C^ 



cos a 



+ '^'-'-,'-^;'"';:''7f-'t'Vt''Vcosa. (9.4.109) 

(^j-X - a'y + [ip - n'^ exp[{-iyu J ij,\a'^ + P'^ sin^ a)dt]]Cr^ sin a cos/3 

+[{a'X + k) cos a - p'Z] cos p - sina + y cos a) + h] sin p 
(a'cosa cos^ — ^'sina sin/3)^r cxp[(— / //^(a'^ + ^'^ sin^ Q;)di] 

[H^i' - (-1) V(a'^ + P'^ sin^ a)]v9 + /iV . 



sin a cos^, (9.4.110) 



(^j-X-ay+[ip-fi-^exp[{-lYu j fi\a'^ + /3'\m^ a)dt]]Cr^ sin a sin/3 

+[(q;'A' + A;) cos a - /3'Z] sin /3 + [/3'(A' sin a + 3^ cos a) + h] cos /3 
(a'cosa sin /3 + /3' sin a cos/?)^^ exp[(— l)*"// J /x^(q;'^ + /3'^ sin^ Q;)cit] 

[/X A^^ - {-lYfj,\a'^ + /j^' sin' a)]ip + /xV ^ 

exp[(-l)V/^2(Q;/2^^/2 sin2^^)^^| 



+ r 2/^2 ^2 2^,;.^^ ^"^ ^^^a (9.4.111) 



p{{a'^ + P'^ sin' a - fj,' / fj,)X^ /2 + (2-^/3'^ sin 2a - a" - 2a'n'/ii)Xy 
- {a'/3' cos a + {p' sin a)' + 2/3' pi' sin a/n)XZ - 2-fT^rX / n 
+2-^[(a" + /3" cos' a - kyt)y^ + (/3'' - hzt)Z'' - A;' - /i'] 
+ (465o,r + c5i,r)c/.i~' exp[(— j ii^{a'^ + /3'^ sin' ajdt] 

x((^-2-V~'exp[(-l)V y /x'(a'' + ;5'' sin' 

/ /o/ . /, at N/N.,^ e'exp[(-l)'-2z///x'(a'' + /3''sin'a)dt] 
+(«'^'sm« - - P'cosa)')yZ ^^.^(i + ^ ^,n' .) ^ 

-1 ^ _ 2(a':y + /3'sinaZ)[^/i'- (-l)V(a'^ + /9'^sin'a)](^ + /x'(^' 
~ ^ "^^^ exp[(-l) V / ^2(a'2 ^ p,2 gjj^2 ^^^^1 

. C.[/^^(c^^' + sin' g)]- exp[(-l)V / ^i\a'^ + /g^^ sin' a)dt] 

^ ' /x4(;a'' + /3''sin'a) ' \ ■ ■ > 
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Case 2. 72 = ai = r = and 71 7^ 0. 

Under the assumption, (9.4.70) naturally holds. According to (9.4.55) and 

ky — , kx — kz — 0, hy — —2/3' cosa. 

7i 

Note 7 = 7^. Moreover, (9.4.56) says 

hx — —2/3' sin a. 

Furthermore, (9.4.78) becomes 

// 

2a" - 2a' hz ^ ^ hz ^ — 

a' 

and (9.4.79) is satisfied naturally. Equation (9.4.44) yields 

/. = ^-< 

7i a' 

Now (9.4.76) and (9.4.77) are equivalent to 

^ = ^ = (-i)V-/. = (-iM-^ + 4. 

(pa 7i a' 

(71 C7) a' 

According to (9.4.117), 

with 62, ^'3 e Moreover, (9.4.118) is satisfied by the above a. 
Next 



On the other hand, (9.4.51) implies 



(7(j) a' 7 



J .37;+ 55;:. 
(7(7) 71 a' 

So 

— = 2^ =^ 71 = C2\/a', 7^ C2 e M. 
a' 7 



Thus 



<^ ^ 62C2- We^-^)^^^'^", a = 63C2- We^-^)^^^'^", ix = ky = 
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Observe 

= 'j[ip{dr(f)r - 'dripr) + O-0r^r] 

= [2(c - ahi)5rfi - ci sin 61 5r,i]7'/5 + 7cr0^ (9.4.124) 

by (9.4.60) and (9.4.62). According to (9.4.49), (9.4.52), (9.4.53), (9.4.113) and (9.4.114), 
we have 

Ri = [fxt — tt'^ — P'"^ sin^ a + 2'^ipa[l{c — abi)5rfi — Ci sin bi 5r,i]]^ 

-{a" + 2-^/3'^ sin 2a)y + {a'/3' cos a - {/3' sin ay)Z + 2-f'^a\4aSo,r + Si,r)X^ 
-2a'k - 2/3'h sin a + 2a{-fa(j)r - 2-fia')(j)rX, (9.4.125) 

i?2 = (a" -2-^l3'^sm2a + 2a'fx)X-(a'^ + /3''^cos^a)y + kt + kky 
-{{P' cos a)' + a'p' sin a)Z - 2/3' h cos a 

+-fa(2ay^(p, - 2a')iJrX'^ + /*(2a' + 27ia0,), (9.4.126) 

i?3 = [(/3' sin a)' + q;'/3' cos a]X + [(/3' cos a)' - a' 13' sin a]:^ + /i* + hhz - I3''^Z. (9.4.127) 

In particular, (9.3.24) holds by (9.4.113), (9.4.114) and (9.4.123). 
Expressions (9.4.45)-(9.4.47) become 
// 

U = -;^A'-Q;':V-/3'Zsina+[62C2^Va'i?r+63a'(J^0r-C2V^V'r'^^)]e^"^^''=^''°^. (9.4.128) 
2a 

ii 

V^olX- —y - ^'Z cos a + 2h^clol'^e^-^y'^^'"^(^rX, (9.4.129) 
2a. 

a" 

W ^ -l3'{Xsma + ycosa) + —Z. (9.4.130) 

a 

By (9.3.3), (9.3.5), (9.3.22), (9.4.113), (9.4.114), (9.4.123) and (9.4.125)-(9.4.130), we have 
the following theorem: 

Theorem 9.4.3. Let a, (3 he arbitrary functions in t and let a,bi,b2,C2 be real con- 
stants. Define the moving frame X, y and Z by (9.3.1) and (9.3.5), and 

^ gCaV^y _ Qg-c2^y^ 0^ = sin(c2\V3^), Vo = e'^2^^ + ae-'^^^^, (9.4.131) 

V'l =cos(c2V^:^), = bie"^"^^ - c^e-"^-^^ , = Ci sin(c2V^3' + 61). (9.4.132) 
Forr — 0, 1, we have the following solution of the Navier-Stokes equations (9.1.1)-(9.1.4): 

u = [-a"X/{2a') - a'y + [62C2 ^ Va'^r + fe3«'(3^0r - C2\/a'^^A'2)]e(-^)''=2'^"] cos a 

-[a'X - a"y/{2a') + 2b^cla'^e^-^^''''''^'"^(j)rX] sin a, (9.4.133) 
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V = [-a"X/{2a') - a'y + [b^c^^V^A- + ha'{y(f)r - C2\fa'^rX'^)\e^~^^^''^'''^\ sin a cos/3 
+ - Q;"3^/(2a') + 2hj,clol'^e^-^^'''^'^'"^4>rA cos a - P'Z] cos/3 

sina + y cos a) - ol'Zjol] sin ^, (9.4.134) 

w = [-q;"A'/(2q;') - oly + [62C2 ^ Va'i?^ + 63Q;'(3^0r - C2 Vc7Vr'^^)]e^~^^'"^^'''*] sin a sin ^ 
- a"3^/(2a') + 263C^a'^e(-^)''^2^"(/.^A'] cos a - /3'Z] sin/3 
-[/3'(A' sin a + 3; cos a) - a"Z/a'] cos /3, (9.4.135) 

P = 2 "ft ^^^72 ^ "^'^ ~ si^^ ~ 262^3 [2 (c - 061)5^,0 - ci sin hi 8^,1] 



- 3P'^Xysm2a - (6302)^(40^ + Si,r)a'^e^-^^^^'^'^''''X^ 



^^ {a'^" + 2a"^')sina ^^ + 263C2-^a'^e(-)-i-(2 - b,c,e^-^r4.a^r)<l>rX' 
a' 

-4c2'\/^e(-i)''^2-y" (62^?^ + 63C2\/^3;0,)(1 + 63e(-^)''^2-«0^)(i3; 
(/r-2a'y)cosa (a^^^ aV" + q;"')^^ 

"i~2 yz -\- 



+[ ^-^2 + «' -3^' cos'a]3^'}. (9.4.136) 
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